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1. Introduction. John von Neumann [8] proved his famous "hidden

variables" theorem by showing that a coherent quantum mechanical

system has no dispersion-free states. In this proof von Neumann

assumed that the quantum mechanical logic L consisted of all closed

subspaces of an infinite dimensional Hilbert space. There has been

great interest lately in more general quantum mechanical logics and

recently Jauch and Piron [4] extended von Neumann's result to the

case in which L is a complete complemented lattice. In this note we

generalize and sharpen this result by assuming that L is an ortho-

complemented partially ordered set which is complete with respect

to compatible elements. The importance of this generalization physi-

cally lies in the fact that there seems to be no experimental evidence

that L should be complete with respect to arbitrary elements, al-

though completeness with respect to compatible elements is physi-

cally much more reasonable; and further, doubts have been raised

that L should even be a lattice (cf. [7]). In this note we prove two

theorems; the first characterizes quantum mechanical logics which

have a dispersion-free state, and the second characterizes quantum

mechanical logics which admit hidden variables.

2. Definitions. We give an axiomatic formulation of quantum

mechanics which is equivalent to that of Jauch and Piron [4] except

it is weakened to the extent mentioned in §1. Let L= {a, b, c, ■ • • }

be a partially ordered set with first and last elements 0, 1 respectively

and a complementation a^>a' which satisfies (a')'=a, a^b implies

b'^a', and a\/a' exists and is 1 for all a in L. We call the elements

of L propositions. We say that a and b are disjoint (written a ±.b) if

a^b' and we write a+b for a\/b if a ±.b. We say that a and b are

compatible (written a<-^b) if there are mutually disjoint propositions

ax, bx, c such that a = ax+c, b = bx+c. If a g& we assume that there is a

c in L such that a+c = b. This corresponds to Axiom P in [4]. We

call L a logic if for every collection {aa: aEA} of mutually com-

patible propositions Vott, Aa„ exists.

A state m on L is a real valued function on L satisfying 0^m(a) for

everyainL,m(l) = l, andm(a+b)=m(a)+m(b).Itmi,i=l,2, • • •

is a sequence of states and X;2:0, 4=1, 2, • • • ,  ^Xj=l we define
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the state m= XXW» by m(a) = ^X,-w,-(o) for every a in L. WTe call

m a mixture of the states mt. The pair (i, M) is called a quantum

system if Z, is a logic and M a set of states on L which is closed under

mixtures and satisfies:

(Ml) if a^O there is an m in M such that m(a) = 1;

(M2) if mia)=mib) = 1, mEM, and if aA& exists then m(a/\b) = 1;

(M3) if {aa: aEA} are mutually compatible and miaa) = l,

aEA, mEM, then mii\aa) = l.

Notice that (M2) corresponds to (4)° and (M3) is a much weakened

version of (4) in [4]. In §5 we shall give an example of a quantum

system which is not a lattice, and hence our axioms are strictly

weaker than those in  [4].

The center Z of L is the set of propositions which are compatible

with every proposition. L is coherent, deterministic, or trivial if

Z={0, 1}, Z = L, or L= {0, 1} respectively. We say that (£, M) is

coherent, deterministic, or trivial if L is. Note that A is a Boolean alge-

bra if and only if it is deterministic. A proposition a is an atom if

a 5^0 and if b Sa implies b is a or 0. L is atomic if every nonzero propo-

sition contains an atom. A state m is dispersion-free if w has only the

values 0 and 1. A logic L admits hidden variables if there is a set of

states M which are mixtures of dispersion-free states such that

(A, M) is a quantum system.

We now give a lemma which will simplify our work to some extent.

Its proof is routine.

Lemma. A logic L admits hidden variables if and only if there is a set

M of dispersion-free states which satisfies (Ml), (M2), and (M3).

3. Dispersion-free states and hidden variables.

Theorem 1. A quantum system iL, M) has a dispersion-free state if

and only if L has an atom in its center.

Proof. To prove necessity, let m be dispersion-free and let Lm

= {aEL: mia) = l}. Note that Lm9^0 and let J1 be a totally ordered

subset of Lm. Now a0 = A{aET} exists since the propositions in T are

mutually compatible and mia0) = 1 by (M3), so a0ELm and a0^a for

all aET. By Zorn's lemma Lm has a minimal element ai. We first

show 01^0 for all aELm. Let a2ELm. Now there is a nonzero proposi-

tion <z3 such that o3^<Ji, a2 since otherwise aiA«2 = 0 and miai/\ai) =0

which contradicts (M2). Now there is a b in L such that a3+b = ai.

