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Summary. A simple, unified treatment is given for three basic re-

sults in the theory of stationary streams of events (point processes).

These results are the basic theorem of Khintchine concerning the

existence of a stream intensity, Korolyuk's theorem, and a funda-

mental lemma of Dobrushin giving sufficient conditions for a sta-

tionary stream to be orderly in the sense of Khintchine [2].

1. Introduction. Consider a stationary stream of events and let

N(s, t) denote the number of events occurring in the interval (s, t).

We note here that it is possible to define a basic probability space in a

number of ways so that N(s, t) is a well defined random variable (cf.

Ryll Nardzewski [4], Matthes [3], Cramer and Leadbetter [l]).

We shall not be concerned with this basic structure except through

the properties of random variables of the form N(s, t). We further

note that the stationarity of the stream is to be taken to mean that

the joint distribution of the random variables

N(Sl + r, h + t), • ■ • , N(sk + r,tk + r)

is independent of r for any fixed k and choice of (s{, /<), i=l, ■ ■ ■ , k.

Khintchine's existence theorem asserts that for such a stationary

stream of events there exists a nonnegative constant X^ 00 such that

P {N(0, 0^1} ~X< as t-+0.
Following Khintchine [2], a stationary stream of events will be

called orderly if P{N(0, t)>l\ =o(t) as 2—>0. Korolyuk's theorem [2]

states that, for a stationary, orderly stream we have X = 8iV(0, 1).

In general multiple events may occur—that is it is possible to have

more than one event at the same time point. It is easy to see that this

is not possible if the stream is orderly. Conversely Dobrushin's lemma

[5] states that if multiple events cannot occur and if ZN{§, 1) < 00,

then the stationary stream is orderly.

Separate proofs of the three theorems mentioned above are avail-

able (cf. [2], [5], [l]). In the next section we shall give very short

proofs for all three theorems by means of a simple technique.

2. The basic theorems. It is clear that we may modify a given sta-

tionary stream of events to form a new stationary stream by consider-
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ing multiple events as single events in the modified stream. Write

N*(s, t) for the number of such (modified) events in (s, i); that is the

number of original events in (s, i) counted without regard for their

possible multiplicities. It follows at once that N*(s, t) ^ 1 if and only

if N(s, 0^1.
We first prove the following result, which contains both the the-

orem of Khintchine and Korolyuk's theorem.

Theorem 1. Consider a stationary stream of events, and with the

above notation, write n* = &N*(0, 1) g <x>. Then

(1) P{N(0,t) ^ l} ~n*t    as   t-*Q.

Proof. For a given integer n write x»» = l if N(i/n, (i+l)/n)S:l

and x>n = 0 otherwise, i = 0,\, ■ • • , n—1. Let Nn= ^?Jd X»n- Then it

is easy to see that Nn—>N*(0, 1) with probability one, as n—>°°. If

H* < oo it follows at once by dominated convergence that &Nn

—>&N*(0, 1) and hence from stationarity that

n&xon - nP {N(0, »_1) ^ 1} —>n*   as n-+ °o.

The required result then follows from the obvious inequalities

r*      p{N(o, [(r^+i)-1)^!} ^p{N(o,t)^i}

([H+i) "        (M+i)-1 /

(where [x] denotes the integer part of x), since the outside terms each

tend to n* as t—>0.
If fi* = oo an application of Fatou's lemma in place of dominated

convergence easily yields (1).

This result shows at once that a stationary stream has an intensity

X = /x*, i.e. the theorem of Khintchine follows. Further, if multiple

events have probability zero, ju* = SiV(0, 1) and hence \ = &N(0, 1).

This is a slightly sharper form of Korolyuk's theorem since orderliness

of the stream implies, as noted, that multiple events have probability

zero.

Finally, we prove Dobrushin's lemma by a slight modification of

the above technique.

Theorem 2. Suppose the stream of events considered is stationary,

that the probability of the occurrence of multiple events is zero, and that

&N(Q, 1) < =o. Then the stream is also orderly.
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Proof. Write Xi»=l if N(i/n, (i+l)/n)>l, Xi'n = 0 otherwise,

i = 0, 1, • • • , »-l. Let iV„' = j^Ioxin- ThenfAV is the number of

intervals (i/n, (i+l)/w) containing at least two events and since

multiple events have probability zero, N„ —>0 with probability one.

But N^N(0, 1) and hence by dominated convergence, SAf„'—>0

as n—* oo. By stationarity we thus have nP {N(0, n~l) > 1} —>0 as

n—>oo. Hence

p{#(0, 0 > 1}     p{at(o, [r1]-1) > 1}  r1
-^-f—n-?—r -* °   as   l —> °-

< [r1]-1 [r»]
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