PERIODIC SOLUTIONS OF HYPERBOLIC PARTIAL
DIFFERENTIAL EQUATIONS!

A. K. AZ1Z

1. Introduction. We consider the normal form of the nonlinear
partial differential equation of hyperbolic type in two independent
variables:

(1.1) Uzy = [(%, Y, Uy Uz, Uy).

It is well known that, if in addition to usual smoothness condi-
tions, the functions f and the prescribed data u¢(x) are periodic in x
with the same period T, then there exists a solution u(x, y) of (1.1)
satisfying u(x, 0) =uo(x), #(0, ¥) =v¢(y) +u0(0), where 2,(0) =0 for
xE(—,o) and yE[—a, a]. However, this solution is periodic
only on the x-axis, but not necessarily in the strip xE(— »,»),
yE[—a, a]. Cesari in [1] has raised the question whether it is possi-
ble to choose 4(y) in such a way that u(x, y) is periodic in x for all
yE[—a, a]. Thus, we observe that the periodicity requirement
u(x+T, y) =u(x, y) leads to the integral equation:

no) = [ 1o, 3, 4, 14 w)dr = 0

in the unknown 9,(y), where u is thought to depend on v,(y) only.
In this connection in [1] Cesari has considered the following prob-
lem:

1 T
(1'2) Uzy = f(x’ Y U,y Uz, uu) - 7f f(x; Y %, U, uﬂ)dx’
0

u(x + T) y) = u(xa y)) u(x) 0) = uo(x),
%(0, ) = uo(0) + vo(y),  20(0) =0,
for x€(— ©, ») and y&[—a, a], where u,, v, are prescribed func-
tions and @ is a real constant. The function f in addition to being

bounded, continuous in all arguments and periodic in x with period
T, satisfies a Lipschitz condition in the last two arguments, i.e.

9 [f@ 0,0 — 3,050 S M|p—5| +b]q—q|.
It is shown that if uo(x) and vo(y) EC’ and if
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(1.5) 2T < 1, Ma < 1,

then there exists a solution of (1.2) satisfying (1.3). It is also proved
in [1] that if f satisfies a Lipschitz condition in the last 3 variables
then the solution is unique and depends continuously on the initial
data.

Cesari [3] has more recently considered the problem

1 pT
Uzy = (%, 9, U, Usy u,;) — 7 f f(x, v, u, 4, u,)dx
0

1 T
- — X, Y, Uy Uz, Uy)d
o =) 1w iy

1 T T
+ _f f f(x’ Y, %, Uz, “v)dxdy,
T:J, Jo

uwx+T,y) =ulxy), ww,y+T)=uyy),
u(x, 0) = uo(x),  u(0,y) = u(0) +vo(y),  v(0) = 0.

Under assumptions similar to those stated above, existence, unique-
ness, and continuous dependence on initial data for the solution of
(1.6), (1.7) are shown. The problem of existence of a periodic solution
of (1.1) in the strip xE(— », ), y&[—a, a], now leads to the ques-
tion whether one can determine v,(y) in such a way that m(y)=0. A
similar but more difficult question arises in the case where the peri-
odic solutions of (1.1) are sought in the entire plane. In [2], and [3]
these questions are discussed at length.

In the present paper we shall be concerned with the existence of a
solution (not necessarily unique) to problem (1.2), (1.3) and (1.6),
(1.7). The question of uniqueness, continuous dependence on initial
data, will be dealt with in a separate note.

In §2, we give two existence theorems, Theorems 2.1 and 2.2,
where the condition (1.4) is replaced by a more general condition, i.e.

(18) lf(x;y,u’PJQ) —f(x,y»“,ﬁ»q_)l §w1(|P—ﬁl)+“’2(|q—'q-|)

(for the smoothness assumptions concerning the functions w;(f),
=1, 2, see the statements of Theorems 2.1, 2.2 below). We note that
if wi(f), =1, 2, are linear, then (1.8) reduces to (1.4). Thus (1.8) con-
tains the Lipschitz condition as a special case (see Corollaries 2.1,
2.2 below). It also appears that the introduction of condition (1.8)
simplifies the proofs and makes the results more explicit.

