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Uniqueness theorems for the Tricomi problem for the generalized

Tricomi equation

(1) Lu = Kiy)uxx + uyu = 0,

where Kiy) is a monotone increasing function with A70)=0, have

been obtained under various restrictions either on the domain or on

the function Kiy).

A theorem of Protter's (see [2]) states that uniqueness holds for

any K provided that the maximum vertical height of the elliptic

domain is not too large. This vertical height depends on the particular

K chosen. However, for every smooth Kiy) there is a constant ym>0,

such that if the elliptic curve lies below y=ym, then the Tricomi

problem has a unique solution.

This result of Protter together with the fact that the Dirichlet

problem for any uniformly elliptic equation has a unique solution

under the most general conditions, leads to the conjecture that

uniqueness holds without any unnatural restrictions on the function

Kiy) or the shape of the elliptic domain.

The result below is not new (see, for example, [7] and [8]). Its

interest lies in the fact that the method of proof is totally different

from the usual uniqueness proofs for mixed problems which generally

rely either upon energy integral methods or upon a maximum princi-

ple argument.

In the following, we consider the homogeneous equation (1) in the

domain D=D/UDi shown in Figure 1, where C7 and C2 are char-

acteristics of (1) and the elliptic curve Co includes the "normal curve"

of Tricomi for any small distance at A and B. We make no other re-

strictive assumptions about either Co or Kiy). For classical solutions,

we shall prove the following

Remark. There exist at most a finite number of linearly independent

solutions of Lu = 0 which vanish on Co and G.

To prove this, let us assume that m(x, y) is a nontrivial solution of

this homogeneous problem for a given Kiy). Let y=ym he the appro-

priate maximum vertical height for this K. It follows that on some

line, say y=y0<ym, uix, y0) is not identically zero. Otherwise, it fol-
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lows from [2] that u vanishes identically in D for y^ym, and then

from the maximum principle for elliptic equations, u vanishes in all

of D.
Let u(x, y0) =f(x) where / is not identically zero. Denote by D'

the intersection of D with the half-plane: y^yo- Let u'(x, y) be the

solution of (1) which vanishes on Cx and on the part of Co which

bounds D', but assumes the value/(x) on the line y=yo- By unique-

ness, u and u' agree in D'.

Inside the elliptic part of D', the solution u'(x, y) may be repre-

sented as a certain integral operator on the function/ (see [4], [5],

[6]). We give here a very brief description of how this representation

may be obtained.

One can show that the solution u'(x, y) may be represented as the

sum of a certain solution of the Tricomi equation, U(x, y), and a solu-

tion, V(x, y), of an inhomogeneous equation of the form (1). Then,

making use of the fundamental solutions of the Tricomi equation,

which are known, and of classical potential theoretic methods, the

functions U and V may be represented as integral operators on the

boundary values f(x). In fact, on a line y = y', 0<y'<yo, we have

(2) u'(x, y') = Tf

where Tf has Holder continuous derivatives with any exponent /?,

0</3<l, for/ in some Holder class, say, C" (see [6]).

Let D" be the intersection of D with the half-plane: y^y'. Let u"

be the solution of (1) in D" which vanishes on Co and is equal to Tf

on the line: y—y'. From elliptic theory, u"(x, y)EC1+y(D"), where 7

depends only on the shape of D". Furthermore, u" and u agree on the

boundary of D". Hence, thev agree in D". It follows that u"(x, yo)

=/(*)■

/-\cO
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Setting Sf = u"ix, yo), we see that for a sufficiently small, 5 is a

compact linear operator on C".

If one is not an eigenvalue of the operator 5 then the relation

(3) Sf = f

would imply/=0.

At any rate, Sf=f can be satisfied by at most a finite number of

linearly independent functions fEC".

The remark is also valid if the elliptic domain is unbounded pro-

vided, of course, that the solutions are assumed to vanish at infinity

of the appropriate order.

I want to thank Professor M. H. Protter for his observation that

the technique of overlapping domains (which I used in a different

connection) could be applied to the uniqueness question.
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