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R. H. Oehmke and R. Sandier have shown in [4] that the middle

nucleus of a finite-dimensional semisimple Jordan algebra coincides

with its center providing the base field has a characteristic different

from 2. By the middle nucleus of a commutative algebra A we mean

the set of those elements x in A, for which the associator (y, x, z)

= (yx)z—y(xz) vanishes identically in y, zEA. Moreover, using this

theorem and relying on methods from projective geometry, the au-

thors proved that any two isotopic Jordan division algebras of finite

dimension are isomorphic if the characteristic of the base field is also

different from 3. The underlying concept of isotopy in this statement

is due to A. A. Albert [l]: Two algebras A, B over the same field are

called isotopic if there are bijective linear mappings p, a-, r from A

onto B such that p(x)a(y) =r(xy) for all x, yEA. In this note we in-

tend to establish the following generalizations of the two theorems

mentioned above.

Theorem 1. Let A be a finite-dimensional semisimple Jordan algebra

over a field of characteristic not two. Then each element x in A that satis-

fies the equation x2y=x(xy) identically in yEA belongs to the center of A.

Theorem 2. Two isotopic Jordan algebras of finite dimension over a

field of characteristic not two, at least one of which is semisimple, are

isomorphic.

At the end of the paper we present a short application of these

results to a certain generalization of automorphisms.

1. In the sequel, K denotes a (commutative) field of characteristic

not 2. If A is an algebra over K, it is always tacitly assumed that it

has finite dimension. The left multiplication of an element x in A

will be denoted by L(x); following [2], we call P(x)=2L2(x)—L(x2)

the quadratic representation of x in A. A is said to be a Jordan algebra

providing A is commutative and satisfies the identity x(x2y) =x2(xy)

for all x, yEA. In this case, the (unique) maximal nilideal of A is

called the radical of A and is denoted by Rad A. The equation

Rad A = { m £ A : uv nilpotent for all v £ A}
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is well known [2]. The center of A will be denoted by Z(A). If c is an

idempotent of A (c2 = c^0), then A is the direct sum of the subspaces

^x(c) = \u E A: cu = Aw)

for X = 0, \, 1. We observe the multiplication rules that A0(c), Ai(c)

are orthogonal subalgebras of A and Ai/2(c)Ai/2(c) EAo(c)-\-Ai(c),

Ax(c)Ail2(c)EAU2(c) forX = 0, 1.

Proof of Theorem 1. Let A be a semisimple Jordan algebra over

K. For the moment, we shall call an element x in A alternative if it

satisfies

(1) x2y = x(xy)

for all yEA. Let this be the case; in order to prove xEZ(A) we may

assume that A is central simple over K. Moreover, the linearity of

(1) in y guarantees its validity in every base field extension of A.

Hence we may assume K being algebraically closed. Then we show

(2) L(xn) = L"(x)

with induction for all integers «^0. Indeed, the assertion is immedi-

ate for « = 2, and the induction step is accomplished by the formula

L(xn+1)=2F(xn) oL(x)—P(x) oi(xn_1) («^2) which holds in every

Jordan algebra [2, p. 140]. (2) implies f(L(x)) =L(f(x)) for each poly-

nomial/ in one indeterminate F over K, from which one easily derives

L(f(xY) =L2(/(x)) for all/£7<:[F]. Hence every element of the sub-

algebra K[x] of A, generated by the identity element e and x, is

alternative. Now let c be an idempotent in FJ[x]. Since L2(c) =L(c),

we have Ai/2(c)=0, and the decomposition A =Ai(c) ®A0(c) to-

gether with the simplicity of A implies A0(c) =0 or c = e: e is the only

idempotent of 7C[x]. Finally, let u be an element in K[x] such that

«2 = 0. In the linearized Jordan identity

z(xiy) + 2x((xz)y) = 2(xz)(xy) + xz(zy)

we put y = z = u and obtain (uv)2 = 0 for all vEA. Hence u belongs to

the radical of A and therefore has to be zero. It follows immediately

that K[x] does not contain any nonzero nil potent elements and as a

finite field extension of Ke coincides with Ke. Theorem 1 is thereby

proved.

Corollary. Let x be a nonzero-divisor in the semisimple Jordan

algebra A over K such that L_1(x) =L(x_1). Then x belongs to the center

of A.
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We are following the invertibility concept of [2].

