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Throughout this paper X denotes a bicompact space, B(X) denotes

the Banach space of all bounded real-valued functions on X, C(X)

denotes the closed linear subspace of B(X) of continuous real-valued

functions on X, B(N) is denoted by m (where N is the set of positive

integers). The space h(X) is the Banach space of all absolutely sum-

mable real-valued functions on X and k denotes k(N). The sequence

Banach spaces c0 and lp (1 <p< °o) are respectively the spaces of all

real sequences converging to 0 and all pth absolutely summable se-

quences. The space Li is the Banach space of real-valued Lebesgue

integrable functions on [0, l]. If E is a Banach space, then E*, E**

denote the first and second duals of E respectively. The weak topol-

ogy on E is signified by a(E, E*) and the weak* topology on E* is

signified by a(E*, E). If E and F are Banach spaces and T is a con-

tinuous linear operator (hereafter called an operator) from E to F,

then T* denotes the dual operator from F* to E*. If P is onto F, then

F is said to be a continuous linear image (c.l.i.) of E. If P maps a

neighborhood of 0 in £ into a norm (weak) conditionally compact

set in F, then T is said to be compact (weakly compact) .UT maps weak

Cauchy sequences in E into norm convergent sequences in F, then

T is said to be completely continuous. If the restriction of T to each

infinite dimensional linear subspace of E is not a topological linear

isomorphism (hereafter called an isomorphism), then P is said to be

strictly singular.

The purpose of this paper is to study the classes of operators de-

fined above when their domain is a c.l.i. of C(X). In particular, neces-

sary and sufficient conditions are given to make all four of the classes

coincide and for them to coincide in pairs. It is shown in (3), (4),

(5), (6), (7) and (8) of Theorem 4 that any pair of the classes of oper-

ators coincide for domains all c.l.i. of C(X) if and only if X is dis-

persed. It is well known that if the domain of the operators is C(X),

then the completely continuous and the weakly compact operators

coincide [4]. This result does not hold, in general, for a c.l.i. of C(X)

as is shown in this paper. Recently [l5] it has been shown that if the
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domain is a space C(X), then the strictly singular and the weakly

compact operators coincide. Again, it is shown in this paper that this

result does not hold for a general c.l.i. of C(X).

Lemma 1. If the Banach space B is an abstract (L)-space and E is a

separable linear sub space of B, then (a) the smallest closed sublattice

of B containing E is separable and hence E is isomorphic to a subspace

of Li [7, Theorems 8, ll].

(b) if E* is separable, then E is reflexive [5].

Lemma 2. If E is a reflexive Banach space and E* is isomorphic to

a subspace of the Banach space F*, then E is a c.l.i. of F.

Proposition 3. If X has a perfect set and E** is separable, then the

following are equivalent.

(1) E is reflexive and a c.l.i. of C(X).
(2) E* is isomorphic to a subspace of L\.

(3) E is a c.l.i. of m.

Proof. If £ is a c.l.i. of C(X), then E* is isomorphic to a separable

subspace of C(X)*. Since C(X)* is an abstract (L)-space, (2) follows

from Lemma 1.

Conversely, if E* is isomorphic to a subspace of Li, then since E**

is separable, E* and hence E is reflexive. By Lemma 2, to show that

£ is a c.l.i. of C(X) it suffices to show that E* is isomorphic to a sub-

space of C(X)*. To do this it is shown that Li is isomorphic to a sub-

space of C(X)*. (This is proven in [14]. An independent proof is

given here and utilized later in the paper.) Since X has a perfect set,

an adaption of the proof of Urysohn's Lemma shows that there is a

continuous onto map h of X onto [0, l] (see [14] also). Let M be the

linear subspace of C(X) of all functions of the form f oh, where / is

in C[0, l]. Consider the positive linear functional p. defined on M by

p(fo h) =Jlf(t)dt. By [8, p. 20] p. has a positive extension (called p)
to all of C(X). Let N be the normed linear space whose elements are

the elements of C[0, l] but the norm is fl\f(t) \ dt. Consider the oper-

ator A from N to C(X)* defined by (Af)(g) =Jxg(f o h)dp for each g
in C(X) and/ in C[0, l]. Since p is a positive Radon measure on X,

\\Af\\=fx\foh\dp=fl\f(t)\dt = \\f\\ and A is an isometry. Hence A
has an extension from Li into C(X) * which is an isometry.

Since m* is an abstract (L)-space, the same argument as above

shows that (3) implies (2).

Conversely, if E* is isomorphic to a subspace of L\, then E** is a

c.l.i. of (Li)*. By Lemma 1, E = E** and by [12] (Li)* is isomorphic
to tn.
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Remark. By [10] lp is not isomorphic to a subspace of Li for

2<p<<x> and by [6] lp is isomorphic to a subspace of Li for 1 ̂ p ^ 2.

Thus if X has a perfect set, then lp is a c.l.i. of C(X) for 2^p^ <x and

2„ is not a c.l.i. of C(X) for l<p<2. (The fact that l2 is a c.l.i. of C(X)

when X has a perfect set was communicated by A. Pelczynski in a

letter to R. J. Whitley.)

Proposition 4. If E and F are Banach spaces and E is a c.l.i. of

C(X), then
(1) each completely continuous operator from E to F is weakly com-

pact,

(2) each strictly singular operator from E to F is weakly compact,

(3) each completely continuous operator from E to F is strictly singu-

lar.

The proof of (1) is immediate, (2) follows from the fact [15] that

strictly singular operators with domain C(X) are weakly compact,

and (3) follows from (1) (see [9]).

