DEGREE OF APPROXIMATION BY POLYNOMIALS
TC FUNCTIONS OF BOUNDED VARIATION!

HASSOON S. ALIAMTRI

1. Introduction. Let F(z) be analytic in the interior of a Jordan
curve C, continuous in the closed region. For a point 20&1(C), F'(z)
is uniquely determined. However, for 2, on C we define F'(z,) as
lim,..,((F(2) — F(20))/(2—20)), 2 on C provided this limit exists. De-
rivatives of higher orders are defined similarly. The subclass of the
above functions, where F((2) are of bounded variation on C will be
designated throughout as B(p, C). The concept of bounded variation
is assumed. Note that if F&EB(p, C), where C is a rectifiable Jordan
curve, then FEB(q, C), ¢=0, 1, - - ., p—1; also every analytic
function over a rectifiable Jordan curve is of bounded variation there.

When C is an analytic Jordan curve (analytic), G. Faber [2]
proved that analytic functions can be expanded in I(C) by an infinite
series of certain polynomisals known as Faber polynomials—§3.

The object of this paper is to obtain the degree of approximation of
such series to functions in B(p, C) (Theorem 1). In Lemma 2, §2 an
estimate of the Taylor coefficients for functions in B(p, C) where C
is lzl =1 is obtained. This estimate is employed in obtaining an
estimate on the corresponding Faber coefficients in case C is analytic
(Lemma 3, §4). Lemma 4, §5 gives an estimate on the Faber poly-
nomials associated with the analytic curve C. Both Lemmas 4 and
5 are used in proving Theorem 1. Two related results, Theorem 2
and Theorem 3, are stated in §7 but only the latter is proved.

A similar problem was solved by W. Sewell [4] in which the class
of functions was subjected to different hypotheses, mainly that their
pth derivatives satisfy a Lipschitz condition of order « on C, 0 <a =1.

2. Taylor coefficients. First we mention a Corollary of D. Jackson
[3,p. 50].

CoROLLARY (JACKSON). Let F(x) be a real-valued function of the
real variable x of period 2w. Let F'W(x), p =0, exist and be of bounded
variation over a period. Then for k>0

\bk| < V(F®)/2rkr+, || < V(ED)/20ket,
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where by and c, are the kth coefficients of the Fourier series corresponding
to F(x) on a period, i.e.,

F(x) = bo/2 + D (bx cos kx + ¢ sin kx).
1

V(G) means, throughout, the total variation of G.

The above corollary can be extended to include the case where
F(x) is a complex-valued function of the real variable x. This can be
accomplished easily if the above corollary is applied to the real and
the imaginary parts of F(x).

LEMMA 1. Let F(x) be a complex-valued function of the real variable
x of period 2mw. Let F®P(x), p =0, exist and be of bounded variation over a
period. Then for k>0,

¢y | o] < VED) /e, || < VE®D)/zkeH,

LeEMMA 2. Let FEB(p, C), where C is the circle |z| =1, p=0. Let
G(0) = F(e®), and F(z)= D ¢ arz*. Then

(2) | akl < V(G®)/ ke,

Proor. Considering F(e®) =G(f) as a function of 6 it follows that

b — ik 1 i ) ..
= — F(e*)(cos k8 — i sin k) d6
(3) 2 21 0
1 F(2)

= — ——dz = @,
2w lz|=1 Pian
where b, and ¢, are the Fourier coefficients corresponding to G(6).
Since FEB(p, C), Cis |z| =1, then by chain differentiation of G(f)
= F(e*), G™(0) is of bounded variation over C. Combining (1) and
(3) yields (2).

3. The Faber theorem. Let C be an analytic curve in the z-plane
and A(C) be its exterior. There is a unique analytic function f(z)
which maps 4(C) in a 1-1 manner onto the exterior of a circle
|w| =p, designated as K,, such that the points at infinity correspond
to each other and its power series about 2= « has the normalization

w=f(2) =24do+d1/2+ - - - . Because f(2) is schlicht there exists a
unique inverse schlicht function g(w) in A(K,) whose power series
expansion about w=w is z=g(w)=w+te+e/w+ ---, with

lim sup Ie,.l Un=p5 5<p.
Because of the analyticity of C, there is a minimum number p,,
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p =po<p, for which g(w) is still schlicht in 4(X,,). Let C,, be the level
curve in the z-plane corresponding to the circle K,, under w=f(z).
Note that Cis C,. The Faber polynomials {fn(z) } ,n=0,1,2, - are
the polynomial parts of the formal expansion of (f(2))* about z= .
In the sequel f(2), g(w) and f.(z) will be used in the above contexts.
It is easily seen that

1 n
) fe = Y@

2rid, t— 3

a,

where 2E&I(C,) with an appropriate choice 7 >p,; see e.g. [1, p. 6].
Faber proved the following theorem.

