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In his measure-theoretic treatment of Riemann integration, Frink

has shown that the set of discontinuities of a Riemann integrable

function is a countable union of sets of zero Jordan content [2]. Such

a set is thus of Lebesgue measure zero and of the first category. By

constructing a counterexample in the plane, Frink also established

the fact that not every first category null set is the set of discontinui-

ties of some Riemann integrable function. In the course of his con-

sideration of Jordan content and Riemann integration in topological

measure spaces, Marcus has proved the direct generalization of the

positive assertion above [5] and has addressed himself to the con-

verse proposition in this more general setting [ó]. In the latter in-

vestigation, restricting his attention to somewhat special topological

measure spaces, Marcus was able to establish the following proposi-

tion:

Theorem 1. Let Xbea complete, separable metric space, and let pbea

complete a-finite measure defined on the ip-completion of the) Borel

a-algebra of subsets of X that assigns measure 0 to each finite set. If, in

addition, (*) X contains a perfect nowhere dense set P such that piSC~\P)

> 0, whenever S is an open ball that meets P nonvacuously, then X con-

tains a first category null set B that cannot be written as a denumerable

union

with piFr Bn) =0 for all n.

The set B, which is called a set of Frink type, presented in the

proof of this theorem is a G¡. After pointing out the obvious impos-

sibility of finding a Frink set of type Fa, Marcus asked whether there

exist Frink sets of various Borel types, whether there exist non-Borel

sets of Frink type and whether there exist nonanalytic Frink sets. He

also expressed an interest in the potency of the set í of all sets of

Frink type and suggested that the problem be investigated in the

nonseparable case. In the sequel we are  able to answer affirma-
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tively each of the first three questions, under the general hypotheses

set down by Marcus, and we find without difficulty that the cardinal

number of ff is 2C. Moreover, we are able to strengthen Theorem 1

by proving that the condition (*) is implied by the other hypotheses

of that theorem. The article concludes with a demonstration of the

existence of sets of Frink type in certain nonseparable metric spaces.

The discussion that follows is a considerably simplified version of

the original work. The authors wish to acknowledge their indebted-

ness to the referee for the helpful suggestions that resulted in this

simplification.

Theorem 2. Let X be a complete, separable metric space, and let ß

be the completion of a Borel measure in X that vanishes for finite sets.

Suppose further that 0<ß(E) < » for some measurable set E. Then X

contains Frink sets of every Borel type Ga with a ^ 1 (as well as non-Borel

analytic, and nonanalytic Frink sets).

Proof. By [3, 183] E contains a compact set C of positive finite

measure. By [l, 84] there exist M, a null subset of C, and a homeo-

morphism <pol C—M onto a subset of the interval [0, ß(C) ] such that

ß corresponds to Lebesgue measure, m, in <p(C— M). Then <p(K) is a

compact linear set of positive measure. It is well known that in (b(K)

we can construct two disjoint perfect sets Ci and C2, both nowhere

dense relative to cb(K), such that C2 has zero measure and such that

no open interval meets G in a nonempty null set. Let A be a G¡ null

set that is dense in G and let B be an arbitrary subset of C2. Then

F = A\JB is a null set of the first category in <b(K), A is a Frink set

[6] and the closure of B is a null set. Consequently, F is a Frink set

relative to <b(K), and it follows that <b~1(F) isa Frink set relative toX.

Since B can be any subset of C2, the set <p-1(.F) may belong to any

of the classes mentioned in the statement of the theorem (see, for

example, [4, 20] and [8, 230]). Moreover, the cardinality of the class

of all Frink sets in X is seen to be 2C. Finally, the set </>-1(G) satisfies

(*).
The referee has observed that any separable metric space X admit-

ting a nontrivial Borel measure ß that vanishes for finite sets, con-

tains a perfect nowhere dense set P such that ß(S(~\P) > 0 whenever

5 is an open ball that meets P nonvacuously. It suffices to embed X

as a dense subset of a complete metric space Y and to define a Borel

measure v in F by setting v(E) =ß(EC\X). Since Y contains a perfect

nowhere dense set P with the stated property, it follows that the set

Pr\X has the same property relative to X.

In   [6], Marczewski and Sikorski have defined the separability
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character of a topological space to be the smallest element of the set

of all cardinal numbers each of which is the potency of some basis for

the open sets. We remark that the work of the above cited authors

suffices to show that the restriction on the separability character of

X (in Theorem 1) can be weakened to an exceedingly mild condition.

Theorem 3. Let X be a complete metric space the separability char-

acter of which is a nonmeasurable cardinal. If p is a nontrivial a-finite

measure defined on'S, a a-álgebra of subsets of X, if 2 contains the class

of all open sets and if p vanishes on each finite set, then X contains sets of

Frink type.

Proof. Under these conditions, Marczewski and Sikorski have

proved that X contains a closed separable subspace of positive mea-

sure [7]. Thus, working within this subspace, we have only to apply

the argument of Marcus in order to obtain the desideratum.
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