A bicompact space X is said to be dispersed if it contains no per-

fect subsets An exhaustive study of dispersed spaces is made in [14]

and several results of that paper are used frequently here.

Theorem 5. The following statements are equivalent.

(1) The bicompact space X is dispersed.

(2) Every reflexive c.l.i. of C(X) is finite dimensional.

For each c.l.i. E of C(X) and each Banach space F,

(3) each weakly compact operator from E to F is compact,

(4) each completely continuous operator from E to F is compact,

(5) each strictly singular operator from E to F is compact,

(6) each weakly compact operator from E to F is completely continu-

ous,

(7) each strictly singular operator from E to F is completely con-

tinuous,

(8) each weakly compact operator from E to F is strictly singular,

(9) each continuous linear operator from E** to F which is a(E**, E*)

to a(F, F*) continuous is compact.

(10) For each c.l.i. E of C(X), each continuous linear operator from

E to E* is compact.

(11) Every Radon measure on X has an extension to all the subsets

ofX.

Proof. The fact that if X is not dispersed, then l2 is a c.l.i. of X

(see Proposition 3) is used throughout. Using this fact it is immedi-

ate that (2) implies (1). Using Proposition 4 it is immediate that (5)
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implies (4), (6) implies (7), and (3) implies (5). Since an operator

that is both weakly compact and completely continuous is strictly

singular, (6) implies (8). If E is reflexive, then the identity operator

E is weakly compact and thus (3) implies (2). Using the operator

mapping C(X) onto l2 it is clear that (not 1) implies (not 4). If

E = l2 and F = lp (p>2) and T is the injection of l2 into lp, then T is

strictly singular but not completely continuous and hence (not 1)

implies (not 7). The identity map from l2 to l2 suffices to show that

(not 1) implies (not 8). The implication (3) implies (6) is clear. After

showing that (1) implies (3), it will have been established that (1)

through (8) are equivalent. Let A be a continuous linear map of

C(X) onto E and T be a weakly compact operator from E to F. Then

TA is weakly compact and hence completely continuous. Let (/n)

be a bounded sequence in C(X). Then by [14] there is a weakly

Cauchy subsequence (/„y) of (/„). Therefore (TAfnj) converges in

norm and TA is compact. It is immediate that T is compact.

If X is dispersed and A is a continuous linear map of C(X) onto E

and T is a continuous linear operator from E to 72*, then since C(X)*

= h(X) [14], A*T is completely continuous and by (4) A*T is com-

pact. Since A* is an isomorphism, T is compact and (1) implies (10).

Conversely, if X is not dispersed, then l2 is a c.l.i. of X and l2 is iso-

morphic to a subspace of C(X)*. Hence (not 1) implies (not 10).

Suppose X is dispersed and £ is a c.l.i. of C(X). Let T be a con-

tinuous linear operator from £** to F which is r/(£**, £*) to a(F, F*)

continuous. Then T is weakly compact and thus T restricted to £ is

weakly compact. Thus by (3) T restricted to £ is compact. Since the

unit sphere of £ is «-(£**, £*) dense in the unit sphere of £**, it

follows that T is compact and thus (3) implies (9). On the other

hand, if X is not dispersed, then l2 is a c.l.i. of C(X) and the identity

from l2 to l2 shows that (not 1) implies (not 9).

If X is dispersed, then every Radon measure p on X is purely

atomic [14]. That is, there is a sequence (an) in k and a sequence

(Xn) in X such that if B is a subset of X, then p(B) = ^x sb an.

Hence (1) implies (11).

Conversely, if X is not dispersed, then as in the proof of (2) implies

(1) of Proposition 3 there is a continuous map hoi X onto [0, l] and

a positive Radon measure jionl such that Jlf(t)dt=Jxf o hdp for all

/in C[0, l]. Thus the measure v on the Borel sets of [0, l] given by

viB) =p[h~l(B)] is Lebesque measure (since Jxf o Mju =/io,i]/(fr for

all/ in C[0, l]). If p had an extension to all the subsets of X, then v

would have an extension to all the subsets of [0, l]. Hence (not 1)

implies (not 11).
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Proposition 5. (a) For each closed linear subspace M of c0 and each

Banach space F, each strictly singular operator T from M to F is weakly

compact.

(b) For each c.l.i. E of Co, each closed infinite dimensional subspace

M of E contains a subspace isomorphic to c0 (this generalizes Corollary 4

if [11]).

Proof, (a) By [4, p. 171 ] T is weakly compact if and only if it is

completely continuous. Thus it suffices to show that if T is not com-

pletely continuous, then it is not strictly singular. Suppose T is

strictly singular and not completely continuous. Then there is a se-

quence (/„) in M such that (/„) converges weakly to 0, but (P/„)

does not converge to 0 in norm. Thus it may be assumed that ||/„|| = 1

and that (Tfn) is bounded away from 0 in norm. Now by [l, p. 194]

there is a subsequence (/„y) of (/„) such that Co is isomorphic to the

closed linear space N of (/„,)• Moreover, T restricted to N is strictly

singular and hence by (7) of Theorem 4, T restricted to N is com-

pletely continuous. Hence (Tfnj) converges to 0 in norm, which is a

contradiction.

(b) Let £ be a c.l.i. of Co and A he a continuous linear operator

from Co onto E. Suppose M is a closed subspace of E and N = A~1(M).

Then the restriction A0 of A to A7 is onto M. If A0 is strictly singular,

then by (a) A0 is weakly compact and hence M is finite dimensional

[4, p. 171]. Thus if M is infinite dimensional, then there is a closed

infinite dimensional subspace K of N such that A restricted to K is

an isomorphism. But, K contains a subspace isomorphic to Co.
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