
SOME THEOREMS CONCERNING THE CONTINUITY
OF ALGEBRA HOMOMORPHISMS1

BRUCE ALAN BARNES

In this note we establish a useful property of the separating set of

an algebra homomorphism of one Banach algebra into another

(Theorem 1), and we use this result to prove two theorems concerning

the continuity of algebra homomorphisms (Theorems 2 and 3). We

assume throughout that A and B are complex Banach algebras with

norms || -||^ and || -||b respectively, and that v is an algebra homo-

morphism of B into A. By the separating set of v, we mean the set

of all uEA such that there exists a sequence {vn} in B with the

property that |Jwm||s—*-0 and H^n)- u\\a—*0. We denote this set by S.

v is continuous if and only if S = 0 by the Closed Graph Theorem.

If C is any algebra and uEC, then crciu) is the spectrum of u in C, and

Pciu) = sup{ | X |  | X E o-ciu)}.

The first theorem we prove is a direct application of a result of

J. D. Newburgh. Assume that uEA, and that £ is a nonempty open

and closed subset of o-^(m). Let V be an open neighborhood of £.

If {«„} is a sequence in A such that un—m, then Newburgh proved

that there exists an integer N such that n^N implies that ouT^A V

is nonempty; see [5, Lemma 3, p. 168]. Now suppose thattt£S, and

that u has disconnected spectrum in A. Then there exists a non-

empty open and closed subset £ of o-^w) such that 0(££. Therefore

we can choose a neighborhood V ol E whose closure does not contain

0. Now since w£S, there exists {v„} EB such that ||»b||b—M) and

IlKfln)— u\\a—>0. It follows from Newburgh's result that there exists

a>0 such that PAivivn))>a for n large enough. But

PAiviVn))   ̂    P,(B>("(»»))   ̂   PbW   ̂    IWU,

and ||i/,,||fl—*0. We have reached a contradiction, and this proves the

following theorem.

Theorem 1. S contains no elements of A which have disconnected

spectrum in A. In particular S contains no nonzero idempotents.

Next we make an immediate application of Theorem 1. Here 5
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denotes the socle of A, and L[S] = {aEA \aS = 0}.

Theorem 2. Assume that A and B are complex Banach algebras and

that v(B) is dense in A. Assume also that A is semisimple. Then

§>EL [S]. In particular if L [S] = 0 then v is continuous.

Proof. Since v(B) is dense in A, it follows by [7, Lemma 3.1,

p. 377], that S is an ideal of A. Now either SC-LLS] or S contains a

minimal left ideal by [l, Proposition 3.3, p. 567]. But S can contain

no idempotents, and in particular, S contains no minimal idempotent.

Therefore S must be included in -L[S].

Many important algebras have the property that the left anni-

hilator of their socle is zero. In particular, any semisimple modular

annihilator algebra has this property by [l, Theorem 4.2 (2), p. 569].

We state this particular result as a corollary.

Corollary. Assume that A and B are complex Banach algebras and

that v(B) is dense in A. Furthermore assume that A is a semisimple

modular annihilator algebra. Then v is continuous.

In the case where A is a strongly semisimple modular annihilator

algebra, and B satisfies a certain special condition, we can drop the

assumption of the Corollary that v(B) he dense in A. First we state

the condition we impose on B.

(*) Whenever / is a closed ideal of B such that B/I is finite dimen-

sional, then P — I.

We shall prove the following theorem.

Theorem 3. Assume that B is a complex Banach algebra which

satisfies condition (*), and assume that A is a complex, strongly semi-

simple modular annihilator algebra. Then v is continuous.

