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THE DOMAIN OF UNIVALENCE OF CERTAIN CLASSES
OF MEROMORPHIC FUNCTIONS1

RAYMOND J. DISTLER

1. Introduction. Let K be a closed set of points in the complex

plane and let $iK) be the family of functions

(i)      /GO-Z——>     ^*>o,     ¿ = 1,2, •••,«,
*=i z — a*

where all of the poles lie in K. In this paper we shall find the domain

of univalence for the class ff(Ä'). By this we mean a domain U= UiK)

such that each/(z)Gí(üC) is univalent in U, but if any open set is

adjoined to U, then there is an/0(z)GiW that is not univalent in

the enlarged domain.

In this direction Cakalov [2 ], [3 ] has proved two beautiful theorems.

Theorem A. If all of the poles of (1) lie in the circle \z\ ^1, then

/(z) is univalent in the domain \z\> V(2), and this domain is maximal

for the class of all such functions.

Corollary. Let ait), iG [ —t, t], be nondecteasing, with at least one

point where it is increasing. Then

/T    daÜ)

_T z — e"
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is univalent in \z\> \/(2), and this domain is maximal for the class of

all such functions.

Theorem B. If all of the poles of (1) lie in the interval — l^zf^l

thenf(z) is univalent in \z\ > 1 and this domain is maximal for the class

of all such functions. ,

Corollary. Let a(t), tE [ — 1, l] be nondecreasing with at least one

point where it is increasing. Then

r1 da(l)
(3) /(*) = —^

J -i z — t

is univalent in \z\ >1 and this domain is maximal for the class of all

stich functions.

We will prove a similar type theorem, valid for each closed point

set K. This theorem contains Cakalov's two theorems as special cases,

and indeed our proof of the main theorem (Theorem 1) is at least as

simple as either of the proofs of Theorems A and B.

2. The main theorem. We recall [l, p. 213] that a director curve

for a conic is by definition the set of all points P such that the conic

subtends an angle ir/2 from the point P. It is well known that if the

conic is an ellipse the director curve is a circle (see §3 below) and that

for a parabola the director curve is a straight line. We extend this

definition as follows:

Definition 1. Let K be a closed set of points. The director set of

K is the collection D of all points P such that K subtends an angle

ir/2 at P.

It is clear that the director set of K is the same as the director set

of the smallest convex set that contains K (called the convex hull).

Further if K is a bounded set, the boundary of this convex cover is a

simple closed curve, and consequently the director set D is also a

simple closed curve. It is easy to show that if K is bounded then D is

star-like with respect to any point in K, but as the example at the

end of this section shows D need not be convex.

If K is unbounded, then D may be empty, or it may be a simple

curve extending to infinity. In any event, whenever D is a simple

curve it will divide the plane into two domains, one of which will

contain K, and the other, which we denote by U= U(K), will consist

of all points at which K subtends an angle less than 7r/2.

Theorem 1. Let Kbea closed set for which U(K) is not empty. Then

U(K) is the domain of univalence of the- class of functions 3(K), i.e.,

the functions of the form (1).
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Proof. Let zi and zj be distinct points of U. Then

... /(*i) -M)      A Ak
(4) -= 2^

Z2 — zi k-i (zi — ö)b)(z2 — au)

Since the set {a*} subtends an angle less than ir/2 at Zi there is a 0i

such that

(5) 0i - tt/4 < arg(zi - ak) < di + tt/4

for each a*. Similarly there is a 02 such that

(6) di - tt/4 < arg(z2 - ak) < 02 + tt/4

for each ak. From (5) and (6) it is clear that the points (zi—a*)(z2—ff*)

lie in the half plane 0i+02 —1"/2 <arg w<0i+02+^/2. The points

l/(zi — ak)iz2 — ak) are interior points of a related half plane, and since

Ak>0 for all k, the sum in (4) is not zero [4, p. l]. Thus /(zi) ^/fe)-
To show that this domain of univalence cannot be enlarged, let Zi

be any point on the director curve D. Then there are points Oi and at

in K such that Zi — ai is perpendicular to Z\ — a2. Let

X =  | Zi — ai |  > 0,

o =  I Zi — flj I  > 0,

and set

(7) /o(z)
52

a\      z — ai

Then/o(z) is in $(K) and /¿(z,) = -XV(z-ai)2-S2/(z-a2)s. Clearly

/ó(2i) = 0 for the two terms each have unit modulus and differ in

argument by it. Therefore if the domain of univalence U, which has

D as a boundary, is enlarged by the addition of any open set to form

a domain £/*, there is a function/0(z) in our class that is not univalent

in U*.