TuEOREM (FABER). Let F(2) be analytic in I(C), C an analytic
curve. For z&1(C)

0

(%) F(z) = 2 afu(n),

0

where { fk(z)} are the Faber polynomials associated with C. Here

© wo L[ e

wid g,  wtt

dw,

for po<p1<p. The series in (5) converges uniformly in any closed subset

of I(C).
The coefficients in (5) are referred to as Faber coefficients.

4. Faber coefficients. The following lemma provides an estimate
on Faber coefficients.

LEmMA 3. Let FEB(p, C), C an analytic curve. Then for >0, p =0,
(7 | ax| = V(G®)/ptkr+1

where G(0) = D o (arp*)e™, 0<0<2m, and {ak} are the Faber coeffi-
cients associated with F(z2) in I1(C,).

PRrooOF. Since g(w) is schlicht, F(g(w)) is analytic in po<p’ < lwl <p
and continuous in the closure of this annular ring. It is clear from (6)
that the Laurent series of F(g(w)) in po<p’= I'wI <pis

® Flgw) = 3 at + 3 A/,

where a, are the Faber coefficients associated with F(2) in I(C,).
Let a(w) = — 21 A_i/w*, B(w) = F(g(w)). Define
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9) Aw) = a(w) + B(w) for w on K, and A(w) = i aw* for | w| < p.

Thus M (w) is analytic in I(K,) and continuous in 7(K,). From (8) and
(9) NMw) =a(w)+Bw), p'<|w| <p. Let w=py. Then \(w)=\(oy)
=d(y) for lyl =1 and

(10) ®(y) = i (@eh)y*,  |y] <1

By chain differentiation of 8(w) where z=g(w) it is readily seen that
B®(w) is of bounded variation on K,. Thus A&EB(p, K,) and since
D) (y) =pP\® (w), PEB(p, K1). Let G@) =P(e?®) for 0=0=2m.

Since G(f) is periodic of period 2w, continuous and of bounded
variation over the interval [0, 2], it follows from [6, pp. 175-180]
that G(0) = X ¢ (aw*)e™. From (2) and (10) it follows Iakp"l
< V(G®)/kP*, thus |ax| < V(G®)/pkkr+L.

5. Faber polynomials. The following lemma provides an estimate
on Faber polynomials.

LEMMA 4. Let C be an analytic curve. Then
(11) fi(@®) = (f@)*Q + G,,-0:(2))

for 2€A4(C,,) and p1 a fixed number satisfying pr>po; G,, is a real
constant independent of k and z but dependent on p1. The function 0,(2)
is analytic in A(C,,) and |0:(2)| < (o:/p)X for sEA(C,,), k>0, where
p2 15 a definite fixed number with po<ps<p1. Also for z on C,, p’' Zp1

(12) i@ ] < A+ Goo'™.

Proor. Letp, be a fixed number such that p;>p, and let p2
=(p1+po)/2. For an arbitrary but fixed point 2E4(C,,), choose ps
large enough, so that 3&1(C,,) and formula (4) holds for 7 =ps. Thus

1 k 1 %
fk(Z) = — (f(t)) dt = (f(Z))k + — (f(t))

2w Chy t— 2 2 Cog L — 2

dt.

We put the above in a different form

fe(@®) = (f@)*(1 + L(3)),

_ L[ oyt
L&) = 2rid ¢, (f(z)) t— 3 d.

where
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Note that the maximum of |Ix(z)| is attained on C,, since the
function is analytic in the closed exterior of the curve and
lim, .. Ix(2) =0. Thus for zE A4(C,,),

1 P2 k L
max[lk(z)] <—\—)- ,
2r \ p1 d(cpn Cﬂz)

where L is the length of C,, and d(C,,, C,,) is the minimum distance
between C,, and C,,. Let

L Ik(z)
= ————— and 6(z) = .
27rd(cpn CM)
Then formula (11) follows from substituting for I.(z) in the equa-

tion of fx(z) above. For z on C,, p’=p; it follows that ]0,,(2)[
< (pz/p1)*<1. Thus formula (12) is proved.

G,

6. The main theorem. Lemmas 3 and 4 yield:

THEOREM 1. Let FEB(p, C), where C is an analytic curve and p=1.
Then for z€1(C), n>0,

(13) max | F(z) — iakfk(z) = 9——:@,
0 n?

where D o aifu(2) is the usual Faber series for F(z) in I(C) and Q is
a constant independent of p, n and z but dependent on p, and V(G»)
is the total variation of G(0) on [0, 2x] and G(0) = D¢ (arp®)e’.

