
PURELY INDECOMPOSABLE TORSION-FREE GROUPS

PHILLIP GRIFFITH1

1. Introduction. We consider the following question posed by

E. Weinberg [8]: Does there exist a torsion-free abelian group of

power greater than the continuum (H) with the property that each

pure subgroup is indecomposable? J. W. Armstrong [l] has given a

negative answer to this question for a class of groups somewhat larger

than the class of homogeneous groups. In §2 we show that in general

the answer to Weinberg's question is negative. Furthermore we show

that every reduced torsion-free purely indecomposable group is iso-

morphic to a subgroup of 7 = JJP Ip where p ranges over the primes

and Ip denotes the £-adic group. In §3 we characterize the pure sub-

groups of 7 which are purely indecomposable and in §4 we show there

are exactly 2N nonisomorphic torsion-free purely indecomposable

groups.

Throughout this note all groups are abelian and we follow [4] in

notation. The notion of a cotorsion group introduced by Harrison in

[7] plays an important role in this paper. Some basic properties of

cotorsion groups are listed in [5].

Definition. A purely indecomposable group is a group in which

every pure subgroup is indecomposable.

2. The power of a torsion-free purely indecomposable group.

Lemma. Let Ebe a torsion-/ree cotorsion group and let x be an element

o/ E. Then there is a direct summand o/ E containing x o/ power not

exceeding b$.

Proof. It suffices to consider X9*0. Let A = {x}*, the pure closure

in E of the cyclic group {x}. Then 4 is of rank one, which implies

\A\ =fc$o- Now E/A is torsion-free since 4 is a pure subgroup of E.

Therefore, E/A=H/A+K/A where K/A is reduced and torsion-

free and 77/4 is torsion-free divisible. It follows that

E/H=E/A/H/A=K/A

is a reduced torsion-free group. Since E/H is reduced and £ is cotorsion,

it is well known that 77 must also be cotorsion. Thus Ext (E/H, H)=0

and hence H is a direct summand of E. Since i7/4 is divisible, 4 is
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dense in the w-adic topology on H. However, the ra-adic topology on a

reduced torsion-free group is Hausdorff; thus it follows that \H\

^|.4|«o=(No)No = N.

Theorem. If G is a torsion-free purely indecomposable group, then

the power of G does not exceed fc<.

Proof. If G has a nontrivial divisible subgroup, it is immediate

that G must be isomorphic to the additive group of rational numbers

if it is purely indecomposable.

Thus we may assume that G is reduced and also that G^O. Embed

G as a pure subgroup of a torsion-free cotorsion group E. Let x^O

be an element of G. By the above lemma, there is a direct summand

H of E such that xEH and \H\ gtf. Let E = M+H and S=MC\G
+HDG. Since M, H and G are pure subgroups of E and since E is

torsion-free, it follows that MC\G is pure in M and HOG is pure in

H. Thus, E = M+H implies that 5 is a pure subgroup of E; hence S

is a pure subgroup of G. Therefore, since G is purely indecomposable,

we have that MC\G = Q or HC\G = Q. But x^O in HOG implies that

MC\G = 0. Let ir be the natural projection of E = M+H onto H.

Since AfP\G = 0, ir restricted to G is a monomorphism. Thus |G|

= \v(G)\ £\H\ ^K.
As in the introduction, let J = JTP Ip where p ranges over the

primes and Ip denotes the £-adic group. We have the following.

Corollary. If G is a reduced, torsion-free, purely indecomposabl6

group, then G can be embedded in the n-adic completion of a reduced

torsion-free group of rank one. Thus G is isomorphic to a subgroup of /

Proof. We use the notation in the proof of the above theorem.

