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1. Introduction. We continue the study of families of analytic

functions characterized by Lipschitz type conditions initiated in

Analyticity. I [3]. A new property, R, is introduced and "smoothing"

operators are developed, enabling the abstract theory to give as by-

products many results of the concrete theory, including a simplified

proof of the analyticity of the elements of mean value families [2],

and the solution of Neumann problem for the sphere in potential the-

ory. Employing the smoothing operators another proof is obtained for

the existence of derivatives in the finite dimensional case.

A family of functions F on subsets of a linear space B is called an

R family if F is invariant under transformations of B of the form

x—>rx, r>0.

2. Notation and definitions. Let B and C be Banach spaces, and

F a family of continuous functions on open subsets of B into C. Let R

denote the reals and co the positive integers. F is called a T family if

for/, gEF, rER, xEB, and 51 an open set in B, F contains rf, the

function f+g defined on dom/Adom g, the restriction/| 5 of / to S,

and the translate/*, where fx(y) =f(y — x) lor yE{x+t; tEdom f}.

F is called an R family if lor fEF, r>0, F contains the function g

such that g(x) =f(rx) for xE{t/r; ^Edom /}.

F is called an L family if F is a T family and if for all 5>0,

there exists N(8)>0, such that fEF, M>0, xEB, Ux(o)

= {yEB; \\y-x\\<S}Qdomf, \\fiy)\\ ^M for yE Uxib), implies

(1) \\l(y) ~ f(x)\\ ^ N(b)M\\y - x\\.

If in (1) "Nib)" is replaced by "N/5" F is called an LN family.

F is said to be closed if for all sequences /1, fi, • ■ ■ in F with a

common domain S, which converge uniformly on 5 to a limit function

UfoEF. For 6>0, set U(5)=U0(o) and U= U(l).

3. Property R. Property R is possessed by LN families formed from

complex analytic and harmonic functions. There are however

important elementary examples which do not possess property R; in

particular, the family of solutions of the equation "Af=cf," c fixed,

OO, or c<0.
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Let B and C be Banach spaces, A, M>0, F an LN family from B

to C, and fEF, such that dom f=B, and ||/(x)|| ^M for all xEB.

Then for xEB, \\f(x)-f(0)\\ ^Ailf||a:||5-1-^0 as 5-+oo, 5>0, and

hence ||/(x)—/(0)|| =0, and / is constant. Thus F satisfies Liouville's

theorem. Since clearly all RL families are Lu families, A>0, all RL

families must satisfy Liouville's theorem. Not all L families satisfy

Liouville's theorem, however. A trivial example is the L family from

R to R generated by the sine or cosine function.

We now proceed to the study of functions contained in an RL

family formed by differentiation and integration of elements of the

family.

Theorem 1. Let B and C be Banach spaces, «Gu, F a closed TR

family from B to C, p>0, and fEF, such that for i=l, • • • , n + l,
/(i) exists and is continuous.  For xEU(p), i=l, • • • , n, set ho(x)

=f(0), and hi(x)=f(f>(x, • • ■ , x).  Then hiEF for i = 0, 1, • ■ • , n.
Moreover for some 5>0, F contains the function 6, such that 9(x) =fx (x)

for xEU(8).

We observe from [3] that all RL families satisfy the hypothesis of

Theorem 1. We will need the case of TR families in the study of mean

value families in §5.

Proof. There exists 5>0 such that (7(5)Cdom /. For w£a>,

xEU(nb), set gn(x)—f(x/n). Then for p>p/8, pEu, the sequence

gp, gv+x, • ■ ■   converges uniformly on U(p) to h0.

