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S. I. GOLDBERG1

1. Introduction. Apparently the only known class of examples of

almost Kaehler manifolds which are not Kaehlerian are the tangent

bundles of nonflat Riemannian manifolds [2], [3], flatness being the

integrability condition of the almost complex structure. These spaces

are not compact; however, for those which are, it is a strong conjecture

that if the almost Kaehler metric is an Einstein metric, the manifold

is Kaehlerian. Denote by ß the fundamental 2-form of the almost

Kaehler manifold (M, J, g) with metric g and almost complex struc-

ture /. Then, by definition, dß = 0 from which it easily follows that

5ß = 0 where d and 5 are the differential and codifferential operators,

respectively. Hence, ß is harmonic, that is, Aß vanishes, where

A = d5 + Sd is the Laplace-Beltrami operator. Moreover, ß has con-

stant length; indeed, | ß| 2 = (ß, ß) = 2w where ( , ) denotes the local

scalar product induced by g and n=dimcM. In the sequel, a p-iorm

will be called harmonic if it is a zero of the operators d and 5. For

compact manifolds, the two definitions of harmonicity are equivalent.

If M is Kaehlerian, its fundamental form has vanishing covariant

derivative with respect to the Kaehler metric g, so the curvature

transformation of g commutes with J. It is the main purpose of this

note to prove the converse:

Theorem 1. If the curvature transformation of the metric g of the

almost Kaehler manifold (M, J, g) commutes with J, then M is a

Kaehler manifold.

Corollary 1.1. The curvature transformation of the almost Kaehler

structure of the tangent bundle T(M) of a Riemannian manifold M

commutes with the almost complex structure of T(M) if and only if M is

locally flat.

If dimcM>l it is easily seen that a Kaehler manifold of constant

curvature is locally flat in the given metric. For almost Kaehler

manifolds we have

Corollary 1.2. .4« almost Kaehler manifold of constant curvature

is a Kaehler manifold if and only if it is locally flat.

Observe that in dimension 1 an almost complex structure is corn-
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plex, so an almost Kaehler manifold of dimension 1 is a Kaehler

manifold.

Since a harmonic form on a compact symmetric space has vanish-

ing covariant derivative with respect to the connection of the invari-

ant metric, the fundamental 2-form of a compact symmetric almost

Kaehler manifold has vanishing covariant derivative. This is also a

consequence of Theorem 1 because of the special nature of the curva-

ture transformation of a symmetric space.

Corollary 1.3. 4 compact symmetric almost Kaehler manifold is a

Kaehler manifold.

This supports the above conjecture since an irreducible symmetric

space is an Einstein space.

2. Notation and formulae. An almost Kaehler manifold will be

considered as a Riemannian manifold with metric g admitting a

skew-symmetric linear transformation field / (the almost complex

structure tensor) such that J2=—I; moreover, its fundamental

2-form Q defined by Q(X, Y)=g(X, JY) is closed. The relationship

between the curvature transformation P(X, Y) (X, YQMm—the

tangent space at mQM) and the metric is given by

R(X, Y) = Vix.n - [VZ, Vr]

where V^ denotes the operation of covariant differentiation in the

direction of A and

2g(X, VzY) = Zg(X, Y) - Xg(Y, Z) + Yg(X, Z)

+ g(Z, [A, F]) - g(X, [Y, Z\) + g(Y, [A, Z]).

Let (M, J, g) be a Kaehler manifold. Then, for any A, YQMm,

(a) R(JX, JY)=R(X, F),
(b) A (PA, /F)=A(X, F),

where A (A, F) is the sectional curvature of the plane determined by

the vectors X and F, and when A, F, JX, JY are orthonormal

vectors

(c) g(P(A, JX) Y, JY) =K(X, F)+A(A, JY). In terms of a basis

{Xa\a-i...-.d of Mm we set

RaßyS   =  g(R(Xa, Xß)Xy,  Aj),

Pa/, = trace(AT -> R(Xtt, Xy)Xß),

Çai---av  =  ç(Acti,   '   '   '   » ■&<*„),

v>f«j...ai, = (vxa£)(Xa„ • • • , Xap).
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3. A variation of the Bochner-Lichnerowicz technique. Our method

is based on the following observation the proof of which is an adapta-

tion of that of Theorem 3.2 in [4] where compactness is required by

virtue of a certain maximum principle.