1.7

2. Existence of a solution. In this section we shall give sufficient
conditions for the existence of a solution for the following problems:
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1 T
QD) e 3) = flor i) = — [ 5 3,y )
0

(23) u(x + T, y) = u(x; y)’ u(x’ 0) = ¢1(x)’

#(0, ) = ¥1(y), $1(0) = ¢1(0),
and
1 T
uzv(xy y) = f(x’ Y, Uy Uz, “u) - _TL f(x7 Y, %, Uz, uv)dx

1 T
2.4 - y Jy Yy Yzy Wy, d
24) =] 13 iy

1 r7 pT

+ ;,;L L f(x) Y, Uy Uz, uv)dxdyr

(2.5) u(x + T, y + T) = u(x7 y)) u(xy O) = ¢’2(x))

u(0, ) = ¥2(3), $2(0) = ¢2(0),

We first consider the problems (2.2), (2.3) and (2.4), (2.5) for x, yERy
=[0, T]X[—a, a] and R,=[0, T]X [0, T], where a and T>0 are
given constants. Once the existence of solutions of the above prob-
lems are established in R; and R,, then by the use of periodicity of f,
we extend these solutions for xE(— », ») and yE(— =, ®).

We observe that if u(x, y) and »(x, ¥) are solutions of (2.2), (2.3)
and (2.4), (2.5) respectively and s(x, y)=uay, r(x, y)=vs, then
SEC(R,) and r&EC(R.), where C(R;) and C(R,) denote the space of
continuous functions on R; and R, respectively. It is easily verified
that the functions s(x, y) and r(x, y) satisfy the functional equations
(26) S(xr y) = F(x) 9, Bis, Bass, B35);

(27) ’(x: y) = G(x, Y Blr’ B'A"s B3’)1

where for any 0E C(R;) or 0EC(Ry)
Boes, ) = [ [ o natin + u(x, 0 + 400, 3) — 4(0,),
0 0
0.8 B ) = [ 0 nin + i, 0),
0

Bif(, 3) = f 0E, 3)d + 1,0, ),

and
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1 T
(29) F(x1 Y, %, P; Q) =f(x7 Y, %, 1’, Q) - —;f f(x7 Y, %, P) Q)dx;
0

1 T
G(x» Y, Uy b, 9) = f(x’ Y, %, P, 9) - ?f f(x’ Y, %, P, Q)dx
0
1 T
(2'10) - —f f(x7 Y, U, b, Q)dy
TJ,

1 T T
+ Eﬁ j‘o f(x: Y, %, p, Q)dxdy'

Conversely if s€EC(R;) and r&C(R,) satisfy (2.6) and (2.7) and
u(x, 0), (0, y) EC’ are prescribed, then the functions

u(x: y) = (Bls)(x’ y)’ v(x, y) = (B]f)(x, y)

are solutions of (2.2), (2.3) and (2.4), (2.5) respectively. Hence to show
the existence of solutions of our problems it is sufficient to prove that
the operators J; and J, defined by

(2.11) (J18)(x, v) = F(x, y, Bis, Bss, Bss),
(2‘12) (]21’)(90, y) = G(x; Y Blr) Bzf, Bgf),

have fixed points in C(R;) and C(R,) respectively. To this end we
assume that the following hypotheses hold

Hi: f(x, ¥y, u, P, q) is continuous for x&(— », »), yE[—a, a] and
(u, p, Q) €E(— =, «) and periodic in x with period T; f is uniformly
bounded (|f| L)) and satisfies the condition

|f(x, ¥, 4, p, Q) — f(x, 9, u, B, q—)|
S o p = 8l + el g = g),

where w;(¢) for 1=1, 2 are subadditive, nondecreasing, nonnegative,
continuous for t& [0, »), and vanishing only for ¢t=0.

H.: The functions ¢1(x), Y1(y) are of class C’ for x&(— «, «) and
yE[—a, a] respectively, ¢:1(x) is periodic with period T and ¢:(0)
=¢1(0).

H{: f(x, y, u, p, q) is continuous for (x, y, u, p, ) E(— », ») and
periodic in x and in y with period T f is uniformly bounded (If] <L,
and satisfies (2.13).

H/ : ¢a(x), Y2(y) are periodic in x and in y respectively and of class
C' for x, yE(— o, »), with ¢(0) =¢,(0).

Let

(2.13)
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Ni= max {|&:(@) ]|, [¢:0) ], |6/ @) ]|, |¥L O]},

z,yeR1

Na = max {1 ], [¥:0], |t @], |¥i |},

Z,yeciz
K1=max{aTM1+3N1, TM1+N1,GM1+N1}, M1§2L1,
Ky = max{T*My+ 3Nsy TM2s+ N2y TM2+ N2}, M= 4L,

where M, is defined by (2.19) below, and M, is similarly defined.
From the continuity of the functions f(x, v, , p, q), é1(x), ¥1(y),
¢'(x) and ¢¥'(y) for x, yER, and u, p, g€ [— Ky, K1), it follows that
they possess a common modulus of continuity i.e. there exists a func-
tion 2(8) such that

(2 IS)i If(x’ y’ u, 1” Q) —f(.’f?, 5’: ﬂ, ﬁ’ q-)ly |¢1(x) - ¢l(j)ly
T @ =l @], 106 — B |, W) =¥ G|} = 26),

whenever Ix—xl +|y—5:| +|u—-al +]p—f| +|q—q| <6 for (x, ¥),
(%, 9)ERy, u, b, ¢, %, P, §E[—K,1, K1], and Q() is nondecreasing,
nonnegative, continuous and vanishing for §=0.

