
SUBMERSIONS AND IMMERSIONS WITH
CODIMENSION ONE OR TWO

EMERY THOMAS1

1. Introduction. Let M and N he smooth manifolds and/: M—*N

a smooth map. We say that/ has maximal rank if at each point of M

the Jacobian matrix of/ has maximal rank. If dim M<dim N, then

/ is an immersion; while if dim M>dim A,/ is a submersion. For con-

venience we define the integer | dim M—dim A| to be the codimen-

sion of any map M—>N. We consider in this note the following prob-

lem. Let g: M—*N be a continuous map of codimension one or two.

When is g homotopic to a smooth map of maximal rank? By exploit-

ing the work of Hirsch [3] and Phillips [6] we obtain answers in

terms of cohomology invariants of M and N.

All manifolds in the paper will be smooth, connected, and without

boundary. For any such manifold V we let tv denote the tangent

bundle of V.

Recall that 1-plane bundles over a complex X are in 1-1 correspond-

ence with HxiX; Z2). For each class uEHxiX; Z2) let niu) denote the

1-plane bundle such that wiin(u))=u. (Here for any vector bundle

£ over X, we let Wi(|)G77'(A; Z2), i^O, denote the ith Stiefel-

Whitney class of £.) Similarly oriented 2-plane bundles over X are in

1-1 correspondence with 772(A; Z). For each vEH2iX; Z), let £(»)

denote the oriented 2-plane bundle with Euler class v.

For a bundle £ we let (£) denote the stable equivalence class deter-

mined by £.

Now let M and N he manifolds and /: M—*N a continuous map of

codimension one or two. We consider separately these two cases.

Case 1: Codimension f =1. By the work of Hirsch [3] and Phillips

[6] (as reworded in [ll, Section l]), we have at once:

Theorem 1.1. (a) Suppose that dim M = dim A—1. Then f is homo-

topic to an immersion iff there is a class uEHxiM; Z2) such that

(rM®r)iu)) =/*(tat). (b) Suppose that dim M = dim A+l and that M

is open. Then f is homotopic to a submersion iff there is a class u

EH^M; Z2) such that (rM) = if*TN®r)(u)).

We will say that a map/: M—>N is orientable it f*wiN = wiM.

Case 2: Codimension f= 2, f orientable.
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Theorem 1.2. (a) Suppose that dim M = dim N — 2 and that f: M—>N

is an orientable map. Then f is homotopic to an immersion iff there is a

class vEH2(M; Z) such that (tm©£W) =/*(tn). (b) Suppose that

dim M = dim ^ + 2, that M is open and that /: M-^N is orientable.

Then / is homotopic to a submersion iff there is a class vEH2(M; Z)

such that (tm) = (/*tat ©£(»)).

Again the result follows from Hirsch-Phillips, as given in  [ll].

The equations given in Theorems 1.1 and 1.2 can be regarded as

equations in the if-theory cohomology of Atiyah-Hirzebruch [l].

In order to get conditions expressed solely in terms of singular coho-

mology, we need to restrict drastically the class of manifolds. We will

say that a manifold M satisfies Condition (*) if it has the following

properties.

Condition (*).

(i) M^9;if dim M = 9, Mis open;
(ii) H*(M; Z) has no 2-torsion;

(iii) H$(M; Z) has no 6-torsion.

Notice that a closed orientable manifold of dim g4 satisfies Condi-

tion (*), as does a closed orientable manifold of dim ^8 provided

(ii) is satisfied.

We combine Theorems 1.1 and 1.2 with [10] to give the following

results. The proofs will be given in §3. (For a bundle £ over X, we

denote by Pi(£)£7T4'(Z; Z) the ith Pontryagin class of £, i^O.)

Theorem 1.3. Let M be a manifold satisfying Condition (*) and let

f: M—*N be a map of codimension 1. (a) Suppose that dim Af>dim M.

Then f is homotopic to an immersion if and only if there is a class

uEH1(M; Z2) such that

Wi(M) + Wi-i(M)-u = f*Wi(N),        i=l, 2,

and

Pi(M)=f*Pi(N),        i-1,2.

(b) Suppose that dim M> dim N and that Mis open. Then / is homo-

topic to a submersion i/ and only if there is a class uEH1(M; Z2) such

that

Wi(M) = f*Wi(N) + /*Wi-i(N) •«,        i = 1, 2,

and

Pi(M) = f*Pi(N),       i = l,2.

There are similar results for codimension 2.
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Theorem 1.4. Let M be a manifold satisfying Condition (*) and

let f: M—>N be an orientable map of codimension 2. (a) Suppose that

dim ilf<dim A. Then f is homotopic to an immersion if and only if

there is a class vEH2iM; Z) such that

w2iM) +f*w2iN) = v mod 2,

PiiM) + Pi-iiM)-v2 = fPiiN),        i= 1, 2.

(b) Suppose that dim M> dim A and that Mis open. Then f is homo-

topic to a submersion if and only if there is a class vEH2iM; Z) such

that
w2iM) + f*w2iN) = v    mod 2,

PiiM) = f*PiiN) + f*Pi-iiN) -v2,        i = 1, 2.

