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1. Introduction. The set of all varieties of groups, partially ordered

by inclusion, forms a complete lattice: this lattice is always modular,

for it is the dual of the lattice of verbal subgroups of the absolutely

free group of countably infinite rank (for this and other basic results

about varieties of groups, we refer the reader to [8]). However, the

lattice is not in general distributive: the first example of a non-

distributive lattice is due to Graham Higman, who showed that the

lattice of varieties of groups of exponent p and class less than p is not

distributive for sufficiently large primes p [8, Theorem 54.2]. L. G.

Kovács and M. F. Newman [7] have shown that even the lattice of

metabelian varieties is not distributive. In contrast, we exhibit in this

paper a lattice of varieties which is distributive.

To state our results, we need some notation. If N is a normal sub-

group of a subgroup 77 of a group G, we call H/N a factor of G : if

N?¿ 1, or H¿¿G, we call H/N a proper factor of G. A group G is called

critical if it is finite and not contained in the variety generated by its

proper factors. If G is critical, it is easily seen that G has a unique

minimal normal subgroup, which is called the monolith of G and de-

noted by ffG. We define an ^4*-group to be a finite group all of whose

Sylow subgroups are abelian, and whose composition factors are

known simple groups. (In fact, all finite simple groups all of whose

Sylow subgroups are abelian are known: the assumption is kept here

since the result is as yet unpublished.) A variety of .4*-groups will be

a locally finite variety whose finitely generated groups are ^4*-groups.

The main result of this paper is

Theorem 1. The lattice of varieties of A *-groups is distributive.

This theorem is a consequence of the following two theorems:

Theorem 2 (L. G. Kovács and M. F. Newman [S]). If G is a
critical group with nonabelian monolith, and 33 is a class of groups such

that var 33 (the variety generated by 33) is locally finite, then GGvar 33 if

and only if G is isomorphic to a factor of some D E 33.

Theorem 3. If G is a critical A*-group with abelian monolith, and 33

is a class of groups such that var 33 is a variety of A*-groups, then

GGvar33 if and only if Gis isomorphic to a factor of some DG33.
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It is tempting to hope that the condition of Theorem 1 that 33

generate a variety of ^4*-groups can be relaxed to the condition that 3D

generate a locally finite variety. However, L. G. Kovács [4] has con-

structed examples which show this hope is in vain.

Most of the work for this paper was done while I held a Postgrad-

uate Research Scholarship at the Australian National University. I

thank Dr. L. G. Kovács, under whose supervision this work was done.

2. Notation and preliminary results. For the rest of this paper,

groups are finite unless otherwise indicated. The subgroup of a group

G generated by all the minimal normal subgroups of G is called the

socle of G, and denoted by aG: the centralizer of <rG in G is denoted

by o-*G. A group is called homocyclic if it is the direct product of

isomorphic cyclic groups of prime power order. A normal homocyclic

subgroup A7 of a group G is called indecomposable if N contains no

proper subgroup of the same exponent normal in G. The subgroup of

a group G generated by the »th powers of the elements of G is denoted

by Gn. If 5 is a subset of a group G, then Cg(S) denotes the centralizer

of 5 in G.

For soluble ^4*-groups, the following lemma is due to D. R. Taunt

[lO, Theorem 4.1], the result is presumably well known, but does not

seem to occur in the literature. We sketch a proof.

Lemma 1. If G is an A*-group, then Z(G)C\G' = 1 (where Z(G) is the

center of G).

Proof. Suppose that the result is not true, and let G be a minimal

counterexample. It is easy to see that Z(G)C\G' is a ¿>-group for some

prime p, and is the unique minimal normal subgroup of G. Transfer

G into a Sylow ^-subgroup of G; an easy computation shows that

Z(G)C\G' cannot be in the kernel of this homomorphism, and so the

transfer is an isomorphism. But then G is abelian, and the lemma is

true for abelian groups, a contradiction.

Lemma 2. Let G be a critical A*-group with abelian monolith. Then

aG is a p-group for some prime p, and if Gp is a Sylow p-subgroup of

G, Gp = ar*G. Further, a*G is an indecomposable normal homocyclic

subgroup of G.

Proof. Since aG is abelian, it can be written as the direct product

of its Sylow subgroups, each of which is characteristic in aG and hence

normal in G. But G is critical and thus aG is a p-group. If (a*G)'9¿\,

it contains trG: also, since aG is abelian, aG^a*G, and so aG^Z(a*G)

and we may conclude from Lemma 1 that a*G is abelian. As for aG,
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we conclude a*G is a p-group. Hence, if Gp is a Sylow p-subgroup, we

have GP^<T*G^GP; i.e. a*G = Gp.

Now a(a*G) is normal in G; being an elementary abelian p-group,

we may regard it as a vector space over the field of p elements.

Maschke's theorem then gives us that it is completely reducible as a

G-module. Hence o~G=a(cr*G). It now follows easily that a*G is an

indecomposable normal homocyclic subgroup of G.