Since H is a reduced torsion-free cotorsion group, it follows that H is

algebraically compact and thus complete in its w-adic topology. Since

H/{x}if is divisible, {x}* is of rank one, and iv: G^>H is a mono-

morphism, the first part of the corollary is immediate. It is also

known that H= YLp ^p where, for each prime p, Ap is a £>-adic mod-

ule complete in its p-adic topology. Each £-basic subgroup of H is

cyclic since H/{x}* is divisible and each £-basic subgroup of {x}*

is cyclic. (For the notion of a £-basic subgroup, see [6].) Thus4P is

indecomposable as a £-adic module. It follows that Ap = 0 or AV = IP

and that H is isomorphic to a direct summand of J, which completes

the proof.

3. Pure subgroups of J which are purely indecomposable. We now

consider the natural question: when is a subgroup of J purely inde-

composable?
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We first remark that a reduced torsion-free group G is isomorphic

to a pure subgroup of 7 if and only if every p-basic subgroup of G is

cyclic. The proof of this (well-known) result is accomplished by em-

bedding G in its cotorsion completion E and an argument similar to

the last half of the preceding corollary. Secondly, if J is given the

usual ring structure of componentwise addition and multiplication,

then every endomorphism of (7, +) is a left multiplication, that is,

a£End / if and only if a is a mapping of the form x—*irx where it-

is a fixed element of J. Thus in case G is isomorphic to a pure sub-

group of 7 we have the following characterization of pure indecom-

posability.

Theorem. Suppose G is a reduced torsion-free group such that each

p-basic subgroup o/ G is cyclic. Then G is purely indecomposable i/ and

only if, /or each pure subgroup S o/ G, the nonzero endomorphisms o/ S

are all monomorphisms.

Proof. The sufficiency is obvious, for if G contains a pure subgroup

S which has a nontrivial direct decomposition then End S contains a

nontrivial projection. Thus suppose G is a pure subgroup of J and

that G is purely indecomposable. Let S be a pure subgroup of G and

suppose a^OGEnd S. Let 4 denote the kernel of a (which is pure

since G is torsion-free) and B the pure closure of the image of a. Using

vector notation for elements of J, let A= [primes p\ some aEA has a

nonzero pth coordinate] and let p be the projection of J ontoWpet^Ip-

To show that A(~\B = Q and that A-\-B is a pure subgroup of G, it

suffices to show that p is the identity when restricted to 4 and the

zero homomorphism when restricted to B. Since 7P is an integral do-

main, p is the identity on 4 and zero on B if a-6 = 0 for all aEA and

all bEB. Let a— (ap)EA and b = (bp)EB. Since S is a pure subgroup

of J and since J is cotorsion, a can be extended to 5(EEnd J. Then

a = Ln for some ttEJ where 7„ denotes left multiplication by 7r = (7rp).

Therefore, 0 = LT(a) = 7ra = (7rPap). Thus ap = 0 for each prime p such

that 7rp t^O. If x= (xp)EIm LT, then clearly xp = 0 for each prime p

such that ttp = 0. It follows that <z-x = 0ifx£lma, and that there is

an integer n such that n(a-b)=a(nb)=0 since B = (Im a)*. Thus

ab = 0 since 7 is torsion-free, and it follows that A(~\B = 0 and A-\-B

is a pure subgroup of G. Therefore, Ker a = 4 = 0 since B = (Im a)* ^0.

In view of a result of Baer [4, Lemma 46.3], the above theorem is

easily seen to remain true if the condition on the p-basic subgroups of

G is replaced by the condition that G be homogeneous. Also, Arm-

strong [2] obtains similar results if G is ^-reduced and ^-purely inde-

composable. However, the property that pure subgroups have no
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nonzero endomorphisms except monomorphisms does not, in general,

characterize purely indecomposable torsion-free groups. To establish

this, we consider a result of Beaumont and Pierce [3] which states

there is a subgroup H of rank two of the two-dimensional rational

vector space V such that the ring of quasi-endomorphisms E(H) of

H consists of all 2X2 triangular matrices over V with equal diagonal

elements. Such a group H must be indecomposable and hence purely

indecomposable since H is of rank two. Moreover, End H contains an

endomorphism which is not a monomorphism since E(H) does.