2. Examples. To illustrate the preceding material we take A to

be one of the three projective spaces, real, complex, or quaternionic,

which we denote respectively by RP" (of dim n), CP" (of dim 2n),

and QPn (of dim 4w). The determination of all maps of maximal rank

from a manifold M into one of these manifolds A falls naturally into

two parts. First, the determination of the set of homotopy classes of

maps [M, N]; and then, the determination of which homotopy

classes of maps contain maps of maximal rank. Recall that for a

complex X one can compute the set [X, A7] as follows. If dim X<n,

then [X, RP"] = H1 iX;Z2); it dim X = 2n, then [X, CPn]= 772(X; Z);

if dim X^6, then [X, QP"]= {uEH*iX; Z)|Sq2w=0}. Here Sq2
denotes the Steenrod operator of degree 2 (see [7, 8.5.15]). In each

case the correspondence is given by/—>/*i, where/ denotes a map from

X into the projective space, and where t denotes generically the

fundamental class of the projective space. Thus, we have

t G H\RPn; Zi),       (E H2iCP"; Z)    or    t G 774(<2F"; Z)

depending on which of the three projective spaces we are referring

to. We call the cohomology class /*t the degree of the map /. Since

the characteristic classes of the projective spaces are known (e.g.,

see [8]), we now can apply Theorems 1.3 and 1.4 to determine

which degrees can occur as the degree of a map of maximal rank from

M into a projective space.

As an example we have the following result giving immersions of

codimension 2. We assume below that Af is a manifold satisfying

Condition (*) given in §1.

Theorem 2.1. (a) Letf: Mm-^>RPm+2 bean orientable map, 3^m^9,

with degree xEHliM; Z2). Then f is homotopic to an immersion if and

only if there is a class vEH2iM; Z) such that
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/m + 3\
Wi(M) + I I x2 = v    mod 2,

Pi(M) + Pi_i(M)-v2 = 0,        * = 1, 2.

(b) Let /: M2"-^CPq+1 be an orientable map, 2^g^4, with degree

yEH2(M; Z). Then/ is homotopic to an immersion i/and only i/ there

is a class vEH2(M; Z) such that

Wi(M) + qy — v    mod 2,

Pi(M) + Pi-i(M)v2 = r   .    )y\       i= 1,2.

(c) Let/: M*—>QP2 be an orientable map with degree zEHi(M; Z).

Then / is homotopic to an immersion i/ and only i/ there is a class

vEH2(M; Z) such that wt(M) = v mod 2, Pi(M) + v2 = 2z.

Take M to be complex projective space CPm. The degree of a map

from CPm into CPq or QPq can now be given simply by an integer

taking iEH2(CPm; Z) and i2EHi(CPm; Z) as generators. Thus by

Theorem 2.1 we have

Example 2.2. (a) CP2 immerses in CP3 only with degrees ±1.

(b) CP3 immerses in CP* with degree r if and only if there is an integer

5 such that 5r2 = s2-f-4. In particular, there exist immersions with

degrees +1, +5, +13. (c) CP3 immerses in QP2 with degree r if and

only if there is an integer 5 such that r = 2(s2 + l).

A result analogous to Theorem 2.1 can be proved for immersions

of codimension 1 and for submersions of codimension 1 and 2. We

leave the details to the reader.

3. Proof of Theorems 1.3 and 1.4. We precede the proofs by two

simple lemmas.

Lemma 3.1. Let £ be a vector bundle over a complex X such that

HU(X; Z) has no 2-torsion, i^O. Suppose that m>i(£) =w2(£) =0 and

P<(£) = 0, i ^ 1. Then wy(£) = 0 /or j ^ 3.

Proof. By the formulae of Wu [12] it suffices to show that

W(£)=0, j'^2. Consider first w4(£). By a theorem of Wu (cf. [9,

Theorem C]), 6(wi)=0 where 6 denotes the cohomology homomor-

phism induced by the injection Z2CZ4. Consequently, wt EfiH3(X; Z2)

where fi is the Bockstein coboundary associated with the exact se-

quence Z2->Z4->Z2. But since H*(X; Z) has no 2-torsion, fiH3(X; Z2)

= 0 and so w^) =0. An inductive argument (using [9, Theorem C])

now shows that W2>(£) =0 for all j^3.
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Lemma 3.2. Let X be a complex such that dim X:£8, 774(A; Z) has

no 2-torsion, and 778(A; Z) has no 6-torsion. Let £ and n be vector bundles

over X. Then (£) = (77) if and only ifwii£) =Wi(n), i = l,2, P,(ij) =Pi(n),

i = l, 2.

Proof. By the "product formula" for Stiefel-Whitney classes and

Pontryagin classes, it follows that w>i((£) — in)) =0, 7\((£) — iv)) =0

for i = l, 2. (We need here the fact that 774,'(A; Z) has no 2-torsion.)

Thus by Lemma 3.1, Wj((£) — (q)) =0 for *^1. The result now fol-

lows by applying [lO, Theorem 4.3].

Proof of Theorems 1.3 and 1.4. If M is an open, connected mani-

fold of dimension m, then Hirsch [4] shows that M has the homotopy

type of an (m — l)-complex. Thus if Af satisfies Condition (*) in §1,

it also satisfies the hypotheses of Lemma 3.2. Consequently, The-

orems 1.3 and 1.4 now follow by computing the characteristic classes

of the bundles in Theorems 1.1 and 1.2 and then applying 3.2. (We

need the fact that for vEH2iX; Z), Pi (£(p) )=»*.) We leave the de-

tails to the reader.

Remarks, (a) If dim X = 7, then Lemma 3.2 is given by Dold-

Whitney [2, Remark, p. 672]. (b) Rather than use [lO] to prove

Theorems 1.3 and 1.4, one can study the fibration BSO(2)—>BSO.

(Note [5].)
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