If m(a3)=0, then m{b) = l and since bf^ai we have b = ai. Hence

a3 = 0, a contradiction. Therefore w(a3) = l and again since a3^ai,
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a% = ax and thus ax^a2. We now show that aiEZ. If bELm, then

aifsb and ai<->b. If bELm then b'ELm and aiSb'. Thus ai<->b' and it

easily follows that oi<-»&. To show that ai is an atom, notice that

oi^O since m(ai) = l and suppose b^ai. If bELm, then b=ai. If

i>E^»» then fc'EZ.™ and Oi^6'. Hence 6^6' and b = bAb^bAb' = 0.
To prove sufficiency let axEZ be an atom, let m(ai) = 1, and let &E-£-

Since &<-»Oi, OiA^ exists. Since OiA&=Oi we must have aif\b = ai or

fliA& = 0. If aiA^=ai, then aiSb and #?(£>) = 1. If aiAb = 0 it easily
follows that ai -L b and hence m(b) =0. Therefore ra is dispersion-free.

Corollary. A nontrivial coherent quantum system has no dispersion-

free states.

Theorem 2. A logic L admits hidden variables if and only if L is

atomic, complete, and deterministic.

Proof. If L admits hidden variables, by our lemma there is a set

of dispersion-free states M satisfying (Ml), (M2), and (M3). If

O^aEL then by (Ml) there is a dispersion-free state m such that

m(a) = 1 and by the proof of Theorem 1 there is an atom ax such that

ai^a and hence L is atomic. Let aEL and let {aa: aEA} be the

atoms in a. By the proof of Theorem 1, the aa's are compatible and

hence c=Vo„ exists. If cj^a then there is a b^O such that c+b = a.

But then b contains an atom that a does not which is a contradiction.

Hence a= Va„. To show L is a lattice, let a, bEL, let {ba: aEA } be

the atoms in both a and b, and let c= V6„. Now c^a, b and suppose

dSa, b. Since d is the supremum of the atoms in d we must have

d^c, hence aAb = c, and L is a lattice. We now show L is a Boolean

algebra. For a, b, cEL we must show that aA(bVc) = (a/\b)\/(aAc)-

Obviously d = aA(bVc)^(aAb)V(aAc)=e. Suppose mEM and

m(d) = l. Now m(a)^0. If m(a)=m(b)=m(c) = l then m(e) = l. If

m(a) = 1, and m(b) =m(c)=0 we contradict (M2). If m(a)=m(b) = l,

m(c)=0 then m(e) = l and the last case m(a)=m(c) = l, m(b)=0 is

the same. If m(d) =0, then obviously m(e) =0. Hence m(d) =m(e) for

all m in M. Now there is an f in L such that e+f=d. It follows that

m(f)=0 for all w in If and hence/=0 by (Ml). Thus e = d and L

is a Boolean algebra. It follows that L is deterministic and hence

complete. Conversely, suppose L is atomic, complete and deter-

ministic and let {o«: aEA } be the atoms in L. Define the state ma

by ma(a) = 1 if aa^a and m(a) =0 otherwise for all a in A. Then wa

is dispersion-free for all a in ^4. Letting M= {ma: aEA } it easily fol-

lows that M satisfies (Ml), (M2), (M3) and by our lemma L admits

hidden variables.
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Remarks. In Mackey's axiomatic model [6] it is assumed that the

states are countably additive. Under this assumption our theorems

and proofs still hold. Notice that our theorems and proofs still hold

if in the definition of a quantum system we make the much weaker

assumption that (M2) and (M3) hold only for dispersion-free states.

4. Physical interpretations. The ideal classical system is based on

an w-dimensional Euclidean space S called phase space, where the

propositions L are assumed to be the class of all subsets of S. The

condition of the system is given by a point pES and is described by a

state m concentrated at p, i.e., a finitely additive set function m: L

—*[0, l] such that mip) = 1. We also permit mixtures of these states.