There exists 5>0, M>0, such that U(3S)Cdom / and ||/^'||gM

for xE £7(35). Let xE £7(35) and for tE U(35), set g(t) =f(t) -fi (t-x).
Then g(x) =f(x) and for tE U(38),

y\\ = ||// -/.'|| g ||/ - *|| sup{||/r"||;r G [t,x]}

^ ||* - *|IM

and

11/(0 -/(*)-/.'(< -*)||
= ||«(0 - «(*)||

£||*-*||sup{||gr'||;reM}

^ ||<-x||[||/- x\\M] = M\\t- x\\\

Let \a\ g2,andiorxE£7(5), wG^,setgn(x)=n[f(ax+x/n) —f(ax)].

Since F is a TR family, gnEF for «£w. Then for xE £7(5), n£u, we

have ax+x/n, axEU(38), and
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IM*) -faxix)\\ = n\\fiax + x/n) - fiax) - fLix/n)\\

g nM\\x/n\\2 = ikf||*||2/«.

Thus the sequence gi, gi, • ■ • of F converges uniformly on t7(5) to

a limit function wa, where waix) =f'axix) for xE Ui$). Since F is closed,

WaEF. Let r>p/d. Then for xEUip), faix) =f0' 70 =rf0' (x/r)

= rwa(x/r), and hEF. Set9 = wi.

For | a | g 2, x E U(b/3), n Geo, replacing g„ (x) by n [/«+l/n(x) -/«(x) ]

= w[wa+i/„(x) — waix)], and setting wii(I(x) =f'axix, x), we obtain, when

a = 0, hiEF. Continuing this process the theorem follows.

Theorem 2. Let B and C be Banach spaces, F a closed RL family

from B to C, and f a uniformly continuous function on U to C, such that

/(0) =0, andf\ UEF. Then there exists a uniformly continuous function

g on U to C, such that g\ UEF, g/ (x) =/(x) for all xEU, and

\im„i[gix)-girx)]/il-r)=fix) for all xEU- U.

Proof. For xG U, 0<r^l, set 7-70 =firx)/r, and set h0ix) =/<,' (x).

Let «>0. Then there exists 0<p<l, such that for xEUip),

||/(x)-/(0)-/o'(x)|| ge||x||/2. Then for 0<r, s^p, xEU, we have rx,

sxEUip), and

\\h.ix) - hrix)\\ = \\fisx)/s -firx)/r\\

g s-ifisx) -/„'(w)|| + r-'Wfirx) -/B'(rx)||

g s-^IMI/S] + r-1W|rx||/2]

= e/2 + e/2 = e.

Since/ is uniformly continuous, there exists 0<5<p, such that for

p^rgs^l,  \s — r\-£b, and xEU, we have ||&„(x) — fer(x)|[ ge.

For xEU, set gix)=Jlhrix)dr, (1). For xEU, n>l/S, nEco,

n-l n—111    /» (»+l)/n

g(«)   -   Z (!/»)*</-(*)     ̂    Z *r(*)^ -   (!/»)*</-(*)
0 o   II " i/n

n-l II    /• («+l)/n

^E [h,ix) — hi/nix)]dr
oH»' »7n

n-l

^ E e/" = " [«/»] = e>
o

and thus g\ U is the limit on [7 of the uniformly convergent sequence

{ YTl(l/n)him\ U; nEw} in F. Since F is closed, g\ UEF.
For xEU, x^O, and «Ga>, 1/«<1— ||x||, substituting s = r||x|| in
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(1), we have g(x) = f0 UzU f(sx/\\x\\)s~1ds and

/> ii»ii(i+i/»)f[sx(l + l/n)/\\x + x/n\\\s-lds
o

/' !|x||(l+l/n)

ftsx/Wxl^s^ds;
o

and thus

g/(.v) = lim n[g(x + x/n) - g(x)\
n—.oo

/ll*ll(l+l/»)
Ksx/Wx^s-'ds

Jill

HMIMMMMDIMh1] =/(*)•
Remark. Theorem 2 may be used to solve the Neumann problem

in potential theory for the sphere once the Dirichlet problem is solved

for the sphere. Let E be a Euclidean space, and let cp he a map (con-

tinuous function) of H = U— U into R, such that fn<pdu = 0, where p.

