THE PRIMITIVE SPECTRUM OF A TENSOR PRODUCT
OF C*-ALGEBRAS

AUBREY WULFSOHN

Let A and B be separable C*-algebras, 4 O B their involutive alge-
braic tensor product and A ® B their C*-tensor product. Let Prim 4
denote the primitive spectrum, i.e. the Jacobson structure space, of 4,
and let 4 denote the spectrum of 4 [1, 2.9.7, 3.1.5]. Denote the
homeomorphism (r, ») » 7 ®» of AXB into (A®B)"~ by v [7]. We
show that v can be naturally projected to a homeomorphism of
Prim A XPrim B onto Prim 4 ®B.

LEMMA 1. Let b be a primitive ideal of a C*-algebra D. If the canonic
homomorphism D—D /b is an isomorphism, then d=0.

Proor. Evident.

PROPOSITION. Every primitive ideal of A QB is of the form a®B
+A®b, where a&Prim A, b&Prim B.

PRrOOF. Let z2&¢M\(4 ®B), where ¢ is a primitive ideal of 4 ® B.
Suppose ¢=Ker p, where p is a factor representation of 4 ® B, and
let w1, pe be the restrictions of u to 4 and B respectively [3]. Let
a=Ker u;, b=Ker u,; since 4 and B are separable, a&Prim 4 and
bEPrim B [2, p. 100]. So

n m N
z = Zai®yi+ ij®bj+ZXk® Vi,
i=1 Jj=1 k=1
where a;Ea, b,EDb; x;, Xi EA; yi, YiEB; X &a, Yi&Db. Thus
N N
0= u(a) = y( Y xe m) D SPRC AP A
k=1 k=1

Using [5, Theorem I11], there exists a N XN matrix (a;,;) such that
Z{il ai.;ﬂl(Xi) =0, Zﬁ] ai.jﬂz(yj) =#2(Y€)- Thus Ziv-x XY, E
a®OB+A40b,and so c{N(4OB)=a@®B+A40Ob. It is easily seen that
l(-)]] is a compatible norm on (4 ®B)/(a©B+A4 Ob). Since the
C*-tensor product norm is the smallest compatible norm on 4 ©B
[6], its quotient norm will be the smallest compatible norm on
(4©B)/(a®B+A0Ob), and so ||u(z)|| =||#||, where z & ; denotes the
canonic homomorphism 4 ® B—»(4A®B)/(a®B+A4 ®b). The canonic
homomorphism
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(A®B)/a®B+ A4b)—(4Q B)/c
=[(4®B)/@®B+ A4®b)]/[c/@® B+ 4 ®b)]

is thus an isomorphism. By Lemma 1, c=a®B+4 ®b.

COROLLARY 1. If w and v are factor representations of A and B respec-
tively, then Ker n@v=Ker t® B+A4 @Ker v. Thus (Ker =, Ker »)
» Ker 7Q®v is a well-defined mapping of Prim A XPrim B onto
Prim 4 ® B.

Proor. The restrictions of 7 ®v to 4 and B are 7 and v respectively.

COROLLARY 2. If a and b are primitive 1deals of A and B respectively,
then a®@ B+ A ®b is a primitive ideal of A @ B.

PRrOOF. Let m, » be factor representations of 4, B respectively such
that a=Ker 7, b=Ker ». Then a®B+A4 ®b equals Ker 7®v and is
thus primitive.

COROLLARY 3 (CF. [8, ProposITION 1]). If a and b are primitive
ideals of A and B respectively, then (A/a)® (B/b) is isomorphic to
(A®B)/(a®B+A4®b).

LEMMA 2. The mapping a: (a, ) »a®@B+A Qb is a bijection of
Prim A XPrim B onto Prim A @ B.

Proor. For b, 'EPrim B, a, o’ EPrim 4, asa’, let a’PxEq,
b’ Pyeb. Injectivity follows since a(a’, V') Px®@yEaf(a, b). Surjec-
tivity follows from the proposition above.

THEOREM. The mapping o is a homeomorphism of Prim A X Prim B
onto Prim A ® B.

Proor. The diagram

A ><l§—7—-—>7(A X B)
14 lKer
Prim 4 XPrimB—)PgmA ® B

is commutative, ¢ denoting the canonic mapping.

REMARK. The C*-algebra enveloping ®,cz,c5 T(4)® »(B), where
7(A) ® v(B) is the algebra-of-operators tensor product of 7(4) and
¥(B), has spectrum (4 X B). It defines a tensor product equivalent
in general neither to 4 ® B nor to the “projective” tensor product of
Guichardet [4].
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