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1. Introduction. In [1, §28] Curtis and Reiner, after having con-

structed a full set of pairwise nonequivalent, irreducible left ideals of

the group-algebras QSn by means of the so-called Young diagrams,

raise the question whether the same set of ideas can be applied to

other classes of finite groups to give every (isomorphism class of)

irreducible representation. In this paper we give an affirmative an-

swer to the question in the sense that we show that the idea can give

the representations of the metacyclic groups. The outline of the paper

is as follows: In §2 we associate with each quadruple (P, R, x, p),

consisting of a pair of subgroups P and R of a finite group G, and

linear characters ir: P^>K, p: R^>K, and satisfying certain compati-

bility conditions (see (2.1-2)) an element e of the group algebra KG,

such that the left ideal (KG)e, generated by e, is minimal. Imposing

further conditions on P and R we investigate in §3 the question of

equivalence between left ideals of the form (KG)e. In §4 we give an

explicit basis of such ideals, and we identify the corresponding repre-

sentations as "induced monomial representations." Finally in §5 we

prove that in case of a metacyclic group G the method gives a full set

of nonequivalent, irreducible representations.

As for notation we mostly follow the book [l].

2. Construction of Young elements.1

Theorem 2.1. Let P and R be subgroups o/ the finite group G; let K

be any field o/ characteristic p^O with p\[G: l], and let ir: P—>K,

p: R—>K be linear characters o/ P and R, respectively. Suppose that

(2.i) ir\pr\R = P\pr\R,

(2.2) V g E G\PR    3p EP    3rER,

such that pg = gr and ir(p)^ p (r), and put

(2-3) e=     Z    T(p)p(r)pr.
p£P-,reB

Then (KG)e is a minimal le/t ideal o/ the group algebra KG; even more

(KG)e is an absolutely irreducible KG-module.
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1 The proofs in this section are all imitated from [l, §28].
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The proof relies upon the following

Lemma 2.2.   {xEKG; pxr = wip-1)pir-1)x,   VpEP,   VrER}=Ke.

Proof. If x= E»ee kig)g, kig)EK, is an element of KG, satisfying

pxr = ir(p~~1)p(r~1)x, VpEP, Vr£i?, then elementary considerations,

using (2.1) and (2.2), show that x= [PDR: l]-^(l)e. The other

inclusion is still more trivial.

Proof of Theorem 2.1. Using the lemma we get e2=ye for some

yEK. In order to show 75^0, we introduce P£Homx iKG, KG) by

the definition: Tx = xe for all xEKG; considering the matrix of T

with respect to the basis {g; gEG}, we get trace(P) = [G: l] [PDR: l];

if we let {vi, v2, ■ ■ ■ , V[g-.i] } be a basis of KG with J^i, v2, ■ ■ ■ , v/} a

basis of the subspace iKG)e we easily get trace(P) =fy; a comparison

shows y=f~1[G: l] [PDR: l]j^0. We now put u = y~1e; then u2 = u is

an idempotent element of KG, and in order to show that iKG)e

= iKG)u is a minimal left ideal of KG, we just have to prove that

uiKG)u is a division ring (see e.g. [l, (25.11)]). However, using

Lemma 2.2, it is elementary to check that uiKG)u = eiKG)e = Ku=K.

The fact that iKG)e is absolutely irreducible as a ifG-module follows

from the isomorphism HomK<j((i?G)w, iKG)u)=uiKG)u=K (see

e.g. [1, (26.7) and (29.13)]).

Corollary 2.3. HKG)e: K)=y~1[G: l][PDR: l].

Remark. If P and R are fixed, then a pair (ir, p) of linear char-

acters satisfying (2.1) and (2.2) will be called an admissible pair. The

element e, defined in (2.3), will be called the Young element associated

with the pair, and it will be denoted elp.

3. Equivalence of Young elements. We keep P, R, and G fixed,

letting (it, p) vary over all the admissible pairs. In order to get infor-

mation on the products ewpe^,p: we assume throughout this section and

the next one that PC7V(P); then H = PR = RP is a group, and a homo-

morphism (p: P—>Aut (P) is given by iqb(r))ip)=rpr-1. If ir: P^*K is

a linear character, then so is irqbir) for any rER, and we may intro-

duce an equivalence-relation ~ in the set of all linear characters

P^>K by putting ir^ir' if and only if there is an rER with ir' =-K(p(r).

We also introduce the subsets PTlr< of R by R*r>= {rER; ir' = ir(f>ir)} ;

Rvw (which shall be denoted just RT) is then a subgroup of R, and

•7r~n-' if and only if Rrr-p£0. These facts are all immediate conse-

quences of the definitions; so is also

Lemma 3.1. Let 7r~7r' (V = irqbir), say); then if (ir, p) is admissible so

is also (it'', p), and
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RT = rR*.r-\       R„. = RTr = rR*,.