is normalized surface measure on H. Let/ be a map on U, such that

/| U is harmonic and f\H = <p. Then /(0) =fHfdu=fif4>du = 0. Since
the family of harmonic functions on open subsets of E into R is an

RL family, from Theorem 2, there exists a map g on U, such that

g\ U is harmonic, and

lim [g(x) - g(rx))/(l - r) = f(x) = <b(x)    ior xEB.
r->l

4. Smoothing operators. The operators introduced in this section

will enable us to approximate elements of a closed T family F by

elements of F which are as smooth, i.e., differentiable, as desired.

They are similar to averaging operators used in potential theory [6]

with the difference that here averages are taken over cubes rather

than spheres.

Definition 1. Throughout the remainder of this paper E shall

denote a fixed Euclidean space, and ex, ■ ■ ■ , ep, pEco, a fixed ortho-

normal basis of E. Set Q= {x££;-l/2g [x,et]gl/2, i= 1, • • •, p)

and for i= 1, • ■ • , p, set Qt= {xEQ; [x, e,] =0}.

Let/ be a map of an open set S in E into a Banach space B. Then

for xEE, a>0, such that x+aQ= {x+ay; yEQ) QS, set L(f, a)(x)

= a~pfx+aQ f(t)dm(t), where m is Lebesgue measure on E.

Theorem 3. Let B be a Banach space, F a closed T family from E to
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B, a>0, and fEF. Set g = L(f, a) and let H be a compact subset of the

domain of g with interior S. Then g \S lies in F and g is continuously

differentiable. If f is continuously differentiable, g'= [L(J, a)]'

= Lif', a). Thus Lig, a)" and L [Lig, a), a]'" exist and are continuous.

Moreover, for 0<s<a,f, = L(f,s) converges uniformly on Htof\H as

s-+0.

Proof. Let e>0 and set M = H+aQ. Then MQdomf, and

there exists S>0, such that x, yEM, \\y— x\\ <S, implies \\fiy) — /(x)||

ge. Let 0<r<8/p112, and h, ■ ■ ■ , tnEaQ, nEco, such that

{ti+rQ; i=l, • • • , n} is a subdivision of aQ. Then for xEH,

i=l, • • ■ , n, tEti+rQ, we have x+t, x+tiEx+ti+rQQx+aQ

QH+aQ = M, ||ix+t)-ix+t/)\\ =\\t-ti\\ gp1'V<5, and ||/(x+0
-fix+ti)\\ ge. Thus lorxEH,

Z ir/a)*f-uix) - gix)   g a-4 Z/(x + t/)r" - f      fix + t)dmit)
1 II    1 J 1,+rQ

^ arp Z    f      [/T* + d) ~ Kx + t)]dmit)
1    II J ti-rrQ

n

g ar" Z er" = a~p[eap] = e.
i

Thus g\S is the uniform limit on 5 of elements of F of the form

Zi Wa)*f-ti. Since F is closed, g\ SEF.
Similarly for s>0, s>a, S, and xEH,

||/(x) -/.(*)|| = s-*\\fsQ[f(x) -f(x + t)]dmit)\\ g s->[es>] = e,

and thus/s converges uniformly on H to f as .j—»0, s<a.

Let i = l, ■ ■ ■ , p, and set p = a/2. Then Mt = H+ [— p, p]ei<r.Mi.

For xEMi, set giix)=a-pJaQifix+t)dmit). Then for x, yEM,,

\\y— x||<5,

\\gi(y) ~ Si(x)\\ = a~" II f    [/(y + t) - /(x + ,)]<M<)
(1) II J aQi

g a-*[ea3'-1] = e/a.

