A PROBLEM ON ENDOMORPHISMS OF
PRIMARY ABELIAN GROUPS

ROBERT W. STRINGALL

In this note, an example is constructed which gives a negative an-
swer to the following question posed by R. S. Pierce [2, p. 367].

Let B be a basic p-group, and B the torsion completion of B. Let P
be a subgroup of the socle of B such that B[p]CP. Let a be an endo-
morphism of B such that a(P) C P. Does there exist a pure subgroup
G of Bsuch that BCG, G[p] =P and a(G) SG?

Let N be the set of positive integers and let B= Y ;ex ®B; be a
standard basic group with projections p;: B—B,. Note that B;= {b.-}
is cyclic and of order pi. For notational convenience, let ¢;=p"1b;.
Let y= 2 :en c3 and let P be the subgroup of B[p] generated by
B[p] and {y}. Let a be the endomorphism of B determined by the
conditions:

bit piy  ifi=3n
alb) =1  pbin if4=3n41
b; ifi=23n+4 2.

It follows that a(y) =y and that «(B) & B. Thus,

«(P) = a(B[p] + {3}) S a(Blp]) + a({y}) C Blp] + {5} = P.

Suppose there is a pure subgroup G of B such that BCG, G[p]=P
and a(G)CG. Let x= D ;eni>2 a:b;EG be such that px=y. There
must be such an element x since BCG, G is pure in B and since the
height of y in B is 2. Now for each 1EN, ps;i(a(x) —x) =0 since
pa;(x) =ag,-b3,~ =p3,a(a3,~b3,-) =p3ia(x). AlSO, a(x) —xE':'P since p(a(x) —x)
=a(y) —y=0. Consequently, by the definition of P, a(x) —xEB. It
follows that p;(a(x) —x) =0 for all but a finite number of indices
1EN. Now, since

a®) = Y agio(bs) + X asipa(bairr) + D asiyea(baivo)
ieN iEeN ieN
= > (asbsi + 3:p?hsip1 + azip1pbaiye + asipebaiye),
€N
w(x) — x = 2 (a3:p? — aziz1)bsiy1 + > asip1pbaiye.
ieN {eN
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Therefore

paira(a(x) — x) = @3iy1pbsiya
and

pivi(a(x) — %) = (as:p? — Gsi41)bsit1.

Thus, if p;(c(x) —x) =0 for almost all z&EN, then p3! divides azi1
and, consequently, p3*! divides a;;p? for almost all indices € N. This
implies that p3—! divides as; for almost all . Thus,

p3i(y) = ppsi(x) = pasbsi = 0
for almost all ¢E N, contradicting the definition of y. Therefore, no
such pure subgroup G exists.
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