Let

(2.14)

%) = [1 + Mials + @) + w1(206)) + wa(M3),
206) = 2{([1 + M1T]s + 26)) + w1(M1) + w2(2())},
m(0) = 2{x ([t + M:T)s + 7(3)) + wi(x(3)) + wa(M )},
72(8) = 2{x([1 + MsT]s + 7(3)) + wu(M28) + wa(r(3))},

where 7(8) is the common modulus of continuity of f(x, y, «, p, ¢),
¢2(x)r ¢2I (x)r 302(3’)1 ‘1’2/ (’.V) for X, y€R2! u, p, qe [_K2! Kz]

Now we state our main results:

THEOREM 2.1. If

(1) the hypotheses Hy and H: hold,

(2) the solutions p1(t, 6) and ps(t, 8) of the equations

(2.16)

t

ot a>=szl<a)+w1( f pi(r, «s>dr), 120,

Q1) et 5) = 2:6) +w,< fo (e, B)dr)

1 T t
+ 7]; wz<j; p2(r, 6)dr>dl, te o, T)

are such that
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lim p;(t, 8) = O, i=1,2 uniformly in i,
50

then

(3) there exists a solution u(x, y) of (2.2), (2.3) in the strip |x| < =,
5| =a.

THEOREM 2.2. If
(1) the hypotheses H{ and H{ hold
(2) the solutions p1(t, 8) and (¢, 8) of the equations

p1(t, 8) = m1(8) + wl( f ‘In(r, a)df)

L[ [ i)

Balt, 8) = ma(0) + wz( f Pl 6)dr>

41 f wz( f 5alr, a)df) t€ [0, 71,

lim p;(¢, 6) = O, i=1, 2 uniformly in i,
320

(2.18)

are such that

then

(3) there exists a solution u(x, y) of (2.4), (2.5) in the entire plane
x| <o, |y] <.

Proor or THEOREM 2.1. To prove our theorem we show that the
operator J; defined by (2.11) has a fixed point in C(R;). We note
since f is bounded there exists a constant M; such that [|s|| <M, im-
plies || J1s|| < M for sEC(Ry).

Now let

S = {Se C(RI)HSH = Ml’ | S(x,y) - S(ﬁ,}-’)l = Pl(y) I x— :x",'l )
(2.19) +eo® |y —3]), [a—2[ +[y—3] =3
(%,9), (% 9) € Ry, 8> 0, M1 2 2L},

where the functions p; are solutions of (2.17). It follows easily from
the definition of S, the properties of p; and Arzela’s theorem that S
is closed, convex and compact. Next we show that J1SCS. The

boundedness of f implies || J1s|| < M1. Moreover from the definition of
J1 it follows that
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| )@, 9) — U)(E, 9) |
so(|lv—3| + | (Bu)(®y) — B)E])
+ wi(| (Bes)(x, 9) — (Bas)(&9) |)
+ wa(| (Bas)(z,9) — (Bss)(%,9) | ).

(2.20)

We note that
| Bis(x, ) — Bus(%,9) | < Mia|z— 2| +0(|x—2|),

| Bas(x, 3) — Bas(%, ) | éfyIS(x,n)—S(f,n)|dn+9(|x—5c|),

| Bss(x, y) — Bss(%, )| < M1| x— o?l .
Therefore

| Jus(x, ) — T1s(z, 9) |
(2.21) gnﬂx—ﬂ)+m(L3MJx—ﬂMO

= Pl(y, I x = xl )'
Similarly we have

| J15(5, 9) — Jus(3, 5)

(2.22) émdy‘ﬂ)+M(Lzﬁﬁy—&Da)

1 T z
t— [ o [T 1y = 51de)dz = mta, |- 51).
TJ, 0
From (2.21) and (2.22) it follows that

| Jis(x, 3) — Jus(5, 9) | < my, |2 — 2|) + po(&, | 3 — 5]).

Hence /1SCS.