Proof. According to   [2, p. 90], we have L(x) =P(x) o L(x-1)

= P(x) o L~l(x) or P(x) = L2(x). Now Theorem 1 shows xEZ(A).

2. We shall now present a more detailed version of Theorem 2, viz.

Theorem 2'. Let A, B be Jordan algebras over K, A be semisimple

and p, cr, r be bijective linear mappings from B onto A such that p(x)o-(y)

= r(xy) for all x, yEB. Then there are invertible elements u, v in the

center of A and an isomorphism <pfrom B onto A such that p = L(u) o <p,

<r = L(v) o<f>, t—L(uv) o<p.

We split the proof into several steps.

(a) First we show that B is semisimple; for otherwise it is well

known that B contains a nonzero ideal b with b2 = 0. Since A con-

tains an identity element e, it is clear according to [l, p. 699], that

we have p(b) =<r(b) <=T(b) and this is a nonzero ideal in A. It follows

er(b)2=p(b)<r(b) = r(b2) =0, a contradiction to the semisimplicity of A.

(b) In particular, B contains an identity element/ and after what

we have just said it is obvious that the triple (p, a, t) maps the ideals

of B in a one-to-one fashion onto the ideals of A. Hence, considering

the simple components of both algebras justifies the assumption that

A and B are simple. Clearly, the elements u—p(f), v = a(f) are non-

zero-divisors in A, and it suffices to show that they belong to the

center. Indeed, this would imply the properties p'(x)a'(y) =r'(xy)

(x, yEB) and p'(f) =<r'(f) =r'(f) =e, for the mappingsp' =L(u)~1 o p,

a' = L(v)~1 oo-, t'=L(uv)~1 or; consequently, we would obtain

p'=ff' =>t' and this would be an isomorphism <p from B onto A satisfy-

ing the desired conditions.

(c) We now study the map w=p o er-1 from A onto itself. We have

p(x)a(y) =p(y)a(x) for all x, yEB and obtain

(3) p(x) = p(x)a(ff-1(e)) = w(e)<r(x).

From

(o-(x)o](e))cr(y) = p(x)a(y) = p(y)<r(x) = (a(y)u(e))a(x)

for all x, yEB we conclude that w(e) belongs to the middle nucleus

of A. Since A is semisimple, (3) for <r_1(x) instead of x gives 03 = L(w)

where w denotes an invertible element in Z(A).

(d) By symmetry it suffices now to establish v as an element in the

center. Evidently we have r = L(v) op = L(u) o <r which implies

w = L(v)~1 o L(u). Hence we get
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o>(o-(xy)) = L(v)-i(r(xy)) = L(v)-i(p(x)<r(y)) = L(v)~l(L(w)(a(x)a(y)))

= œ(L(v)-K*(x)<r(y)))

for ail x, y in B. Putting \(/ = L(v)~1 we see that a(xy) =^(o~(x)a(y)).

Making use of this and the identity <r(x(x2y)) = <x(x2(xy)) one easily

derives the functional equation

(4) Hx2)^(xy) = x^(ii(x2)y)

for }p identically in x, yEA. Linearization yields

(4') 2iP(xz)\¡/(xy) + iKxWzy) = z^(^(x2)y) + 2x$(i¡/(xz)y)

for all x, y, z£^4. Now let c be an idempotent in A; we write A\

= A),(c) for X = 0, 5> 1 and consider elements xEAi, y£^4o- (4') for

x = c and z=x yields xip(ip(c)y) +2ap(\p(x)y) =0. On the other hand,

(4) with x = c proves ^(^/(c)y) to belong to ^40 and hence we obtain

(5) HHx)y) EAo       (xEAi,yEA0).

Considering e — c instead of c, we also have

(5') *«-(*)?) G ¿i        (* £ ¿o, y £ ¿i).

Now we take elements x£yl0, 3'£>li, put z = c in (4') and observe (5').

After linearizing the result is ¡p(xiX2)\p(y) =ip(^(x\X2)y) for Xi, x2 in Ao,

hence in particular

(6) HHx)y) - Hx)Hy)      (x EA0,yE Ai).

Similarly,

(6') *«-(*)?) - Hx)i(y)       (xEAi,yEAa).

The identities (5)-(6') now yield for x£^4i, yEA0:\p(x)\(/(y) =yp(\p(x)y)

= \p(\¡/(y)x)EAof~\Ai or \p(x)y = 0. Hence i¡/ and therefore L(v) maps

the subspace ^4i onto itself. Summing up, we obtain that v belongs to

Ai(c)+A0(c) for each idempotent cm A.