For xGff, 2G-E, set -4*(7=Zil7 e,] [gi{x+pe/)—gi(x—pe/)].
From (1), the functional: x—>AX (xEH) is continuous. Then for xG>S,

tEE, such that (7X(||^||)C5, setting st= [t, e/] for i=l, ■ • ■ , p, and

setting h = x, and /,- = x+ Zt-i 5*e* f°r * = 2, • • • , p + 1, we have

t,ES lor i=l, • • • , p + 1, and ||s,€j||<5 for i—1, • • ■ , p  and
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\\g(x + 1)- g(x) - Ax(t)\\ =    J2 S(ti+i) ~ g(h) - Ax(ti+X - U) \
i I

= Z \\g(U + Sid) - g(ti) - Ax(Siei)\\
1

p II C pJrBi cp
= 2    I        i•'('.■ + sei)ds -  I    gi(U + sei)ds

1     II J -p+»v J -p

- Si[gi(x + pe>) - gi(x - pe,)]

P    ||    /» P+s.-

= 2 g>C> + se{)ds — Sigi(x + pet)
i  WJ p

I    /» — P+Sj

+    I £<(*< + «t)<fo — ̂ ,-g,-(a; — pe,)
II-/-P

p   II   /• p+«t I
= 2 [#<('» + «<<) — gi(x + pei)]ds

i  II ̂ p I

|   r — p+««

+     I lf?.-(< + sed - gi(x — pet)]ds
IIJ -,

= £ | st\ (e/a) + \si\ Wa) ^ £ 2||/||eA = 2pa~1i\\t\\,
i i

andfthus g'x exists and gI = Ax, and g is continuously differentiable.

[Assume that / is continuously differentiable and let e>0. Then

there exists p>0, such that x, yEM, \\y — x|| <p, implies ||/(y) — f(x)

-f'z(y-x)\\-£e\\y-x\\. Then for xES, tEU(p), such that x+tES,

\\g(x + t) - g(x) - L(f',a)x(t)\\

=   «-p f      L/C + *) - /(*) - /.' (t)]dm(t)

g o-p[e|j/||a"] = e||/||,

and g'x = L(f', a)x.

Remaric. Let B be a Banach space and F an L family from E to B.

Then Theorem 3 may be used to give another proof [3] of the exis-

tence of derivatives of elements of F. Let fEF. For w£a>, set /„

= L(f, 1/2"). LetxEdomf, 5>0, such that H=UX(8)Cdom/. Then
there exists gGco, such that wjgg, »£«, implies .ffCdom/,. From

Theorem 3, for »£w, /„ lies in F and is differentiable, and the se-

quence fq, fq+x, • • • converges uniformly on H to /. From Theorem
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3.4 of [3], for tEUx(b),f't exists, and the sequence (/,,),', (fq+i)'t, • • •

converges to//.

An extension to the infinite dimensional case, when E is replaced

by an arbitrary Banach space, is possible but tedious.

A useful provider of examples is the following consequence of

Theorem 3.

Theorem 4. Let B be a Banach space, and F a closed T family from

E to B, such that for xEE, 5>0, {/| Ux(o); Ux(8)Qdomf, fEF) is
finite dimensional. Then F is an L family.

Proof. Let 5>0, set H=U(8), and set G={L(f, a)\H; a>0,fEF,
HC dom L(f, a)}. Then G is a finite dimensional linear space, and

from Theorem 3, the elements of G are continuously differentiable on

H. Letgi, • • • ,gn, rc£co, beabasisof GandsetA = sup {||(g,),'|| ;tEH}.

Then A< oo, and for i = l, • • ■ , n, yEH,

\\gi(y) - gi(0)\\ = |H| supJlK^/H;/ E [0, y]} =S ||y||A.

For f EG, there exists a unique sequence of numbers Lx(f), • • • ,

Ln(f), such that f=^" Lt(f)gi. Since G is finite dimensional and

Li, ' • • , L„ are linear A = sup {||L<||; i=l, • • • , n) < co. Thus for

fEG, M>0, such that ||/(y)|| gM for yEH,

\\f(y) -/(0)|| =   2 US)[gi(y) - gm] I
1 I

(i; ^El|£i(/)ll-b(y)-ft(0)||i

£ £,[LMHN\\y\\] = N(8)M\\y\\,
i

where N(8)=nNL.