Proor. First we will show that the Faber series converges to F(z)
in I(C), provided FEB(p, C), where C is an analytic curve—see §3.
Consider

n+m n+m
| Snin(®) = $2@) | = | X afi@) | = X | &l [/ ]
n+1 n+1
for z on C, where S,(2) = D_% aifi(2). Let p be p; in Lemma 4. Then

(7) and (12) for z on C yield
k=n+m V(G(p))

J— k
max | Snim(z) — Sa(z) | < & (14 G,)p
Lt Gp)V(G("’)f“’ du

= T an  urt!

_A+G)VE®)

an-pnp'l' 1
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By the maximum principle, for zE&7(C),

14+ G)V(G™
Sutm(2) — Sa(2) I = (—%—%O, as n— o,

By Cauchy’s convergence principle {.S,(z) } converges uniformly to a
function analytic in I(C) and continuous in I(C), say H(z). Let
K(2) = F(2) — H(2). Since F(z)=H(2) in I(C), it follows that K(z) =0
in I(C) and continuous in 7(C). Let z, be any fixed point on C. Since
Cis analytic Jordan curve and K(2) is continuous in I(C), it follows
that lim,,.,, K(2)=K(3)=0 for z2&1(C). Thus K(2)=0 in I(C)
which implies S,(2)— F(2) uniformly in 7(C). For zon C

n

max | F(z) — Edkfk(Z) =< max i | akl : lfk(z)|

0 n+1
< A+GVE») & 1
- T a1 kPTL
< 1+ Gp)V(G“’))f‘” du
= T an  urt!
_ov(e®)
= poe y

where Q=(14G,)/w. By the maximum principle (13) is achieved
and so the main theorem is proved.

7. Related results. The method used in proving Theorem 1 can be
employed again to show:

THEOREM 2. Let FEB(p, C), where C is an analytic curve and p=1.
Let 3.5 awfe(2) be the Faber series of F(z) in I(C). Let py, be a fixed
number satisfying po<p1<p. Then for n>0 and z&1(C,,)

- 0.V (G®) ( pl)n-l-l
pn? P ’

where Q1 1s a constant independent of p, n, and z in I(C,,) but dependent

on prand GO) = Y g (axp*)e™, for 6 on [0, 2r].

THEOREM 3. Assume the same hypotheses as for the previous theorem.
Let P,(3) be the polynomial of degree n found by interpolation to F(z)
in the roots of the Faber polynomial fn11(2). Then for n sufficiently large
and :€1(C,,) S o

y 3 n
max | F(z) — Pa(s) | = M(ﬂ) ,

pn® P

n

max | F(z) — 3 aifi(s)

0
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where Q. is a constant independent of p, n and z but dependent on p,.

The following Theorem due to Sewell and Walsh [5] is needed in
the proof of Theorem 3.

THEOREM (SEWELL AND WALSH). Let F(2) be an analytic function
in the interior of an analytic curve C and continuous in its closure. Let

2, i=1, 2, - -, n4+1 be in I(C) and R.u(z) — [[**' (2—2:). Let
P.(2) be the polynomial of degree n found by interpolation to F(z) in
the points 2;, 1=1, 2, - - -, n+1. Then

1 R, F@i) — S.
(14) F(z) — Pa(z) = — n@ IO @ d,

2w c Rn+1(l) t— 2
where S,.(2) is an arbitrary polynomial of degree n.

PRrooF oF THEOREM 3. Let po = (p1+po)/2. The first part of Lemma

4 yields @
fn+l 2z ‘
max —1 § G (pg/pl)"+l.
a0 | (f(2)" "
Thus there exists a positive integer n, such that for n=n,
n Z
max Jr1(2) — I‘ < 1/2,
ey | (f(z))™

which implies that for such sufficiently large #, f.41(2) has no zeros
in A(C). The Sewell and Walsh Theorem is applicable now when z;,
i=1, 2, - - -, n+1, are chosen to be the zeros of f,1(2), n=n,,
Ro11(2), Sn(2) = D_m axfu(z). Hence (14) becomes

(15)  F(») — Pu(a) = Etr—z . f:ﬁ; F ‘l ?‘; i
for z&€1(C). For z on C formula (11) yields

min | for1(3) | 2 ™| 1 — G, ea(2) | = pm+1/2
for n=n,. The above lower bound and (12) yield
fat1(2)
frr(9)

for n=n, where the maximum is taken over £ on C and z on C,,.
Formulas (15) and (16) and Theorem 1 yield

(16) max

= 2(1 + Gy (or/0)™,

QLV(G®)

max | F(z) — Pa(z) | = 2(1 4 G,)) (py/p)™**-
2wépnP
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where L is the length of C, § is the minimum distance between C and
C,,. Let Q:=QL(14G,,)/w8. Then Theorem 3 is concluded.
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