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We shall show that there is no general method of telling whether

an arbitrary polynomial P(xi, • • • , xk) with integer coefficients is

ever a power of 2 for Xi, • • • , x¡, natural numbers. At present there

is no general method known even in the special case with k = l.

Actually we shall show directly that the relation given by r = 2*

is diophantine in the set 3 of powers of 2. Hence every recursively

enumerable set is diophantine in 3 by Corollary 5 of Davis, Putnam,

and Robinson [4].

We call a relation p(xi, • • • , x„) among natural numbers

diophantine if there is a polynomial P with integer coefficients such

thatp(xi, • • • ,xn) if and only if there are natural numbers yi, • • ■ ,yk

with P(xi, • • • , x„, yi, ■ ■ ■ , yk) =0. A set S (function F) is diophan-

tine if x£S (the graph of F) is diophantine. Also, p is diophantine in

a set S if there is a polynomial P with integer coefficients such that

p(xi, • • • , x„) if and only if there are natural numbers yi, • • • , yk,

zi, • • • , z, with both P(xi, ■ ■ ■ , xn, yi, ■ ■ • , yk, zi, ■ ■ ■ , z,) =0 and

2i, • • • , z¡£S. In [ó], the term "existentially definable" was used

instead of "diophantine". The definitions given there are easily

seen to be equivalent to these. In both [l] and [4], relations over

the positive integers were considered but the definitions and theo-

rems hold for natural numbers with only the obvious modifications.

The logical symbols V (there exists), A (and), <-» (if and only if)

occur in this paper. The variables always range over the natural

numbers.

Let a>l and an, a„' be defined by

an + a¿ (a2 - l)1'2 = (a + (a2 - l)1'2)».

Lemma 1. Natural numbers x and y satisfy the Pell equation

x2 — (a2 — l)y2= 1 if and only if there is a natural number « such that

x = an and y = ai.

This is a standard result of elementary number theory.

Lemma 2. For a>l,

ai = n    (mod a — 1),        an — a„ (a — 2) = 2"    (mod 4a — 5).

For proof, see Lemmas 5 and 7 of [ó].
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Lemma 3. There is a binary diophantine relation Q, such that &(t, m)

implies m>2' and if m is sufficiently large with respect to t then &(t, m)

holds.

Proof. Let y}/ be the relation of Lemma 8 of [6]. Then the binary

relation 0. defined by

a(t, m) «-> (Vw)GK* + 2, u) A m > u)

clearly satisfies the requirements.

Lemma 4. A natural number n is the sum of two squares if and only

if no number of the form 4/+3 divides n to an odd power. Hence if x

and y are relatively prime then xy is the sum of two squares if and only

if x and y are each the sum of two squares.

This is again a standard result of elementary number theory.

Theorem 1. Let 3H be an infinite set of natural numbers and H be a

diophantine function such that for all tw£9TC,

(m,H(m)) = 1,        2»^ = 1    (mod m).

Then r = 2' is diophantine in 91T.

Before proving the theorem, we give two corollaries.

Corollary 1. Every recursively enumerable set is diophantine in any

infinite set of numbers m such that 2m-1= 1 (mod m). In particular, 9TC

can be any infinite set of primes.

Proof. From Theorem 1 with H(m)=m — 1 and Corollary 5 of

[4]. This result is also proved in [7].

Corollary 2. Every recursively enumerable set is diophantine in the

set of numbers of the form 22".

Proof. Let3TC= {22"-l} and H(m)=m + 1. Now

222" =. 1    (mod 22" - 1)

since 2" divides 22". Hence for m£3TC,

2m+l = 1    (modro).

Hence the corollary follows from Theorem 1 as before.

Remark. R. M. Robinson pointed out this application of the

theorem to me.

Proof of Theorem 1. We shall show that r = 2' if and only if

there are natural numbers a, u, v, and m such that
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(1) c>l, mEVU, m|(4a-5), H(m)\(a-1), m > 1,
(2) a(t,m),
(3) u2-(a2-l)v2 = l,

(4) Rem(w — v(a — 2), m) =r,

(5) Rem(v, H(m))=t.

Suppose that a, u, v, and m satisfy (l)-(5). By Lemma 1 and (3),

there is a natural number « such that u = a„ and v = ai. Then by

Lemma 2,

u — v(a - 2) = 2"    (mod 4a — 5)

= 2"    (mod m)

since ra| (4a —5) by (1). Hence by (4),
(6) r = 2n (mod m), r<m.