Let/ be an element of F such that HC^domf. Then from Theorem

3, f\H is the uniform limit on H of elements of G, and hence/satisfies

(1), and F is an L family.

|Remark. The argument for Theorem 4 is somewhat simplified if

for E and B we take R, and for G we take the family of antiderivatives

(indefinite integrals) of elements of F. In this case [l] all elements

of F are linear combinations of expressions of the form xpe"x, where

p = 0, 1, • • • , and a is arbitrary.

5. Volume mean families.

Theorem 5. Let ube a nonnegative Borel measure on E, with compact
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support K, such that K is contained in no proper subspace of E, and

p(K) = 1. Let F be the family of all maps f of open sets in E into R, such

that for xEE, 5>0, if x + bKCdomf,

f(x) =  f fix + 5l)d»it).
J K

Then the elements of F satisfy an elliptic partial differential equation

and are analytic.

A proof of this result involving Fourier transforms and the notion

of weak solutions of Laplace's equation is given by Friedman and

Littman [2]. A considerably simpler argument is given here using the

machinery developed in this paper.

PROOF.Trivially F is a closed TR family. Set G = {L [L iL if, a), a), a ];

a>0, fEF}. From Theorem 3, G is a TR family, g(3) exists and is

continuous for gEG, and fEF, SQE, S compact, SQdomf, implies

/| 5 lies in the closure G0 of G.

Let H be the space of all symmetric bilinear functionals on EXE

into R. For 6EH, set Pi0)=fK0it, t)dpit). For x, y, r, sEE, set

d[x, y]ir, s)= [x, r][y, s], and set I'ix, y)= [x, y]' = Pid[x, y]). Since

p is not supported on any proper subspace of E, [x, x]'>0 for all

xEE, x^O. Thus I' is an inner product on E. Let E' denote the new

Euclidean space {E, I'} determined by I'.

Let T be a unitary transformation (rotation) of E' into itself. Then

for x, yEE', [Tx, Ty]'=[x, y]', and Pi6[Tx, Ty])=[Tx, Ty]'

= [x, y]'=PiO[x,y]). Now the collection {d[x,y];x, yEE} generates

H. Thus with respect to E', P is a rotation invariant operator operat-

ing on H*, and hence letting e[, ■ ■ ■ , e'P he an arbitrary orthonormal

basis of E', there exists c^O such that P(0) =cZi 0(e<'. «/) for all

6EH.
Let/EG, xEdomf, and p>sup{J|f[j; tEK}, and set h't) =fx"it, t)

for tE Uip). From Theorem 1, hEF, and

c T.d2fix)/dxi2 = c J2U'(ei,el) = P(Jl') = f /,"'it,t)d^l)
1 1 J K

=  f hit)dnit) = A(0) =/„"(0,0) = 0.
J K

Thus the elements of G are harmonic functions with respect to E'.

From [4], [5], the elements of G0 and hence of F are harmonic func-

tions with respect to £', and hence analytic.
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Remarks. Theorems 4 and 5 can also be handled from the stand-

point of distribution theory [7]. We consider the family of functions

F in question as a family of distributions and take the closure F0 of F

in the weak or distribution sense. In Theorem 5, employing property

R, we observe that F0 contains the functions hx(t) —f'x(t, t) which

exist at least weakly. We then show that the elements of F satisfy an

elliptic partial differential equation at least weakly, and hence

strongly.

In Theorem 4 [l], restricting attention to functions with real

range, we have that the weak partial derivatives of the elements of F

lie in Fo. Since Fis finite dimensional, Fo= F, and hence the elements

of F are strongly differentiable.

The smoothing operators introduced in §4 can be considered as

analogues of convolutions of distributions with suitable approximate

identity functions.
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