JORDAN HOMOMORPHISMS AND DERIVATIONS
ON SEMISIMPLE BANACH ALGEBRAS
A. M. SINCLAIR

1. Introduction. One may construct a Jordan homomorphism from
one (associative) ring into another ring by taking the sum of a homomorphism and an antihomomorphism
of the first ring into two ideals
in the second ring with null intersection
[6]. A number of authors
have considered conditions on the rings that imply that every Jordan
homomorphism,
or isomorphism, is of this form [6], [3], [7], [10],
[ll]. We use a theorem of I. N. Herstein [3] (and without restrictions
on the characteristic
of the ring [lO]) to show that a Jordan homomorphism from a ring onto a semisimple ring with identity and no
one-dimensional
irreducible (left) modules is the sum of a homomorphism and an antihomomorphism
(Theorem 2.1). The ideals with
null intersection are obtained from a disconnection
of the structure
space in a way similar to that used in the proof of Corollary 3.8 of
[ll, p. 446]. I am indebted to B. E. Johnson for drawing my attention to [ll]. We give an example to show that the conclusion is false
if the hypothesis that there be no one-dimensional
irreducible mod-

ules is omitted. In Theorem 2.2 we show that for C*-algebras the
decomposition
of Theorem 2.1 holds if the assumption
that there is
an identity is dropped.
1. N. Herstein has shown that a Jordan derivation on a prime ring
not of characteristic
2 is a derivation
[4]. We use this result to show
that a continuous Jordan derivation on a semisimple Banach algebra
is a derivation

(Theorem

3.3). As an application

of Theorem

3.3 we

show that a hermitian operator on a C*-algebra with identity is the
sum of a left multiplication
by a selfadjoint element in the algebra
and a *-derivation.

2. Jordan epimorphisms. An additive map 6 from a ring A to a
ring B is called a Jordan homomorphism
if 6(a o b) =d(a) o 6(b) for all
a and b in A where xoy = xy4-yx (we shall write all definitions and
proofs for a ring of characteristic
not equal to 2; the necessary changes
for characteristic
2 are routine [lO]). We take the dimension of an
irreducible module over a ring to be the dimension of the module as a
module over the centralizer
[S, p. 24].
Let A be a semisimple ring with identity, and let II be the set of
all (left) primitive ideals in A with the Jacobson topology [5]. If ^
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and <P are closed disjoint

and if J=f){PE^}
known. We obtain

nonempty

[January

subsets of n whose union is n,

and I=n{PG<p},

then A=I®J.

I-\-J = A, because a maximal

This result is

ideal in A is primi-

tive, ^ and <Pare closed, and ^C\^ = 0. That I(~\J= {o} follows
from the semisimplicity of A and \FW<I>
=11.
2.1. Theorem. Let A and B be rings, and let A be semisimple with
identity and no irreducible modules of dimension one. Let 6 be a Jordan
epimorphism from B to A. Then there are unique ideals I and J in A, a
unique

epimorphism

<j>from B to I, and a unique

from B to J, such that A =I®J

antiepimorphism

\p

and 9=fa-\-fa

Proof. Let n be the set of primitive ideals in A with the Jacobson
topology. For each P in n, let 6P denote the product of 6 and the natural quotient map from A onto A /P. Let ,F= {PGn: 0P is a homomorphism} and >P= {PGn:0j,
is an antihomomorphism}.
Herstein
proves [3] (see also [lO]) that a Jordan epimorphism to a prime ring
is either a homomorphism or an antihomomorphism.
Thus "'FW'J)=n.
Since each irreducible module has dimension greater than one, for
each primitive ideal P in A there are x and y in P such that 0p(x) and
dpiy) do not commute. This shows that *rvi> = 0. Let/ = D{PG*}
and 7 = n{PG<I>}- Then the product of 6 and the natural quotient
map from A to A/J is a homomorphism,
and the product of 9 and the
natural quotient map from A to A/I is an antihomomorphism.
If P
is a primitive ideal in A containing
J, then dp is a homomorphism
and
so P is in 1F. Hence St is closed. Similarly $ is closed. By the remarks
before this theorem we obtain A = /© /. Let (p denote the map

6

B-*A->A/J-+I
and \p denote the corresponding
map with I and J interchanged,
where A/J—+I and A/I—* J are the natural isomorphisms
induced
by the decomposition A = I® J. Then <pis a homomorphism
and \p is
an antihomomorphism.