Proposition 2. A harmonic p-form £ of constant length on a Rieman-

nian manifold M has vanishing covariant derivative if and only if the

quadratic form

K(t\  -   7?    ¿"i—'rJ P ~   1  p «/3a,...a. yi

is nonnegative on M.

In fact, for the length function |ij|, we have, since £ is harmonic

Pl-A\ | |2  = pF(Q  +g>\yC'"ay$lia1...l,„

so since | £| has constant length, the right-hand side vanishes.

A 2-form £ on an almost complex manifold with almost complex

structure J is said to be of bidegree (1, 1) if £(X, JY) +£(JX, Y) =0.

Let M be an almost Kaehler manifold. Then, since an orthonormal

basis {Xi, JXi} may be chosen at each mEM such that the only

nonvanishing components of a real 2-form of bidegree (1, 1) are of the

form £ji,=£(X,-, JXi) (see [l]), we obtain

Corollary 2.1. Let l~ be a harmonic form of bidegree (1, 1) on the

almost Kaehler manifold M. Then, the quadratic form F(£) on M may

be expressed in the normal form

2F(& = £  £ (Kij + Kip+Kw+KwXZii.)* - 8£2WÍ«^.

Remark. Observe that 7"(ß) vanishes if M is Kaehler.

Corollary 2.2. If M is Kaehler and curvature is nonnegative the

covariant derivative of a harmonic 2-form of bidegree (1, 1) and constant

length is zero.

This is an immediate consequence of the identity (c) in §2 (see

formula (4.1)).

The Ricci 2-form >F, defined by ^(X, Y) =s(X, JY) where í is the

Ricci tensor, is easily seen to be closed and of bidegree (1, 1). If the

manifold is homogeneous Kaehlerian, the scalar curvature is con-

stant, so ^ is also coclosed. Thus if sectional curvature is nonnegative

Vty vanishes.
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Corollary 2.3. A homogeneous Kaehler manifold with nonnegative

curvature with respect to the invariant Kaehlerian metric is either an

Einstein   space   or   locally   a   product   of   Einstein   spaces.

Since a harmonic form on a compact Riemannian manifold is invari-

ant by the largest connected Lie group of isometries, a harmonic form

on a compact homogeneous Riemannian manifold has constant

length.

Corollary 2.4. The covariant derivative of a harmonic 2-form of

bidegree (1, 1) on a compact homogeneous Kaehler manifold with non-

negative curvature vanishes.

4. Proof of Theorem 1. Since J is an isometry, g(R(X, Y)JZ, JW)

= g(/P(A, Y)Z, JW)=g(R(X, Y)Z, W), so R(JZ, JW)=R(Z, W).
Replacing Y by 7 F and using the skew-symmetry of P(A, F) we get

P(A, JY)—R(Y, JX). For sectional curvature we have the corre-

sponding relation A(A, JY) =K(Y, JX) and when A, F, JX, JY are

orthonormal, the relation (c) is also seen to hold. Applying Corollary

2.1 we obtain, since P¿¿*y¿*=A17-r-AtJ*,

(4.1) F(§ = £ (R« + KirXSii* - ^')2-

Upon setting £ = fl and observing that ß,i* = Q(A<, JA¿)=g(A¿, A,)

= 1, we see that P(£)=0. Consequently, by Proposition 2, VÍ2 van-

ishes, so M is complex, that is M is Kaehlerian.

Let<î> denote the "Chern 2-form" §i(fi)P where P is the curvature

tensor and t the interior product operator. Then, we have

Corollary 1.4. Let M be an almost Kaehler manifold. Then

(a) if $ = ty, M is Kaehlerian ;

(b) if the 2-form ^ — $ is effective, that is, if r = i(ß)i> where r is the

scalar curvature, then M is Kaehlerian.

Remark. Observe that in a coordinate neighborhood with the

coordinate vectors A, F, Z, W

([Vx, Vy]0)(Z, W) = - Q([VX, VY}Z, W) - Sl(Z, [?x, VY)W)

= g(R(X, Y)JZ, W) + g(P(A, Y)Z, JW),

so that an equivalent formulation of the integrability condition in

Theorem 1 is given by P(A, F)ß = 0 where the curvature transforma-

tion applied to forms gets its meaning from its definition in terms of

covariant derivatives.
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