It is easily seen that J; is continuous on S. Therefore by Schauder’s
Theorem [5], there exists an s,&.S such that Jiso=s,, which in turn
implies the existence of a solution #(x, y) of (2.2), (2.3) in R;. By
extending both #(x, y) and f(x, y, %, p, q) for |x| <, |y| =Za,
|«|, | 2|, |g| <Ki, by means of periodicity of f of period T in x (2.2),
(2.3) is satisfied in the strip |x| <, |y| <a.

Proof of Theorem (2.2) is precisely the same as the proof of
Theorem 2.1 except that the operator J; is replaced by the operator
J: defined by (2.12) and in the definition (2.19) of the set S, p; are
replaced by ;.
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Now we state two corollaries of the above theorems which contain
Theorem I of [1] and Theorem I of [3].

CoroLLARY 2.1. If
(1) hypotheses (1) of Theorem 2.1 hold,
(2) wi(t) =Mt, wo(t)=0bt, M, b>0,
(3) ST <26T+1,
then
| f4) there exists a solution u(x, v) of (2.2), (2.3) in the strip ]xl < oo,
y| Za.

CoRrOLLARY 2.2. If

(1) hypotheses (1) of Theorem 2.2 hold,

(2) wl(t) =b1t, wz(t) =bzt, bl, b2>0,

(3) T <20, T+1, €T <20, T+1,
then

(4) there exists a solution u(x, y) of (2.4), (2.5) in the entire plane
|x| <, |y| <,

We give only the proof of Corollary 2.1. The proof of Corollary 2.2
is similar.

ProoOF OF CorROLLARY 2.1. To prove this corollary we need only
show that (2) and (3) imply (2.17) of Theorem 2.1. It follows im-

mediately from hypotheses (2) that (2.17) is equivalent to the fol-
lowing differential equations:

(2.23) r{ (¢, 8) = Qu(d) + Mri(, d), r1(0, 8) = 0,

b T
(2:24) 7 (4,8) = 6) + bralt, ) + — f ror, 8)dr,  1:(0,3) = 0,
0

where
t

t
n,0) = [ o, a8 - [ este, yar.
0 (1]
We have at once

f1(t, 5) =

Q106
(@) (Mt —1), ¢=0.
M

The continuity of (8) together with ©,(0)=0 imply that
lims.o ri(¢, 8) =0, and nonnegativity of pi(¢, 8) implies that
lim;.o p1(¢, ) =0. Similarly (2.24) has the solution
0]

b

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

(225) fg(t, 6) = < + '}I:j;T"?)’ (l) 6)dt(e“ - 1)7 S [0) T])



1966} PERIODIC SOLUTIONS 565

provided

T WT + 1 — T ,0)
2.26 f t, 6)di :|= T — T — 1.
I el ]

Since (2.26) must hold for all §=0, and since r.(¢, 8) is nonnegative,
(2.26) is satisfied if

(2.27) T < 26T + 1.
Now from (2.25) and (2.26) we have
(2.28) ro(t, 8) = 92;8) Cled — 1),
where
e’ — bT — 1
T T BT+ 1

Equation (2.28), together with continuity of 2,(8) for §=0, 2,(0) =0
and nonnegativity of p.(¢, 8) imply lim;.q p2(¢, 8) =0. Thus if (2.27)
holds all the hypotheses of Theorem 2.1 are satisfied and the assertion
of Corollary 2.1 follows from Theorem 2.1.

3. Concluding remarks. We note that the hypotheses (3) of
Corollaries 2.1 and 2.2 are satisfied for 267 <2.5, 2b;7<2.5, i=1,2.
The restriction Ma <1 in Theorem I of [1] is not required in Corol-
lary 2.1 and the restrictions 207 <1 can be replaced by 2bT <2.50.
Similarly the restrictions 26,7 <1, 4=1, 2 of Theorem 1 of [3] can be
replaced by 25,7 <2.50, =1, 2.

We also observe that if the function f in Corollaries 2.1, 2.2 satis-
fies a Lipschitz condition in the last three arguments u, p, g, i.e.
If(xv Y, %, p, @) —f(x, ¥, 4, p, Q')I éb(’lu—ﬂl +b1|P—f| +b2|q—€i| ’
then the existence of the unique solutions of problems (2.2), (2.3)
and (2.4), (2.5) follow immediately from Banach’s contraction prin-
ciple applied to the operators J; and J,, provided we impose the
restrictions:

2(boaT + bia + b.7) < 1, in Corollary 2.1,
and
4T (BT + b1+ bo) < 1, in Corollary 2.2.
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