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The purpose of this note is to demonstrate how some of the classical

Hausdorff inclusion theorems extend to the case where the sequences

have their domains and ranges in topological vector spaces. We follow

the terminology in [3] and [l] for the topological vector spaces and

Hausdorff summability methods respectively.

Suppose (X, Ti) and ( Y, T2) are locally convex separated topologi-

cal vector spaces. We denote by L(X, Y) the linear functions from

X to F which are continuous with respect to the topologies Ti and T2.

Definition 1. If fmnE.L(X, Y) (m, n = 0, 1, 2, ■ • • ), then the

matrix M = (fmn) is called a summability method from X to Y.

Suppose now that (Z, Tz) is also a locally convex separated topo-

logical vector space.

Definition 2. If Afi is a summability method from X to Y and

M2 is a summability method from X to Z with the property that for

each sequence {xn} of points in X for which {ym\ — Mi({xn}) is

F2-convergent, the sequence {zm\ = M2({xn}) is P3-convergent, then

we say M2 includes Mi. We indicate this by M2^>Mi.

We wish to consider Hausdorff methods H(p) = ôfiô, where ¡j.

= diag (¿to, Mi» • " " ). S is the differencing matrix, and p,<ET,(X, Y)

(for example). We denote by N(m) the null space of m<- Suppose we

have two such Hausdorff methods ii, = ff<(u)=-5u<ô, where p.»

= diag(u<o, M.i. M<2, • • • ) (t=l, 2), ¡xlkE:L(X, Y) and p.2k^L(X, Z).

Theorem 1. 7/77237Fi, then N(jjLik)QN(p2k)fork = l, 2, • • ■ .

Proof. Pick «£I; then for a given k define {£„} by £„=0 if

0^n<k and £„ = (»!/(»—k)l)x if k^n, and consider {ijim\ = 77¿({£„})

(»-1, 2). If m^k, then

Vim = £ (    ) A—v™ ■ f» = Z (    ) A—mí» • 7-— * ;
n-0\W/ B=t\»/ (»  —  *)!

= ;-— El JA—m*.*    (¿-1,2);
(w — «) ! „_» \« — ¿/

-_ X ( ) A-*->,,A+, • x =-—
(m — k)\ ,_o \    »     / (m — &)!
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Now, if N(ßik) = {6}, then N(jiik)Z)N(jxik); if not, then we pick

xEN(niic) and xj*d. For this x, r\im-*Q in the T2 topology as m—»».

Since H2^Hi, H2({%n}) must be r3-convergent. If /fee 1, this implies

xG-^Víju^), for otherwise p2k(x)^6 and {(w!/(»j —^)!)^2t(x)} cannot

converge in the separated T» topology since m\/(m — k)\—► « and the

operation of scalar multiplication is continuous.

Definition 3. A summability method M from X to F is conver-

gence preserving provided that if {xn} is TVconvergent, then

M({x„}) is Pi-convergent.

Theorem 2. If (X, Ti) is fully complete, (Y, T2) is barrelled, and

(Z, T3) is locally convex, and if p.uEL(X, Y) such that dom pik = X,

range juu= Y(k = 0, 1, 2, • • • ), andfiiais 1-1, and if H2 is a Hausdorff

method from X to Z such that H2~DHi, then there exists a convergence

preserving Hausdorff method H(<j>) from Y to Z such that H2 = H(<p)Hi.

Proof. By the statement H2 = H(<p)Hi, we mean that H2({xn\)

= H(<p)[Hi({xn))]. Let 0 = diag(0o, <pi, ■ ■ ■ ), where <bk\pik(x)}

= H2k(x). If uik(x)=nik(x'), then x — x'EN(p.lk)CN(&k), since ¿uio is

1-1 and H2~DHi. Hence pAk(x) =p>2k(x') and <pk is well defined ; it is clear

that <pk is linear.

Since juu is continuous and X is fully complete, it follows that

N(j*u) is closed and hence X/N(¡iu) is fully complete [2, p. 114]. If

we define jüu from X/N(jiu) to F by fiik(x) = Pu(x) (xEx), then £1* is

1-1 and continuous (in the quotient topology) [2, p. 78] onto Fand

hence is an isomorphism [2, p. 116]. We can now see that <pk is con-

tinuous, for suppose Fis an open set in Z. Then U = n^(V) is open in

X. If vi, is the canonical map of X to X/N(p,ik) given by vk(x)=x,

then V = vk(U) is open in the topology of X/N(ßU) and W = pik(V) is

open in Y, since fin is an isomorphism. But W=<pï1(V), so <pk is con-

tinuous; and we have shown <f>kEL(Y, Z). The argument used here

generalizes a result of Sard [4].

It remains to be shown that H2 = H(<j>)Hi and that H(<p) is conver-

gence preserving. The first is easy :

H^Hx = (ô<pB)(Spi&) = 8(4>pi)& = SpiS = Hi.

Suppose {£„} is convergent in (Y, T2), and consider the set of equa-

tions

£»=E(     )A~-»ah„-z»        (»-0,1, • • •)•
»-0 \ »/

This is a triangular system, and since p.i„ is onto Y, we may find a
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sequence (in fact many sequences) {xn\ which satisfies it. For any

such {xn}, the sequence {r¡m} given by {r)m} =H2({x„}) converges

in (Z, Tz), since H2 is convergence preserving. But H2({xn})

= H(<¡>)[Hi({xn})]=H(<p) ({£„}). Hence H(<p) is convergence pre-

serving.
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