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1. Introduction. A loop (G, •) is a Bol loop if and only if

(1) (xyz)y = x(yz-y)

for all x, y, zEG. Bol loops had their origin in the work of Bol [l]

and their basic algebraic properties are discussed by Robinson [2],

[3]. In [3] the following question is raised: If a Bol loop (G, ■) is

isomorphic to each of its loop isotopes, is (G, ■) necessarily Moufang?

The purpose of this note is to answer the preceding question by

actually constructing a Bol loop (G, •) which is isomorphic to all loop

isotopes but which fails to be Moufang.

2. Construction. Let R be an alternative division ring which is not

associative and which is not of characteristic 2. Let G be the Car-

tesian product G = RXRXRXRXR. li x=(ax, bx, cx, dx, ex) and

y = (a2, b2, c2, d2, e2) are elements of G, define x-y and x—y by

(2) x-y=(ax+a2, bx+b2, cx+c2+axb2, dx+d2+bxb2, ex+e2+axd2+cxb2)

and

(3) x — y = (ax — a2, bx — b2, cx — c2, di — d2, ei — e2).

We now proceed to show that the resulting binary system (G, •)

satisfies the conditions stated in the introduction.

Result 1. (G, •) is a Bol loop.

Proof. Clearly (G, •) is a loop with identity (0, 0, 0, 0, 0). Now let

x=(ax, bx, c\, di, ex), y = (a2, b2, c2, d2, e2) and s = (a3, b3, c3, ds, e3) be

elements of G. Using (2) and (3), we see that

(xyz)y — x(yz-y) = (0, 0, 0, 0, axb2-b3 + axb3-b2 — ax-b2b3 — ax-b3b2).

Since R is right alternative, we have

ax(b2 + b3)2 = [ax(b2 + b3)](b2 + b3).

Upon expanding, we see that axb2-b3+axb3-b2 — ax-b2b3 — ax-b3b2 = 0.

Thus, (xy-z)y=x(yz-y) and (G, •) is a Bol loop.

Result 2. (G, •) is not Moufang.

Proof. Since R is not associative, there exist elements a, b, cER

such that ab-c^a-be. Now let m= (a, c, 0, 0, 0) andz> = (0, b, 0, 0, 0).
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Then, using (2) and (3), we obtain

uv-u — u-vu = (0, 0, 0, 0, ab-c — a-bc).

Thus, uvut^u-vu. Hence, (G, ■) is not di-associative and, conse-

quently, is not Moufang.

Result 3. If the loop (H, *) is isotopic to (G, •), then there is an

element g in the left nucleus of (G, •) so that (H, *) is isomorphic to

(G, o) where

xoy = xR(g-g)-yL(g-g)-\

Proof. There is an element fEG so that (H, *) is isomorphic to

(G, ®) where x®y=xRif)-yLif)-\ (See [3, Lemma 3.4].) Let
/= (a, b, c, d, e). Then, if x= (ai, &i, a, du e/) and y= ia2, b2, c2, di, e2),

we get

(* ® y) - ix-y) = (0, 0, 0, 0, [au b, bt])

where [oi, b, b2] is the ring associator [ai, b, bi]=aib-b2—ai-bbi.

Since R is an alternative division ring which is not of characteristic 2,

we can choose an element 5£Gso that 25 = b. Now letg= (0, 5, 0, 0, 0).

It is easy to see that g is in the left nucleus of (G, •) and, furthermore,

that x®y = xRig-g)-yLig-g)-1.

Result 4. Every loop isotopic to (G, •) is isomorphic to (G, •).

Proof. In view of Result 3, it suffices to show that (G, •) is iso-

morphic to (G, o) where x o y = xRig-g)-yLig-g)~1 for g in the left

nucleus of (G, •). Since (G, •) is a Bol loop, (22(g)-1, Lig)Rig), Rig)) is

an autotopism of (G, •) (see [3, Theorem 2.3]) and, since g is in the

left nucleus of (G, •)> we see that (L(g), I, Lig)) is also an autotopism

of (G, •) where I is the identity mapping on G. Thus,

(L(g), I, LigMRig)-1, Lig)Rig), Rig))

= (L(g)R(g)-\ Lig)Rig)-1Rig)2, Lig)Rig)-1Rig)2)

is an autotopism of (G, •)• From (1) it follows that Rig)2 = Rig-g).

Thus, g-g is a companion of a pseudo-automorphism of (G, •)• Hence,

by [3, Theorem 3.3], we conclude that (G, •) and (G, o) are iso-

morphic.
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