These states are, of course, dispersion-free or mixtures of dispersion-

free states, and conversely it is easily seen that dispersion-free and

mixtures of dispersion-free states must be of this type. Thus the ideal

classical system gives a model for a system which admits hidden vari-

ables. Physically, the important properties of the ideal classical sys-

tem is that L is atomic, deterministic, and complete.

It then follows from Theorem 2 that a quantum system admits

hidden variables if and only if it acts physically as an ideal classical

system. Now it is well known that quantum systems do not behave

like classical systems (e.g. the Heisenberg uncertainty principle) [4]

so hidden variables must be excluded from quantum mechanics. A

coherent quantum system is one which physically has no "superselec-

tion rules" (cf. [14]). Theorem 1 tells us that such systems can not

have any dispersion-free states, so again hidden variables are ex-

cluded.

5. Examples. We first give an example of a quantum system

whose logic is not a lattice. This is a simplified version of an example

in [lO]. Let L be the subsets of {1, 2, 3, 4, 5, 6} with an even number

of elements together with 0. L is a logic under the usual order and

complementation. However, L is not a lattice since the infimum of

ai= {l, 2, 3, 4} and o2= {2, 3, 4, 5} does not exist. This follows since

{2, 3} and {3, 4} are both gai, ai yet there is no proposition c such

that c^ai, ai and {2, 3}, {3, 4} gc. Let mi3, i, j= 1, ■ ■ ■ , 6, iy^j he

the state which satisfies mi3ia) = l if i, jEa, mi3ia)=i if iEa, jEa

or jEa, i(£a, and w,-y(o) = 0 otherwise, aEL. Let M be the set of

mixtures of the states ma, i, j = 1, ■ ■ • , 6, i<j. One can now check

that (A, M) satisfies (Ml), (M2), (M3) and is thus a quantum system.

Our next example shows that (M2) is necessary if our theorems are

to hold. Let L he the complemented lattice composed of distinct ele-



i968) DISPERSION-FREE states 323

ments 0, 1, a, a', b, b' in which the supremum of any two nonzero

elements is 1. Define the states mi, m2 by mi(a)=mi(b)=mx(l) = l,

mi(a')—mi(b')=mi(l) = l. Then nti, m2 are dispersion-free. Since

mi(a)=mi(b) = l, and mx(a/\b) = mx(0) =0, (M2) does not hold. Thus

if M is the set of mixtures of nti, m2, (L, M) has all the properties of a

quantum system except (M2). Since M is a mixture of dispersion-

free states and there are not any atoms in the center Theorems 1

and 2 do not hold.

6. Comments. Recently a large number of papers have appeared

concerning hidden variables, both in the mathematical and physical

literature. Besides the papers already mentioned, in the physical

literature the reader might consult [l], [2], [3], [9], [12], [13] where

[3] has a fairly complete bibliography of other relevant papers while

in the mathematical literature the reader might consider [5], [ll],

[15]. We shall briefly compare our work to that in [5] and [IS].

In [5] a necessary condition for the existence of hidden variables is

derived (Theorem 0 or better yet its counterpart after the definition

on p. 84) which is essentially the same as our criteria. Then an ex-

ample of a finite quantum system D (called a partial Boolean algebra

in this paper) is given which does not admit even one dispersion-free

state (here called homomorphisms onto Z2). D is a certain set of

linear subspaces of R3 and its importance lies in the fact that it cor-

responds to the propositions of an actual concrete quantum mechani-

cal experiment. Our considerations are more general since we are

concerned with abstract quantum systems and not just finite systems

of linear subspaces. In fact for finite systems our proofs hold for any

partial Boolean algebra, since in the finite case we automatically have

completeness with respect to compatible elements and Axiom (M3)

becomes redundant. Also it is trivial to check that Axiom (M2)

holds for logics of subspaces.

Comparing our work to that of [IS] our definition of the existence

of hidden variables is essentially equivalent to the existence of an

additive embedding of L into a Boolean algebra. In [15] an example

is given (the lattice of closed subspaces of a Hilbert space) which

shows that additive embeddings need not exist. Our results are much

stronger. We have shown that L can never be additively embedded in

a Boolean algebra unless L itself is a Boolean algebra.

It should be noted that to get our stronger results we have imposed

additional conditions on our dispersion-free states namely axioms

(M2) and (M3). Thus our dispersion-free states are different than

the homomorphisms onto Z2 in [5] or the two-valued states in [15].
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