Also by Lemma 2,

t) = «    (mod a — 1)

= «    (mod H(m))

since .ff(w)| (a —1) by (1). Hence by (5),

Z s «    (mod H(m)),       t < H(m).

Thus, n = t+q-H(m) for some g^O. But by the hypothesis of the

theorem 2H(m) = l (mod m) and by (2), ^4(Z, m) holds so that

2" be 2'    (mod«),        21 < w.

Hence by (6), r = 2'.

On the other hand, suppose r — 2%. We need to find a, u, v, and m

which satisfy (l)-(5). Choose m in 9TC sufficiently large so that

Ct(Z, m) holds. This is possible by Lemma 3 since 3TC is infinite by

hypothesis. Now m is odd since 2Hlm) = i (mod m) and H(m)>0.

Hence by the Chinese Remainder Theorem, we can choose a>l

so that

4a = 5    (modm),        a^l    (mod H(m))

since m and H(m) are relatively prime. Hence (1) and (2) are satis-

fied. Now let u = at and v = a{ so that (3) holds. By Lemma 2, we

have

u - v(a - 2) = 2'    (mod 4a - 5)

be 21    (mod m).

Also since .4(Z, m) holds, 2'<m. Hence Rem(u—v(a — 2), m) = 2* = r

so that (4) holds. By Lemma 2,
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v = t    (mod a — 1)

= t    (mod H(m))

since H(m)\ (a —1). Now t<H(m) since 2l<m and 2Him)>m. Hence

Rem(p, H(m)) =t so (5) holds. Since all of the relations occurring in

(l)-(5) except otGSTC are diophantine, the theorem follows.

The following existential definition of the set of numbers of the

form 22" in terms of 3, the set of powers of 2, was suggested by the

work of Davis [3].

Theorem 2. x = 22 for some «>0 if and only if x is a power of 2

and there are natural numbers u and v such that x = 1+3(m2-t-d2).

Proof. Let m be positive and k be odd. Then

22*"-* - 1 = (22m_1-* + 1)(22"""2* + 1) • ■ • (22* + 1)(22* - 1).

Hence (22"1'* —1)/3 is the sum of two squares if and only if

(2* —l)(2* + l)/3 is the sum of two squares by Lemma 4. (Note that

31 (2*+l) for k odd.) Now for k^3, 2*-l is of the form 4i+3 and

is prime to (2* + l)/3 so the product is not the sum of two squares;

while for k = l, it is. In the case m = 0 and k odd, 2* —1 is not di-

visible by 3. Hence for odd k, 22m"* = l+3(w2-f-z>2) has a solution for

u and v if and only if m > 0 and k = 1.

Theorem 3. To every recursively enumerable set S, there is a poly-

nomial P with integer coefficients such that

S = {x: P(x, yi, ■ ■ ■ , yk) = 2l for some ylt • ■ • , yk, and <*}.

Proof. Since S is diophantine in 3 by Corollary 2 and Theorem 2,

there is a polynomial F such that

(Vwi, ■ ■ ■ ,um,vi, ■ ■ ■ , v„) (F(x, «i, • • • , «m, 2V1, • • • , 2C») = 0).

Hence

x E S «-> (Vtti, • • • , um, Wi, ■ ■ ■ , w„, v)

(F(x, «1, ■ • • , um, wu ■ ■ • , wn) - 0 Awi I 2" A • • • A u>n I 2").

We can now combine the conditions into a single polynomial in more

variables in the usual way (see Davis [l, p. 104]). Thus,

x E S «-* (Vzi, ■ ■ ■ ,zr, v)(G(x, Zi, • • • , 2„ 2") = 0)

for a suitable choice of G. Finally, we see that
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X E S <-> (Vzi, • ■ ■ ,Zr,W, v)(w(l + 2G(x, Zi, ■ ■ ■ , Z„ w)2) = 2").

Hence we can take w(l+2G2) for P.

Remark. The arguments here are derived from those of Putnam

[5] and Davis [2].

Since not every recursively enumerable set is recursive, Theorem 3

shows that there can be no general method of telling whether an

arbitrary polynomial assumes a power of 2 as value.

Open Questions. Is every recursively enumerable set diophantine

in the set of powers of 3? of «? Is there a general method of telling

whether an arbitrary polynomial P with positive integer coefficients

assumes a power of 2 as value? (In this case, there is an obvious

method of telling whether P assumes a particular power of 2.)
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