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Since the celebrated theorem of Friedrichs [2], various authors

have studied the question of the identity of weak and strong extension

of partial differential operators (e.g., see [l], [3], [4], [5], [8] and

[6]). In the last work, Phillips and Sarason have shown that their

versions of weak and strong extensions need not agree. Recently,

Ralston [7] has modified this example to show that the same is true

for the usual weak and strong extensions. Here we would like to indi-

cate another example whose basic feature is that the boundary matrix

has constant nonzero eigenvalues.

The operator is the Cauchy-Riemann operator

I-d/dx    d/dy\

~ \    d/dy    d/Ox)

on the unit square 12:0<x<l, 0<y<l. The boundary matrix is

readily seen to be

/-l    0\ /0    1\
+ ( )    and    + ( 1

\   0    1/ ~ \1    0/

on the segments x = 1, x = 0, y = 1, and y = 0 respectively of the bound-

ary 3£2. For the boundary conditions we choose the self-adjoint

conditions

«i = — u2    on    x — 0    and    x = 1,
(1)

«2 = 0 on    y = 0    and    y = 1.

With these conditions, observe that iL is formally self-adjoint.

Now, using polar coordinates, set v = r~ll2(cos 6/2, —sin 8/2).

Since the components of v are the real and imaginary parts of the

analytic function z~112, it follows that Lv = 0 on fl. Also note that

vE£i(&), and that v satisfies (1) on x = 0 and on y = 0. Next, let <j> be

a smooth scalar function of r such that <p = l near r = 0 and d> = 0 near

r = 1. Then the function u=<pv satisfies (1) on all of d£l. Setting/=Lu,

one finds that/= (Ld>)v = <p'(r)r-1'2(-cos 0/2, sin 0/2). We claim that

Lu=/ weakly but not strongly (in the sense of Friedrichs).
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That Lu =f weakly follows from the usual application of the diver-

gence theorem together with the fact that u = 0(r~112) as r—>0. If

Lu =f strongly, the formal self-adjointness of iL would imply that

/f-udxdy =  I  Lu-udxdy = 0.
a J a

However,

f-udxdy = -  J    dr I       r^M^'Mr"1 = jr/4.

Therefore, u is not a strong solution of Lu =/.

On the other hand, Sarason [8] has shown that his versions of the

weak and strong extensions of L do agree. This example fails there

since Sarason require £2 boundary values.

As a sidelight, observe that iL is a formally self-adjoint operator

whose closure is not a self-adjoint operator in £2(12). Also note that

(2) implies that the closure of — L is not a maximal dissipative opera-

tor in £2(12), although the boundary conditions are maximal non-

positive with respect to the boundary matrix.

Finally, we note that the same example is valid for the domain

12: 0 < x < 1, — 1 < y < 1, where the conditions are now

Ui = — u2    on    x = 0,      0 < y < 1,

«i = u2 on    x = 0,  — 1 < y < 0

and are suitably chosen on the remainder of 312. This suggests that

the difficulty arises from a discontinuity in the boundary conditions.
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