We now have (using first shift of variables, then the definition of

( , ),2 and, finally, the fact that (ir, ir'<p(r)) = l if ir = Tr'<p(r), 0 if

ir^ir'<j>(r))

erpe,;,- =      Z    *(P)p(r) Z      r'(p')p'(r')prp'r'
peP;7ES Lp'GP;r'E«

=      Z     AP)p(r)W<i>(r-1)}(p-1)p,(r-')
pCP;r£R

■\        Z        Wd>(r-1)]('p')p'(r")p"r"
L  p"€f;r"eS

= [P:l] Z (x,x'0(r-i))p(r)p'(r-1je„,^.),p,
reft

= [P:l]   Z   p^p'^-1)^,.
r£R„.

Hence,  if RTT-=0   (i.e.  if wr^ir')   then  erpeV'P> = 0,  whereas,  if w

~x' (tt' = ir4>(r0), say) then

erper'„' = [P:l]    Z   pMpV-1)^'
rSr0Rr,

= [P:l]   Z pWpWp'(4'('"W

= [P:l][^:l](p|ZJT.,p'|i?,Op(''o)p'(ri;1)e^-

Altogether we have proved

Lemma 3.2.

e,rpe»v = 0,    if 7T0O7T,    (j.e. if RTT, = 0)

= [P:l][i?^:l](pjP7r-,p'|JRI7)p(r0)p'(^1)e7rp',

if £„. = roJR,,    (^0)

/rom which we get (using also Corollary 2.3)

Corollary 3.3. ewpeT'P>^0 if and only if 7r~7r' and p\ RT> =p'\ R*>.

Corollary 3.4. yTp = [P: l][Rr: l), wheree\f=y*,,eTll.

Corollary 3.5. ((KG)erp: K) = [G: l][PC\R: l][P: l]-i[i?r: l]-\

Now, it is well known that the ZCZZ-modules (KH)eTp and (KH)ev>p>

2 Here the symbol ( , ) denotes "inner product" of characters; elsewhere we

use it to denote "greatest common divisor."
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are isomorphic if and only if eTPiKH)eT>„,^0 (see e.g. [l, (25.13)]).

Since every element of H is of the form rp, rER, PEP, we easily see

that eIpe,rv = 0 implies eTpiKH)eT>p> =0; the opposite implication is

trivial, so we have

Lemma 3.6. erp and er'P' are equivalent within KH (i.e. iKH)eTp and

iKH)eT'p> are isomorphic as KH-modules) if and only if eTpeT'„'^0.

This together with Lemma 3.2 constitutes a proof of

Theorem 3.7. e*p and eT<„< are equivalent within KH if and only if

7r~7r' and p\ R*i =p'\ Ri>.

Remark. Of course the condition p\RT-=p'\Rr- may be replaced

by p\Rr = p'\R* (if 7r~7r' then Rr and RT> are conjugate subgroups

of R).

4. Representations afforded by Young elements. We keep the

notation from §3, and start by giving a basis of the vector space

iKH)erp.

Theorem 4.1. The set BTp = {eT-p; 7r'~7r} is a basis of iKH)eT„.

Proof. Using the formulae

(4.1) seTp = p(j-1)«»#(»j).p»       s E R,

(4.2) qerp = viq-^e*,,        q E P,

it is easy to see that BTp spans iKH)e*„ as a vector space. By Corol-

lary 3.5 we have HKH)eTp: K) = [H: l][PDR: l][P: l]-x[i?»: l]"1

= [R: Rt], which is easily seen to be ^the number of elements of

BTp; hence the result follows.

Corollary 4.2. IfV~7r' then eTp = eT>p if and only ifir = ir'.

Proof. If the corollary did not hold, we should get less than

[R: Rt] elements in BTp.

Theorem 4.3. Let H'= {hEH; herPEKe*p}; then H' = PRT, and
iKH)eTp^KH®KH>iKH')erp as KH-modules.

Proof. H'=PRt is a trivial consequence of (4.1)-(4.2) and Theo-

rem 4.1. The desired isomorphism is given by the map

( zZ «ih)h ®   E /8(*0*O-» (       E      «(A)0(W«A

which is clearly well defined and epic; monicness follows by counting

dimensions.
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This theorem tells us that representations afforded by Young-

elements are induced monomial representations (see [l, p. 314]);

therefore, in some sense, Young elements cannot give any new infor-

mation concerning the representations; however, in some cases they

may be of aid, because they tell us to which subgroups, and to which

characters of these subgroups we should apply induction in order to

get at (some of) the induced representations. Also it is an advantage

that the method only yields irreducible representations.