(e) In order to show vEZ(A), we may assume that A is central

simple over K, since \p commutes with the maps L(z), zEZ(A). More-

over, (5) remains valid in every base field extension of A, which justi-

fies the additional assumption of K being algebraically closed. Then

we choose a complete orthogonal system \Ci, • • • , cr} of primitive

idempotents in A which induces a Peirce decomposition A = 22»si ^u

of A with the well-known multiplication properties of the subspaces

An [2, p. 241 ]. According to (d) we have v= ^k=iakCk with scalars

ai, ' • • , ar, since Ai(ck)=Akk = Kck [2, p. 156]. As is well known,

■
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there is an element a^EA^ such that a2j = Ci+Cj for a fixed pair of

indices »*, j. If we put e<"*§(c,-—öy+Cy). ey=2(c¿+«ij+Cy) and ek = ck

for fej^i, j, we obtain a complete orthogonal system [ei, • • • , er] of

idempotents which are all  primitive   [2,   p.  119].  Hence  we  get

v= zZk~ißkßk with certain scalars ßi, ■ ■ • , ßr. Comparing these two

equations for v one obtains a,- = f(/3¿-|-/3y) = oryand therefore v=ae for

some ctEK. This proves the theorem.

3. Let A be an arbitrary algebra with identity element e over K.

We shall call a bijective linear map -n from A onto itself a semi-auto-

morphism of A providing t\(x)-t\(y) =r¡(e)r](xy) for all x, y£^4. One

verifies immediately that the set H(A) of all semi-automorphisms of

A forms a subgroup of GL(A) which acts on the left nonzero-divisors

of A in the natural fashion. Now let A be a semisimple Jordan algebra

over K and r)EH(A). Then the map \p = L(v)~l with v = rj(e) is well

defined, and if B denotes the algebra that is given by the multiplica-

tion x-y=\p(xy) on the underlying vector space of A, we obtain

y(x)-r](y)=\p(T](x)r¡(y))=\p(ri(e)r](xy))=7)(xy) for all x, y in A. Hence

r¡ is an isomorphism from B onto A, and B is a Jordan algebra. In

particular, ^ satisfies the functional equation (4). Therefore, steps

(d) arid (e) in the preceding proof give v=rj(e)EZ(A). Summing up,

we obtain that every semi-automorphism of A can be written in the form

L(v) o <p with an invertible element v in the center and an automorphism <p

of A.
Finally, let A be a commutative algebra with identity element e

over K. We are referring to the invertibility concept introduced by

M. Koecher in [3], choose a generic element x of A and denote by

r(^4) the structure group of A, i.e., the set of those elements 0£GL(A)

such that there is a (p*EGL(A) satisfying 4>(x)-l = (qb*)-1(x-1). Ac-

cording to [3], the map T(A)-^T(A), <p i—*cpf, is well defined and an

involution of T(A). In particular, the set Ti(A) of elements (pET(A)

for which <p#=<p-1, is a subgroup of r(^4). The following statement

describes the relationship of the groups H(A) and Ti(.4).

Proposition. A bijective linear map v from A into itself belongs to

Yi(A) if and only if t] is a semi-automorphism of A such that n(e)2 = e.

Proof..First, let vEH(A) and r¡(e)2 — e. Then we have r¡(x)r¡(y)

= r)(e)t](xy) for generically independent elements x, y over K, and

the specialization y f—»x-1 yields?7£ri(^4). Conversely, let this be the

case and T be an indeterminate over K. If A' denotes the algebra

that we obtain by extending the base field K to K(T), then e + Tu
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evidently is invertible in A' for each uEA, and the inverse admits the

expansion

(e + Tu)-1 = e- Tu+ T2u2 + 0 (T3),

where 0(T3) stands for a rational function in F with numerator (in

reduced representation) divisible by T3 and denominator prime to F.

We have e = r¡(eJrTu)n((e-\-Tu)~l), and using the above expansion

we conclude r¡(e)r](u2) =77(u)2 or r;£77(^4).—If A is a simple Jordan

algebra, we may combine this proposition with the previous char-

acterization of 77(^4) and obtain the fact, known from [2], that Yi(A)

consists of the elements + <p where 4> is running over the automor-

phism group of A.
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