We will need the idea of similarity of minimal normal subgroups,

introduced by L. C. Kovács and M. F. Newman in [S]. Suppose that

Af is a minimal normal subgroup of G, N a minimal normal subgroup

of 77: then we say Af (qua normal subgroup of G) is similar to N (qua

normal subgroup of 77) if there exist isomorphisms p: M—>N and

v. G/Ca(M)^H/CH(N) such that, for xEM, hEG,

(xhCGW))^ =   (afí,)(iCo(AÍ)),i

We write M~N.

Lemma 3. If G, H are critical A*-groups with abelian monoliths such

that aG'^aH and a*G, a*H have the same exponent, then G=H.

Proof. We may conclude from the Schur-Zassenhaus theorem and

Lemma 2 that a*G is complemented in G, and so G is determined by

the action of G/a*G on a*G. Since inner automorphisms commute

with the power map x—>xp", xE<r*G, p\ | (tG| , we have that crG (qua

normal subgroup of G) is similar to o-*G/(a*G)p (qua normal sub-

group of G/(a*G)p) : also o-77 (qua normal subgroup of 77) is similar to

o-*77/(o-*77)p (qua normal subgroup of H/(a*H)v). Then, the relation

of similarity being transitive, we have

<r*G/(a*G)' ~ c*H/(<j*H)».

But from this it follows, using a theorem of Philip Hall [l, Theorem

12.2.2] that the action of G/a*G on a*G is the same as the action of

H/<t*H on o-*77, and hence G^H.

3. The proof of Theorem 3. We start by observing that if GGvar 33,

we can assume that 33 is a finite set of finite groups, by Lemma 4.2 of

Higman [2J. Let 33* denote the factor closure of 23, i.e. a group is in

33* if and only if it is isomorphic to a factor of some £>G33. Then there

exist 73iG33*, i^i^n, such that G is isomorphic to a factor of

llUDi, and

(1) P< is critical, lá» a» [6,1.11],
(2) aG~<rDi, l^i^n [6, 1.12],

(3) o-*GGvarni"-i^*P¿ [6, LU].
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From the definition of similarity, (2) implies that F¿ has an abelian

monolith, and so, being a critical ^4*-group, a*Di is an indecompos-

able normal homocyclic subgroup of F„ and if p | | aG\, a*D> is the

Sylow p-subgroup of F\, l^i^n (Lemma 2). By the Schur-Zassen-

haus theorem, a*G has a complement H in G, and a*Di has a comple-

ment Ki in Di\ then (2) tells us that F^F,-, 1 gig«. Also, if a*G has

exponent p!, (3) implies that at least one a*D, has exponent £*, with

k^l; suppose a*Di has. Put D = Di/N, where N=(a*Di)pl. Observe

that since inner automorphisms commute with the power map x—»xp!,

xGc*-Di, we have aD^aG. Since a*G and a*D have the same expo-

nent, G=D by Lemma 3; i.e. GG2D*.

The other direction is obvious.

4. The lattice of varieties of .4*-groups. We take a complete set

ß of pairwise nonisomorphic critical .4*-groups, and partially order

this set by defining A—<B if and only if A is isomorphic to a factor

of B,A,BE&- It isconvenient here to include the trivial group in a,

though it is not usually considered a critical group. We define an ideal

£ in ß to be a subset of ft such that if BE£ and .4—<B, then AE£-

An abelian element of Ct has the obvious meaning: we call an ideal

small if it contains only a finite number of abelian elements. It is easy

to check that the set of small ideals of Ct forms a lattice with respect

to partial order by inclusion.

We show that the lattice of varieties of j4*-groups is isomorphic to

this lattice. To be specific, we claim that the map

<b: £—> var £

is a lattice isomorphism. Since £ contains only a finite number of

abelian elements, there is an integer e such that the groups in £ have

exponent dividing e.

The class of all /l*-groups of exponent dividing e forms a locally

finite variety [3, Theorem 4], and so is a variety of ^4*-groups. Hence

var£ is a variety of ^4"-groups. It follows immediately from Theorems

2 and 3 that if £i^£2, var£i=^var£2. Also, if 8 is a variety of A*-

groups, then Sr^ffi is a small ideal. Thus tf> is one to one and onto. If

£ and (R are small ideals, then Theorems 2 and 3 imply that

(£ H ®.)<b = £<p H <ñ<p,        (£ W (R)r¿ = £d>KJ (R0.

Thus d> is an isomorphism.

We now have as a consequence of Theorem 83 of [9]

Theorem 3. The lattice of varieties of A*-groups is distributive.
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We also have (the dual of Theorem 39 of [9]) :

Theorem 4. Every variety of A * -groups can be written in at most one

way as an irredundant union of join-irreducible subvarieties.

We remark that the question of whether every variety of ¿4*-groups

can be written in at least one way is an open question, and presum-

ably not an easy one, for it is not difficult to see that it is equivalent

to the problem of whether there is a finite basis for the laws of every

variety of ¿4*-groups.
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