5. Representations of metacyclic groups. In this section we prove

that for a metacyclic group G the Young-elements will yield a full set

of nonisomorphic, irreducible left ideals of CG. Let G be given by

generators a and b and relations am—l, b' = a', bab~1=aT, where m, s,

t, and r are integers, satisfying (m, r) = l, t(r — l) = r* —1=0 (mod m),

m>0, r>0, s>0, and f^O.

We put P ={a}, R ={b}; then RCZN(P), H=PR = G, R is of order
n = ms/(m, t), and <p is given by (<p(b¥))(a")=a>ir". Letting f denote a

primitive mth root of unity, rj a primitive wth root of unity, we have

m linear representations in, i = 0, 1, • • • , m — 1, of P and n linear

representations py, j = 0, 1, • • • , n — 1, of R, given by 7r,-(a) =£*, pj(b)

= rj'. Since PC\R= {a1} = {b'} the pair (x,-, p;) is admissible if and

only if f"=ij*; the solution of this equation depends on the choice of

f and tj; if we choose f and i) such that f(m'" =77* (which can certainly

be done) we get: (iru pf) is admissible if and only if j is of the form

j = it/(m, t)+qm/(m, t) with —it/m^q<s—it/m (the last condition

just ensures thatj is in the interval from 0 to n — 1).

We shorten the notation by putting RTi = Rt (and eTW=e,7); then

Ri is of the form {&"*'}, where s,- is the least positive integer with

iri = ir4>(b"), that is: s{ is the minimal positive, integral solution of the

congruence i = irx (mod m); therefore s( is the least natural number

with rx= 1 (mod m/(m, i)); since r'=l (mod m/(m, i)), we must have

Si\s.

Let now i be fixed (0^i^m — l), and let q, q' be integers satisfying

—it/mS^q, q'<s — it/m, such that (putting j = it/(m, t)+qm/(m, t)

and j'=it/(m, t)+q'm/(m, t)) eti and ey are Young-elements. Then

e,y and eiy are equivalent if and only if py| R,=Pj-\ Ri, i.e. if and only

if jsi=j'si (mod «); this condition is easily seen to be equivalent to

the condition q = q' (mod s/st). Hence among the elements gy, j

= it/(m, t)+qm/(m, t), —it/m^q<s —it/m, there are exactly s/st

pairwise nonequivalent Young-elements; each of these is of degree

[R:l][Ri:l]-1=n(n/(n, si))~1=(n, Si) = (ms/(m, t), 5,)=^; their

total contribution to "the sum of the squares of the degrees of the
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pairwise nonequivalent, irreducible representations of G" is, there-

fore, equal to (s/st) -s% = ssi.

Next let i, i', and j he fixed; then ei3 is equivalent to e^y for some

j' if and only if Tr^^i'. Therefore, in order to get the "sum of the

squares of the degrees of the pairwise nonequivalent, irreducible

representations afforded by Young elements," we have to extend the

sum zZssi over one representative of each equivalence class 0-i under

~; however, it is easily seen that the class Hi consists of exactly 5,-

elements, and hence the abovementioned sum equals zZ7=o h1(sSi)

= ms = [G: l]. As it is well known this ensures that we have a full set

of pairwise nonequivalent, irreducible representations. We collect the

results of this section in

Theorem 5.1. Let G be a metacyclic group with generators a and b,

and relationsam=l, b3 = a', bab~1 = ar, where m, r, s, and t are integers,

satisfying im, r) = l, t(r — l)=r' — l=0 (mod m), m>0, r>0, s>0,

t^O. Let Si be the order of r as an element of the group of units in

Zm/(m,i). In |0, 1, • • • , m — l} we define an equivalence relation ~ by:

i~i' if and only if there is a v with i = i'r' (mod m), and we let I be a set

of representatives of the classes modulo ~. For each iEI we let

{ii,i> ?2,ti ■ • ' i ?«/•,-,»} be a full set of pairwise incongruent integers

modulo s/st with — it/m^qk.i<s—it/m, and we put jk.i = it/(m, t)

+qk,im/im, t). Finally, we choose a primitive mth root of unity f and a

primitive nth root of unity n (n = ms/(m, t)) such that f<•»•<> =n*. Then

some of the Young-elements are:

mi— 1 n—l

ei.yi.i = IZIZ rV"-^,       k = 1, 2, • • • , s/si,       i E I,
a-0 g=0

and

{iCG)ei.hi;   k = 1,2, • • • , s/st,   i E l}

is a full set of pairwise nonequivalent, irreducible left CG-modules. The

representation Tik afforded by iCG)ei.3k i is of degree Si and it is induced

from the linear representation T,k: Gt—>C where Gi is the subgroup of G

generated by the elements a and b"', and where the action of Tik is given

by the formulae: Taia) =f-«', Tik(b3i) =v~Sil'ki.

The last part of the theorem follows immediately from Theorem

4.1 and Formulae (4.1)-(4.2).
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