Before proving this theorem, we note some examples of algebras

A and B which satisfy its hypotheses. By a Theorem of P. J. Cohen,

whenever a Banach algebra B has a bounded approximate identity,

then B2 = B; see [2, Theorem 1, p. 199]. Now since any 5*-algebra

has a bounded approximate identity by [6, Theorem (4.8.14), p. 245],

and since every closed ideal / of a B*-algebra is again a 5*-algebra

by [6, Theorem (4.9.2), p. 249], then automatically I2 = I. There-

fore every B*-algebra satisfies condition (*). Assume now that B is

a dual algebra with a bounded approximate identity, that / is a

closed ideal of B, and that B/I is finite dimensional. Since / is a

closed ideal of B, then / is the intersection of primitive ideals of B

by [l, Theorem 5.1, p. 570]. It follows from [l, Theorem 6.5, p. 574],
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that each of these primitive ideals has the form B(l — e) where e is a

central idempotent of B. Also / is contained in only a finite number

of primitive ideals of B. Then it can be shown that / itself is of the

form 5(1— e), where e is a central idempotent of B. By assumption

B has a bounded approximate identity, and therefore B=B2. Thus

P = B(l-e)-B(l-e)=B2(l-e)=I. Therefore B satisfies condition

(*). We note that if G is a compact group, then L:[G] is a dual

algebra with a bounded approximate identity.

Examples of strongly semisimple modular annihilator algebras are

Lp [G] where G is a compact group and 1 ̂ p ^ <*> (see [4, Theorem 15,

p. 699]), and more generally, any semisimple completely continuous

Banach algebra (see [l, Theorem 7.2, p. 576], and [l, Theorem 7.1,

p. 575]).
-We begin the proof of Theorem 4 with a lemma.

Lemma. Assume that B is a complex Banach algebra with property

(*). Assume that A is complex and finite dimensional. Then v is

continuous.

Proof. Since v(B) is finite dimensional, v(B) is a closed subalgebra

of A and S is an ideal of v(B). Also v(B) satisfies the minimum con-

dition; see [3, p. 38]. Then since S contains no idempotents, S is

contained in the radical of v(B). Now the radical of a ring with

minimum condition is nilpotent by [3, Theorem 1, p. 38], and it

follows that there exists an integer n such that S™ = 0. Then if

I=v~1($), I is a closed ideal of B by [7, Lemma 3.1, p. 377]. But

then J" is contained in the kernel of v. Since In = I by hypothesis,

then S = 0 and v is continuous.

Now we complete the proof of Theorem 3. Let A and B be as in

the hypotheses of Theorem 3. If M is any maximal modular ideal

of A, then by [l, Theorem 6.4, p. 574], A/M is finite dimensional.

Let 7T denote the natural projection of A onto A/M. Then irv, the

composition of w with v, is an algebra homomorphism of B into the

finite dimensional algebra A/M. By the Lemma, irv is continuous,

and this implies that SC-^- Now by assumption A is strongly semi-

simple, that is the intersection of all the maximal modular ideals

of A is 0. But S is contained in this intersection by the argument

above, and therefore S = 0 and v is continuous.
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GROUPS AND SEMIGROUPS WITH SOLVABLE
WORD PROBLEMS

B. H. MAYOH

This note gives a direct proof of the following theorem of M. O.

Rabin [l, Theorem 4]:

Theorem. A finitely generated group has a solvable word problem

iwith respect to a given system of generators) if and only if it is com-

putable.

A group is said [l ] to have a solvable word problem with respect to a

finite set of generators {gi, • • • , gn} if one can effectively determine

whether or not two words on {ai, ■ ■ • , o-„} represent the same group

element. (Rabin's definition, though equivalent for groups, prevents

the theorem from applying to semigroups. For convenience we sup-

pose that the inverse of a generator is a generator.) A group is said to

be computable if it has a recursive realization { S, x}—i.e. it is isomor-

phic to the group formed by a recursive subset 5 of the positive

integers and a recursive function x(7 j) on 5 that satisfies the group

multiplication axioms.

Proof. Consider some recursive realization, {S, x} ol a given

finitely generated computable group. Let s{ he the element of 5

corresponding to the generator g,. For any word W = o-aGb • ■ az one

can effectively compute the integer

w = sa X sb X • • • X sz.

As two such words, W and W1, are equivalent if and only if w = w1,
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