TRANSCENDENTAL NUMBERS WITH BADLY
DISTRIBUTED POWERS!

DAVID W. BOYD

In this paper we shall construct an uncountable set of numbers
which exhibit to some extent the unusual properties of the classes of
algebraic integers studied by Pisot, Vijayaraghavan and Salem (see
[1], [3], [5], [6]). We denote by T the set of real algebraic integers
6> 1 such that all conjugates of § lie within or on the unit circle. As
usual ||x|| will denote the distance from the real number x to the near-
est integer. If 6E T, and €>0 is arbitrary then there are numbers A
in the field Q(8) such that H)\O"H <eforn=0,1,2, - - - (see [6]; com-
bine Theorem 2, p. 3 with the argument on p. 33). On the other hand,
a result due to Pisot [3] states thatif 6>1,A 21 are real and such that

(1 || = @800+ D1 +1logA) w=0,1,2,- -
then §E T, deg 6 < [log A\]+1, and AEQ(9).

It is reasonable to ask how much this result can be improved by
increasing the right member of (1), and still obtaining the conclusion
that 0 is algebraic. Our construction will show that there are arbitrary
large transcendental >3, and N arbitrarily close to 2 such that

2 Inr| < (06— 1)@ —3)" forn=0,1,2---.

Thus, for example |[\7|| £10(2e8(8+1) (1+1og X))~ for all =0, need

not imply that @ is algebraic, (see the remarks following Theorem1).
Pairs (\, 6) satisfying (2) are quite rare, for Weyl [7] shows that,

for fixed 6, the sequence {)\0"} is uniformly distributed modulo 1 for

almost all real \, and Koksma [2 ] shows that, for fixed \, the sequence

{N~} is uniformly distributed modulo 1 for almost all real §>1.

However, if X and 0 satisfy (2), {)\0"} is not even dense modulo 1.
Our main result is the following:

THEOREM 1. Let a, B be real numbers with 3 <a<f, and let ao be an
integer satisfying ao> (a+1)(@—1)"'(B—a)~. Then there is an un-
countable set SC e, B], such that for each 0ES, there is a real number
A=X\(0) >0 for which

(3) A7 < (@— 16 —1)"" forn=0,1,---.
The integer a, is the nearest integer to N(0) for all §ES.
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Proor. We construct each element in the set S as the limit of a
sequence {a,.+1/a,.} where each a, is a positive integer. To insure
that S is uncountable we obtain a one-one correspondence between
S and the set 3 of functions mapping Z+—{0, 1}, (here Z+

___{1, 2, .- }).
To begin with, we note that a¢> (a+1)(ea—1)"'(8—a)~! implies
that

(@8 — (@ — 1)) — (@ + (@ — 1)71) > 1.
Thus there is an integer a; with
4) g+ (a—1)"' < a1 <@ — (a— 1)L

Let a, be any such integer (say the smallest). Now, if &3, we define
a sequence {a.(f)} of integers by

ao(f) = Qo, al(f) = a1,
tus() = [an(N/ana(N] + (),  n=1,2,- -,

where as usual the square brackets denote the integer part.
Now define p.(f) =a.(f)/a.-1(f). For the moment we shall write
@n=ax(f), pn=pa(f). Note that (5) implies

®)

(6) | pasr—pu| San, m=1,2---

Thus, we have

v -1 o -1 -1
(7 |Pn+1 - P1| =< a = 2 (prpe1 - - - p1) @ -

k=1 k=1
We wish to show by induction that a<p, < for all n. First observe
that (4) implies a<pi=a;1/a¢<B. Assume that a<p,<B for k
=2,3, -, n Then, from (7) we have

| pusr — o1| < as Do <ap(a—1)7",
k=1

and hence

-1 —1 —_ —
(8) p1— @ (@ —1) <Pn+1<91+001(a— 1) "

However, by (4), p1—ao " Ha—1)"'=(a;— (@—1)"1),ay" ' >, and simi-
larly the right member of (8) is less than 8, so @ <p.;1 <8 completing
the induction.

Again using (6), we can show {p,,} is a Cauchy sequence, for if
n<m, we have
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m—1

| om = pn] < 25 | prsr — ox]
k=n
9
mlo o ml a1 4
S>Xa <Xa Ay < an—l(a - 1)
k=n k=n
where we have used ar=pipr_1 - * * Prln_1>a* ", ;. Since a>3,

clearly a,>a"ag—» so (9) shows that {p,,} is a Cauchy sequence
hence converges to 0 =0(f), say, with a S0 =8.

We next show that if f, g&3, f5#g, then 6(f) #60(g). For, if f£g, let
f(k)=g(k) for k=1,2, .-, n—2 and f(n—1)>g(n—1) so f(n—1)
=1, g(n—1)=0. Then ai(f) =ar(g) for k=1, 2,---, n—1, and
an(f) =a.(g)+1. Thus

(10) pn(f) - Pn(g) (an(f) - an(g))/an—l(f) = an l(f)

But, for k=n,

l Pk+1(f) — pry1(g) I

= | () = (@) | — | prra() — o) | = | pess() — pilg) |
11
(11) > | o) —m(g) | —ax () —ax(e), by ©

2 | o(f) — m(g) | = 2o ().

Hence, we have

l6() — 6(g) |

lim | pm(f) — pm(e) |

m—

|mn—m@|+§{4mm—m@|
+ | Pk+1(f) - pk+1(g) | }

!mm—m@l—gm%*zmnbﬂm

(12)

v

=N —2—17)>0, sincea > 3.

Let S= {8(f): fE5}.1{6=0(f) €S, and {a.} = {a.(f)} is the sequence
defined above, we claim that {a,. —"} converges to a number A>0,
and that

(13) o =2 (@ — D) ae—1" forn=0,1,---.

To prove this, first let m— o in (9) to obtain

(14) |6 —pa| <artsla—1)7"
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Multiplying (14) by a,0~", we obtain
(15) l A~ — anﬂ"‘l < (e — 1), n=1.

Thus, 8> 1 together with (15) implies {a,.o—"} is a Cauchy sequence
with limit \, say, and

oc

| 6,877 = A £ X | @™ — @y |
m=n

(16) i
<(a—1) 2 g™ l=g70— 1) a— 1)L
This establishes the estimate (13).
Since0=za>3, 0—1)"Y(a—1)"'<1/4 so (13) implies that

(17 el < 0= 1) ta—1"Y, n=01,---.

Note also that |\ —ao| <1/4 so ao is the nearest integer to \.

REMARKs. In order to obtain 6 so that the estimate ||N6|
Z(@—1)"(a—1)"'is of the same order of magnitude as the right
member of (1), we first choose a large and B=a+2, say, so the re-
striction on @, imposed by the theorem is a¢> (a+1)/2(a—1) or
ao=1, since > 3. Choosing ao=2, we have |)\-—-2| S@O—-1)"Ya—1)"1
which means A>1, and log A<log 2+e(a), where e(a)—0 as a— .
Thus we can obtain #>1, A =1, with 0 transcendental, and

[A67| < 10(2¢86 + 1)(1 +log )~ #=0,1,- - -.
Of course 10 may be replaced by any number greater than 2e(1+log 2).
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