Let A =K@L be a decomposition of A into ideals, fa be an epimorphism from B to K, and fa be an antiepimorphism
from B to L

such that 6=fa+fa.

Let P be a primitive ideal in A such that 6P is a

homomorphism.
If P is not contained in P, then an irreducible A
module with kernel P is an irreducible P module with the same centralizer [5]. Hence there are x and y in 0-1(P) such that 6Pix) and
dpiy) do not commute. By definition of P and fa, d\ 0~liL) is equal to
fa so that 0j,|0-1(P) is an antihomomorphism
which contradicts the
assumption that 9P is a homomorphism.
Hence P is contained in P,
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LQJ,

and AC/,

K is contained
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in I. Because I@J = A =K@L,

we obtain L = J and K = I. It now follows that

<j>'
=</>and \f/'=$■
2.2. Theorem.

Let A and B be C*-algebras, and let K and L be the

minimal closed ideals in A and B, respectively, such that A/K and B/L
are commutative. Let 6 be a Jordan isomorphism from B to A. Then
6(L) =K, and d\ L is the sum of a unique isomorphism and antiisomor-

phism.
Proof. We observe that K is the intersection of the kernels of all
the characters on A. Let co be a character on A. By Herstein's Theorem [3], u>6 is a homomorphism
or an antihomomorphism,
so that
wd is a homomorphism.
Since Ker ud =6~1 Ker u2I
for each character
« on A, 6~l(K) contains L. Symmetry yields the reverse inclusion, so

that 6(L) is equal to K.
We shall now consider 8 as a Jordan isomorphism
from the C*algebra L to the C*-algebra K. Suppose that there is a character on
K, that is, that K has a nondegenerate
representation
on onedimensional Hilbert space. This representation
extends to A, since A
is a closed ideal in A [2, p. 52, 2.10.4], and gives rise to a character
on A. However, a character on A annihilates K. This proves that K
(and L) have no irreducible representations
of dimension one.
In Theorem 2.1 the identity in the ring A (which corresponds to K
in this theorem) was used only to show that the disjoint ideals / and

/ defined in Theorem 2.1 satisfy I+J
and note that the remainder

IC\J= {0}, I+J

= A. We prove that I+J

of the proof is as in Theorem

= K,

2.1. Since

is a closed ideal in A [2, p. 20, 1.9.12(b)] that is

contained in no primitive ideal in K. For if P is a primitive ideal in
K containing
/+/,
then 6P is both a homomorphism
and an antihomomorphism,
since P contains / and J, which gives a contradiction
as the representation
of K with kernel P has dimension greater than
one. In a C*-algebra each closed ideal is the intersection
of the primitive ideals in the algebra containing the closed ideal [2, p. 49, 2.9.7].

Therefore I-\-J = K.
2.3. Example. If the condition that A has no irreducible modules of
dimension one is omitted from Theorem 2.1, we might expect to find
ideals I and J such that I-\-J —A, and I and J satisfy the other conclusions of Theorem 2.1 with the exception of the uniqueness of the
decomposition.
That this cannot be done is shown by the following
example.
Let C be the algebra of continuous complex valued functions on
[0, 2], and let D be the ideal in C of functions that vanish at 1. Let
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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[January

We define 8 on A by

where

gix)=Mx)

= M*)

ifxG[0,

lj,

if* £[1,2],

and h is defined similarly. Then 0 is a Jordan isomorphism on A. There
are no ideals I and J in A such that I-\-J = A and there is a homomorphism <j>from ^4 into I and an antihomomorphism
\p from P into

P with 6=<p-\rfa
3. Continuous

Jordan

map D on an algebra

derivations
A is called

on Banach algebras.
a Jordan

derivation

A linear

if P(a o b)

= D(a) o b+a o D(6) for all a and b in ^4.
3.1. Lemma. Let D be a Jordan derivation on an algebra A, let P be a

Jordan ideal in A, and let x be in P. Then Pn(xn)+P

= w!P(x)"4-P

for n = l, 2, • • • .
We omitt the proof of Lemma 3.1 as it uses the Leibnitz formula
for D and the Jordan product in the same way that the proof of
Lemma 2.1 of [9] uses the Leibnitz
formula for an (associative)
derivation.
3.2. Lemma.
leaves invariant

A continuous Jordan derivation on a Banach
the primitive ideals in the algebra.

