
ALMOST EVERY ORLICZ SPACE IS ISOMORPHIC
TO A STRICTLY CONVEX ORLICZ SPACE
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1. Introduction. The purpose of this note is to prove that every

Orlicz space associated with a continuous Young's function is iso-

morphic to another strictly convex Orlicz space, and to add some

related remarks. Let $ be a nontrivial symmetric convex function

vanishing at the origin. Then 4> is termed a Young's/unction if either

d> is discontinuous, in which case $(x) < °° for |x| <x0< <=° and

= oo for |x| >Xo, or$ is continuous and<$(x)>0 forx>0. It is termed

a generalized Young's/unction otherwise so that when it is continuous

$(x) = 0 and O^x^a, a>0, is also possible. These are, except for the

classification, the same definitions as given in [4] or [7]. If $ is a

generalized Young's function let Z,* be the Orlicz space on a nontrivial

measure space (fl, 2, p.) (i.e., every set of positive /x-measure has a

subset of positive finite ju-measure).

As remarked in [4, p. 93, equation (10.13)] and in the constructions

in [4, pp. 20-21], every continuous Young's function $ is equivalent

to a strictly convex Young's function $i whose derivative $i (which

exists a.e. (Lebesgue)) is also continuous. In fact, simply take

4>i (u)=$'(u)(l + (u/n)) for n — l^uSn, nj^l, so that it is continu-

ous, and let $>i be the indefinite integral of 4>i and define 4>i(—x)

= $i(x). Then 4>i is a strictly convex Young's function and 4>(w)

==3>i(«)^2<i>(M) for all u so that they are equivalent (in the sense of

[4, p. 15]). In this note the following two results will be proved. (Note

that here $' may be (and is) assumed continuous, as in [8, p. 25], by

adjoining to the curve y =<3?'(x) the vertical segments at the countable

set of discontinuities. Thus, with this normalization, 4>' will be con-

tinuous if $ is. Also isomorphism stands for topological isomorphism.)

Theorem 1. 1/ <J> is a continuous Young's /unction and L* is the

associated Orlicz space on an arbitrary (nontrivial) measure space

(0, 2, p.), then L* is isomorphic to a strictly convex Orlicz space.

If p. is a finite measure, a completely general statement holds.

Theorem 2. 7/4> is any generalized Young's /unction and Z* is the

associated Orlicz space on a finite measure space (Q,, 2, p.), then Z* is

isomorphic to a strictly convex Orlicz space.
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These results contain the main result in [6] as a special case. In

fact in [6] it was assumed that $(2x)^C$(x) for 0<C<°°, the

A2-condition of [4]. Using the construction given in [4, pp. 28-29],

one can easily construct between any given pair of Lebesgue spaces

an Orlicz space A* such that $ does not satisfy the above growth

condition so that, in a certain well-defined sense, the Young's func-

tions satisfying the growth condition form a small class among all

continuous Young's functions. Proofs of the above results will be

given in the next section and some comments about certain related

results will be given in the last section.

2. Proofs.
Proof of Theorem 1. Since $ is a continuous Young's function,

by the remark above Theorem 1, there exists a $1 which is strictly

convex with $1 continuous and such that $(x) ^$i(x) ^2<£(x) for all

x. From this, it follows that A* and A*1 have the same elements and

have equivalent norms (an immediate consequence of the definition

of norms, cf. [4], [5] or [7]—there are two equivalent norms in these

spaces, cf. [4, p. 80], and any one can be considered). But A*1 is

strictly convex ( = rotund) by [5, Theorem 4, p. 681 ] since $1 is

strictly convex and $/ is continuous. Hence A* and A*1 are (topo-

logically) isomorphic, and the proof is complete.

Proof of Theorem 2. First let $ be a continuous generalized

Young's function. Then there exists a continuous (ordinary) Young's

function $1 such that <£(x) =$i(x) for |x| ^Xi>0 for some Xi. This

follows from [4, p. 17], where $ is called a principal part of $1. In

fact there is an x0>0 such that$(x)>0 for |x| >xo. Choose xi^x0 + l

so that Xi<£'(xi) ^x0$'(xi)+f>(xo)>0. This is possible since $(x)—>°o

as x—>=o. Define a= [xi*'(xi)][*(xi)]_1 which is greater than unity,

and set

$,(x) = [$(x0 Ai] |*|",    I x I   S Xi,

= $ix), \ x\   ^ Xi.

Then $1 is a continuous Young's function with <3? as its principal part.

Since ju(Q) < °°, it follows from [4, p. 112] that A* and A*1 have the

same elements and their norms are equivalent. But by Theorem 1

above, A*1 is isomorphic to a strictly convex Orlicz space and hence

A* has the same property, and the result follows in this case.

If $ is discontinuous then A*CA°° in general (cf. [7, p. 82]) and

A* = AM if niQ)<x. Moreover it is easily seen that U/H^g^H/H*,

which is the reason for the above inclusion (||-||» is A°°-norm and

|| • ||* is A*-norm); and it follows by the closed graph theorem and the
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fact L* = LX that the two norms are actually equivalent, so that these

spaces are isomorphic. But, by [l, Theorem ll], Z°° is isomorphic to

a strictly convex space (a subspace of (L1)*, the adjoint of L1). These

two statements imply the truth of the theorem in this case, and the

proof is complete, since now (L1)* is an Orlicz space (cf. e.g., [5,

Theorem l]; or [7]).

3. Remarks.
1. It is a consequence of Theorems 1 and 2 above and immediate

from [5, Theorem 4] that every reflexive Orlicz space, on an arbitrary

measure space, is isomorphic to a strictly convex (and smooth) Orlicz

space. The hypothesis of [5, Theorem 4] is necessary and sufficient

for reflexivity and is a consequence of a theorem of Halperin [3,

p. 205].
2. It is interesting to note that the Z^space is isomorphic to a

strictly convex Orlicz space Z*1 and not to a Lebesgue space, where

^>i(x) = |a;| +(x2/2n), n —1=51^| ==«, as seen in the proof above of

Theorem 1 where 4>(x) = |x| for the Z1 space. This will give an ap-

preciation of the proof of [l]. The strictly convex 4>i associated with

the $ is, of course, not unique.

3. The (negative) results of [2] can be used to show that the hy-

potheses of Theorems 1 and 2 cannot be materially improved.

4. It may be noted that the results of [6] are actually contained

in the earlier results [5, Part II] of which the above two theorems are

extensions. The result of Theorem 1 was briefly indicated [5, top

p. 674]. Perhaps it was too condensed to recognize the significance,

and the elaboration given here should therefore be of interest.
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