4. The power of the collection (P of all nonisomorphic torsion-free

purely indecomposable groups. Since the number of subgroups of J

is less than or equal to 2N, the corollary in §2 implies that the power

of (P is less than or equal to 2H. Therefore to establish that the power

of (P is actually equal to 2N, we need only show the existence of 2s

nonisomorphic torsion-free purely indecomposable groups. We pro-

ceed by first proving the following lemma.

Lemma. Let S be a pure subgroup of J and let I(S) be the collection of

all subgroups of J which are isomorphic to S. Then I(S) has power less

than or equal to \A .

Proof. Let HEI(S) and let d> be an isomorphism of 5 onto H.

Then c/>£Hom (5, J). Since 5 is a pure subgroup of J and since J is

cotorsion, c/> can be extended to c3£End J. It follows that |/(5)|

g|End J\ =N.

Theorem. There are 2N nonisomorphic pure subgroups of J which

are purely indecomposable. Thus, the collection <? of all nonisomorphic

torsion-free purely indecomposable groups has power 2N.

Proof. Since the rank of Ip is N , let [aPx]xeA be an independent

subset of Ip where |A| = N . For each X£A, define a\= (ap\)EJ

=JXP/p. Now the set [ox]xga is an independent subset of / since for

any finite subset of [ax]xeA the elements are componentwise inde-

pendent. Therefore, for every nonvoid subset AfCA define HM

= ~zZ^m {ax} and GM=iHM)*- Let h^0EHM where h=(hp)EJ
= IJy IP. Then h = niaXl+n2a\i+ ■ • ■ +nka\k where Xi, • • ■ , X*£M

and where w.-^O for i = 1, 2, • • • , k. Therefore hp = niap\l+ ■ • ■

+nkapxt^0 for each p since [a„x]xeA is an independent subset of Iv

and tti^O for i = l, 2, • • • , k. Thus if g^0£Gjif and g={gP), then

gp^O for each p since Gm = iHM)*.

Let 5^0 be a pure subgroup of GM and a£End S such that

a(x) =0 for some x=^0£.S. Since 5 must be a pure subgroup of / and
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a£Hom (S, J), then a can be extended to L^EEnd J wherett = (7rp)

EJ and LT denotes left multiplication by ir. Therefore, 0 = 7x(x)

= irx = (iTpXp) implies 7TpXp = 0 for each p. Hence x„ = 0 for each p

since we have shown that a nonzero element of G has the property

that each of its components are nonzero. Thus 7r = 0 and therefore

a = 0. This establishes that every nonzero endomorphism of 5 must

be a monomorphism. Hence, by our theorem in §3, Gm is purely inde-

composable for every nonvoid subset M of A.

Let 9 denote the collection of groups Gm where M ranges over all

nonvoid subsets of A. By the independence of [ax]xeA we have that

Gm — Gm' (in the set-theoretic sense) if and only if M=M'. Thus g is

a collection of pure subgroups of 7 which are purely indecomposable,

and |g|=2K. By our preceding lemma, |7(C7jf)|^N for each

GmEQ- Since |g| =2K, it follows that there are 2s nonisomorphic pure

subgroups of 7 which are purely indecomposable.

A slight generalization of the construction used in the preceding

theorem indicates that two torsion-free purely indecomposable groups

may be quite different in nature. Indeed, if N and M are two nonvoid

subsets of the primes with N finite, then one may construct a torsion-

free purely indecomposable group G with the following two properties:

(1) for pEN, each p-basic subgroup of G has rank greater than one.

(2) For pEM, GP^0 where Gp= [\n<„pnG.

Finally we see that if N is nonempty and M is taken to be the set of

all primes p, then such a group G as described above is neither iso-

morphic to a pure subgroup of 7 nor is it isomorphic to a subgroup

of 7P for any prime p.
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