Proof. Let P be a primitive ideal in a Banach
have an irreducible representation
on a Banach
P. By Lemma 3.1, for each x in P, we have

algebra

algebra A, and let A
space X with kernel

\\{D(x)+ P}"\\l'n= («!)-l/"||P"(x»)+ Pll1"1= (w!)-1'"-!!^!-11*11,
so that P(x)+P
is topologically nilpotent in A/P.
Let x be in P and suppose P(x) is not in P. Then there are £ and n
in X such that D(x)£ =v and t\ is nonzero. Since P(x) -\-P is topologically nilpotent, £ and v are linearly independent
over the centralizer
of A on X as operators in the centralizer of A on X are continuous.
Now we choose a y in A so that y£ = £ and yi)=£—n [5], Then
P(x) o;y£ = D(x);y£+;yD(x)£ = £, so that P(x) oy+P
is not topologiLicense or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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cally
nilpotent.
However
D(x oy)-\-P = D(x) oy+x o D(y)+P
= D(x)oy-\-P
is topologically
nilpotent.
This contradiction
shows
that D(x) is in P and completes the proof.
3.3. Theorem.
A continuous
Banach algebra is a derivation.

Jordan

derivation

on a semisimple

Proof. A continuous Jordan derivation on a Banach algebra leaves
the primitive ideals in the algebra invariant by Lemma 3.2, and so
may be dropped to a Jordan derivation on the algebra quotiented by
a primitive ideal. From a theorem of Herstein [4] it follows that a
Jordan derivation on a primitive Banach algebra is a derivation. This
and the semisimplicity of the Banach algebra show that the Jordan
derivation is a derivation.
3.4. Question.
Is a Jordan derivation on a semisimple Banach
algebra continuous?
3.5. Remark. A continuous linear operator T on a Banach space A
over the complex field is said to be hermitian if exp itT is an isometry
for each real t [12]. We shall use the result that T is hermitian if, and

only if,

\j<T):/(/)=ll/H- 1, /G(B(A)*}
is contained in the real line, where 03(A) is the Banach algebra of
bounded linear operators on A [8]. We show that a hermitian operator on a C*-algebra with identity is the sum of a left multiplication
by a hermitian element in the algebra and a *-derivation.
Let A be a C*-algebra with identity, and let J1 be a hermitian
operator on A. For each continuous linear functional/
on A of norm
1 with/(l)
= 1 (that is, each state on A), B—*f(B(l)) is a continuous
linear functional on <$>(A)of norm 1 and equal to 1 at I. Thus/(T(1))
is contained in the real line for each state/
on the C*-algebra A, so
that T(l) is a hermitian element in A. The operator defined on A by
left multiplication
by a hermitian element in A is a hermitian operator on A. This follows from the definition of a hermitian operator
and the result that the exponential of i times a hermitian element is
a unitary element in a C*-algebra. By subtracting
the operator of
left multiplication
by T(l) from T, we may assume that T(l) is zero
(the difference of two hermitian operators is hermitian
[12, p. 122,
Hilfssatz, Lemma 2 ]). Hence for all real /, exp itT is an isometry on A

that maps 1 to 1. By a theorem of R. V. Kadison [7, p. 330, Theorem
7], it follows that exp itT is a Jordan *-isomorphism
for all real t.
Using this and by considering the derivative of exp itT at zero operating on a product, we find that T is a Jordan *-derivation on A (this is,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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a Jordan
Theorem

derivation on A such that P(x*) = — (Tx)* for all x in A).
3.3 shows that P is a derivation,
and this completes the

proof.
Each *-derivation on a C*-algebra is a hermitian operator on the
C*-algebra. This follows from the well-known results that the exponential of i times a *-derivation
is a *-automorphism
and that a
*-automorphism
on a C*-algebra is an isometry [7].
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