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In [4], Knuth develops the notion of isotopy for general ternary

rings which coordinatize projective planes, and proves several theo-

rems analogous to the theorems proved by Albert [l] for nonassocia-

tive division rings. He then defines the concept of an autotopism of a

ternary ring, and demonstrates the isomorphism between the auto-

topism group of a ternary ring 3£ and a certain subgroup of the col-

lineation group of the projective plane coordinatized by 9î. In this

note, a slight extension of Knuth's ideas is used to obtain some in-

formation about the automorphism groups of ternary rings. For

completeness Knuth's result on autotopism groups (Theorem 1) will

be proved independently here so as to make the proof of Theorem

2 self-contained.

The notation and terminology used is the same as in Hall [3,

Chapter 20]. In particular, the reader is assumed to be familiar with

Hall's discussion of coordinatization, ternary rings, and central col-

lineations.

Let ir be a projective plane, and let (00), (0), (0, 0), and (1, 1) be

any four points of ir, no three of which are collinear. Then, as in [3],

we can coordinatize it and obtain a ternary ring 9î, in general de-

pending on the four points selected. If 7 is a collineation of ir such

that

(1) («h = («), (0)7 = (0), (0, 0)y = (0, 0),

then we must have

(F)     [Lx]y = [£„],      [x = 0]7 = [x = 0],      [y = 0]7 - [y - Oj.

Thus, 7 defines three one-one permutations, Q, P, U, of the elements

of % by

(*, 0)7 = (xQ, 0),        (0, y)y = (0, yU),

(m)y - (mP), (x, y)y = (xQ, yU),

where, by (1), we must have 0Q = OP = 0/7=0. Now,

(3) (x, y) E [m, k] <=> y = x-m° k
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(where [m, k] is the line determined by im) and (0, k)), and since y

is a collineation, we have

(x, y)y E [m, k]y <=> (xQ, yU) E [mP, kU]

<=$ yU = xQ-mPo kU = ix-mo k)U.

A triple of one-one transformations iQ, P, U) of 9Î onto 9Î is called

an autotopism of 8Î if

00 = OP = OU = 0,
(4) V

ix-mok)U = xQ-mPo kU.

Any autotopism of 9Î can be used to define a collineation of it,

yiQ, P, U), by means of (2). Notice now that

7(0, P, U)-yiQh Pi, Ui) = yiQQi, PPh UUi),

and we have demonstrated the truth of

Theorem 1 (Knuth). Let w be a projective plane, and let 9Î be one

of the coordinatizing ternary rings for it determined by (<»), (0), and

(0, 0) (9Î will be uniquely determined by the further choice of the point

(1, 1)). Then the autotopism group of 9Î is isomorphic with the subgroup

of collineations of it which fix the three points (»), (0), and (0, 0).

Now, in (4), let k = 0, and obtain (xm) U= (xÇ)(î«P). Thus, letting

first m = 1, then x = 1, we have

(5) U = QRip = PLiQ,

where the operators R and L are defined by xy = xRy = yLx. Thus, if

Q = P=U,we have, from (5),

(6) \Q = IP = W = 1.

Also, when Q = P=U, if m = i in (4), we have ix+k) U=xU-\-kU,
while if k = 0 in (4), we have (») i/= ixU)imU). So, if we define an

automorphism of a ternary ring in the natural way, as an autotopism

in which Q = P = U, we have a definition which is as desired on the

two binary operations which a ternary ring defines. From Theorem 1,

then, and equations (2), (5) and (6), we have immediately

Theorem 2. Let w be a projective plane, and let 9? be the ternary ring

coordinatizing ir and defined by the points (<»), (0), (0, 0), and (1, 1).

Then the automorphism group of 9Î is isomorphic with the subgroup of

collineations of t which leave all four points fixed.

Given any four points in a projective plane, A, B, C, D, no three
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of them collinear, there are in general 24 distinct (nonisomorphic)

coordinatizing ternary rings defined by these four points, depending

on which of the four is designated as (oo), which as (0), which as

(0, 0), and which as (1, 1). Except for certain very special cases, noth-

ing is known about the algebraic relationships between these 24 rings.

The following immediate corollary to Theorem 2 gives some informa-

tion concerning this question.

Theorem 3. Let ir be a projective plane, and let A, B, C, D be four

points of w, no three of which are collinear. Then the 24 coordinatizing

ternary rings of w determined by A, B, C, D have isomorphic auto-

morphism groups.

It is, of course, not true in general that all coordinatizing rings for

a plane have isomorphic automorphism or autotopism groups. Also,

in some cases, the various rings defined by four points can look com-

pletely different and have no recognizable relationships—some being,

for example, V-W systems, while some are nonlinear.

For the proof of the next theorem, which concerns finite projective

planes, the following result will be necessary. Recall that in a finite

projective plane r, every line contains n + i points, where n is called

the order of x.

Lemma 1 (Baer [2]). Let it be a finite projective plane of order n.

Then if a is an involutory collineation of ir (a2 = I), then either a is a

central collineation (i.e., a fixes all of the points on some line L, and at

most one point not on L) or the set of points and lines fixed by a forms a

subplane of ir, ir0, which is of order y/n.

As a corollary of Lemma 1 and Theorem 2, we have

Theorem 4. Let ir be a finite projective plane of order n, where n^m2

for any integer m. Then if 9Î is any coordinatizing ring of w, the auto-

morphism group of 9Î has odd order.

Proof. Let <b be an automorphism of 9Î such that 4>2 = I. Then, by

Theorem 2, there is an involutory collineation, a, of it fixing the four

points (oo), (0), (0, 0), (1, 1) defining 3Î. Since no three of these

points are collinear, a cannot be a central collineation. Thus, by

Lemma 1, a must fix a subplane of ir which has order \/n. By hypoth-

esis, however, this is impossible, so <p2 = / implies <p = I, and the auto-

morphism group must have odd order.

In the case where 9Î is a nonassociative division ring, Theorem 4

can be proved directly by algebraic methods. An interesting feature

of the theorem, however, is that it seems to be the case that this
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algebraic theorem can be proved in its full generality only by resort-

ing to the geometric lemma. This is in direct contrast to the situation

where one can prove the geometric theorem that a finite Desarguesian

plane satisfies Pappus's theorem only by using the algebraic fact

that a finite division ring is commutative.
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PARTITIONS WITH EQUAL PRODUCTS

JOHN B. KELLY

T. S. Motzkin has conjectured (oral communication) that every

sufficiently large positive integer can be partitioned into three posi-

tive integral parts in two different ways so that the products of the

integers in the two partitions are equal (e.g., 13 = 1+6 + 6 = 2-1-2+9;

1 -6-6 = 2-2-9 = 36). In this note we prove a generalization of this

conjecture.

Theorem. Let k be an integer ^ 3. There exists an integer N(k) such

that every integer n ^ N(k) can be partitioned into k parts in k — \ differ-

ent ways:

» = in + ■ •■ + flu

= a2i + • ■ ■ + a2k — • • ■  — «t-1,1 + • • • + ak-i,k,

where

(2)    aw an.aik = «21-022.a2k = • • • — ßyt-i,i.<J*-i.t
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