Since UiK) is unchanged when K is replaced by the convex hull

of K, we may assume at the outset that K is convex without loss of

generality.

We can replace the sum in (1) by a Stieltjes integral as follows.

Theorem 2. Let K be a fixed closed convex set and let C(0 be any

curve that lies in K for —l^rál- Let aQ), i£[ —1, l], be a nonde--

creasing function with at least one point where it is increasing. Then

UiK) is the domain of univalence of the class of all such functions of

the form
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(8) /(*)
r1   do

J -i z —

da(t)

C(t)

The proof is the same as for Theorem 1.

As an illustration of Theorems 1 and 2, let K be the circular region

\z\ ál. Then the director curve is the circle |z| = \/(2), and we ob-

tain Cakalov's Theorem A and Corollary. If we let K be the line seg-

ment, — l^z^l, then the director curve is the circle \z\ =1, and we

obtain Cakalov's Theorem B and Corollary.

As a further example, we may take for K the set of four points

{l, —1, i, —i}- Then the director curve is the union of four semi-

circles and the region of univalence for the family of functions

/(•)-
At

- 1      z+ 1 z — i

A,

z + i
Ai, A2, A3, Ai > 0,

is the region shown shaded in Figure 1.

^///////////A

Figure 1

3. The ellipse. If we let the boundary of K be an ellipse we get an

interesting special case of Theorem 1. It is well known [l, p. 213],

[6, p. 166], [7, p. 261], [8, p. 188] that the director curve for the

ellipse E:

(9)
x'      y£
—+ —= 1
a2      b2

is the circle
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(10) x2 + y2 = a2 + b2.

Now let K be the closed region bounded by the ellipse E: a2x2+y2

= a2. Theorem 1 gives immediately:

Theorem 3. The domain of univalence of the family of functions of

the form (1) where each pole ak lies inside or on the ellipse a2x2-\-y2 = a2

is the exterior of the circle \ z\ — \/(l +öl).

Observe that if a = 1, we have a circle, and Theorem 3 gives Theo-

rem A. If a = 0, the ellipse of Theorem 3 collapses into a straight

line segment and Theorem 3 gives Theorem B. Thus Theorem 3 fills

a gap between Theorems A and B in a continuous manner.

Corollary. Let ait), /£ [ —1, l], be nondecreasing, with at least one

point at which it is increasing. Then

r » da(t)

J _i z — (cos t + ia sin t)

is univalent in \z\ >\/il-\-a2).

4. Unbounded regions. Any unbounded region containing more

than a quarter-plane would not have a director curve. The sector

O^arg w^do with 0o<ir/2 has a director curve which consists of the

negative imaginary axis and the ray at the angle 0o+ir/2. If K is a

quarter-plane then the director set is not a curve but is another quar-

ter-plane.

The half strip formed by the negative real axis, the segment [0, i]

and the line y = 1, x^O would have for its director curve the negative

imaginary axis, the right half of the circle with center at z=i/2 and

radius 1/2 and the imaginary axis above z = i. If we reduce the width

of this half strip to zero we find that the domain of univalence of the

class of functions of the form (1) where the ö* are all negative real is

the right half plane. This is a result of F. M. Reza [5] in his study of

impedance functions.

The director curve for a parabola is the familiar directrix.

5. A generalization. We can allow the residues A k to be complex if

we shrink the domain of univalence suitably. Let us extend Defini-

tion 1 as follows:

Definition 2. Let K be a closed set of points. The director set of

order ô of K is the collection Dio) of all points P such that K sub-

tends an angle ô at P.

As before if K is bounded and if 0 <8 ^ir then 5>(5) will be a simple
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closed curve which will divide the plane into two domains, one of

which contains K and the other we call U(K, 8).

Let 5(K, 6q) be the family of functions

(ii) /(«) = z —
i=l Z — Ok

where all the poles lie in K and — 0o/2^arg^4*^0o/2, k = 1, 2, • • • , n.

Theorem 1 can now be extended to:

Theorem 4. Let K be a closed set for which U(K, ir/2—d0) is not

empty. Then U(K, ir/2—do) is the domain of univalence of the class of

functions 3(K, d0).

Proof. The proof is similar to that of Theorem 1.
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