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Abstract. In a recent paper we showed that every connected

graph can be written as a weak cartesian product of a family of

indecomposable rooted graphs and that this decomposition is

unique to within isomorphisms. Using this unique prime factoriza-

tion theorem we prove that if a graph X can be written as a

product of connected rooted graphs, which are pairwise relatively

prime, then the automorphism group of X is isomorphic to the

restricted direct product of the automorphism groups of the fac-

tors with prescribed subgroups the isotropy groups of the factors

at the roots. This is a generalization of Sabidussi's theorem for

cartesian multiplication.

Sabidussi [4] proved that if Xi, ■ ■ ■ , Xn are connected graphs of

finite type which are pairwise relatively prime with respect to car-

tesian multiplication, then the automorphism group of the product is

isomorphic to the direct product of the automorphism groups of the

factors. The proof of this result uses the unique prime factorization

theorem for cartesian multiplication. In [3] it was proved that, for

connected graphs, unique prime factorization holds for weak car-

tesian multiplication. The purpose of this note is to generalize

Sabidussi's Theorem to the weak cartesian product of a family of

rooted graphs.

Let iGa)a£A be a family of groups and for each aEA let Ha be a sub-

group of Ga- The restricted direct product of the family of groups

(Ga)aeji with prescribed subgroups Ha is defined by

IX (Go, Ha) = <gE II Ga | pra gEHa for all but finitely many aEA > .
a£A \ a£A 1

This product was introduced by Vilenkin [6] and can be found in

Kuros [2]. For a subgraph Fof a graph X we use the notation of [5]

and denote the subgroup of the automorphism group of X that leaves

Y invariant by GiX; Y), that is, GiX; Y) = {<pEG(X)\d>Y = Y),
where GiX) is the automorphism group of X. Hence G(A7; xa) de-

notes the isotropy group of Xa at xa. Our main result is the following:

Theorem. Let (Xa, xa)aGA be a family of connected rooted graphs which

are pairwise relatively prime. Then G(\\aeA (Xa, xa)) is isomorphic to
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the restricted direct product of the groups G(Xa) with prescribed subgroups

G(Xa;xa).

We will proceed by first characterizing a particular subgroup of the

automorphism group of the disjoint union of a family of connected

graphs. Let (Xa)aeA be a family of connected graphs and for each aEA

we distinguish a vertex xaE V(Xa), that is, we consider the family of

rooted graphs (Xa, xa)aeA- Let X = 2^2<"ea (Xa, xf) denote the disjoint

union of the family (Xa, xa)aeA- Since each Xa is connected, every

<pEG(X) determines a permutation ir^, on the index set A by ir<t,(a) =b

if and only if 4>X„=Xb. Let H(X) be the subgroup of G(X) consisting of

all (pEG(X) such that <pxa=x^(a) for all but finitely many aEA.

Lemma 1. Let (Xa, xf) be a family of connected graphs. Let X =

2^l"SA(Xa, xa) and let N = H(X)n\C\aSA G(X;Xf). Then N is normal in

H(X) isomorphic to the restricted direct product of G(Xf) with prescribed

subgroups G(Xa; xf) and H(X)/N is isomorphic to a union of an up-

ward directed family of direct products of symmetric groups.

Proof. For any<j>EH(X),ipENand any aEA,

<p-l4/<t>Xa = fV^ia) = <P~xXT4i{a) = Xa,

that is, (p-iipcpEN. Hence N is normal in H(X).

To show that N is isomorphic to the restricted product of G(Xf)

with prescribed subgroups Ha = G(Xa; xf), let P =Y[atA (G(Xf), Hf)

and define /: N—>P by

pr„ (/ci.) = ci. | Xa,        for <p E N.

Clearly <p\ XaEG(Xa) and <p\ XaEG(Xa; xf) for all but a finite number

of aEA, and hence f<j>EP- It is easily verified that/ is an isomorph-

ism.

To prove that H(X)/N is isomorphic to a union of direct products

of symmetric groups we partition A into a collection of subsets

{•<4.-|^G.r} such that Xa^Xb if and only if a, bEA, for some iEI.

Now partition At into a collection of subsets {^4i,-|/£/,-} such that

a, bEAn for some jE J, if and only if there exists an isomorphism <p:

Xa—*Xb such that c/>xa = x&. We will assume that the index sets /,- are

chosen to be disjoint. We will denote the symmetric group on a set A

by S(A) and if BEA we will consider S(B)ES(A). For any finite sub-

set K of Uis/ Ji put K, = K(~\Ji and let

PKi = s(  U   A{])x     II    S(Aij)

and
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Pk - II^.-

If K and K' are any two finite subsets of I7er /,• then PK and Pk< are

subgroups of Pk\jk', that is, the Pr's form an upward directed family

of subgroups of S(A) and hence UPk, where the union is taken over

all finite subsets of U.er Ji, is a group. The homomorphism cp—*Tr^ of

H(X) into S(A) has as its kernel N. We will now show that dy—yjr^, is a

mapping onto UP«. For any d>EH(X) we have that

-^7*00 = <t>Xa — -^o

and hence ir^AiESiA/). Now d>EH(X) implies that d>xa=xrt,(a) for

all but a finite number of a£^l and hence ir^,\ A(JES(Aij) lor all but a

finite number oljEJi- Let A' be the finite subset of U.e/ /< such that

jEK if and only if irJ\Aij^S(Ai,) and let Ki = Kr\Ji. Then for each
i£7,7r^| AiEPiLi and therefore

*•*£ IJPk, = Pk-

Now for a, bEAtj let t„,&: Xa—>Xh be an isomorphism such that

Ta.b(xa) =Xb and for any a, bEAi let 0"o,&: -X"„—>-A7 be an isomorphism.

Let

tGUP*

and let A7 be any finite subset of U,e/ Ji such that irEPKa- Define

<t>: X^X by

d> | Xa = t0,T(0),    if a (£ ^o,

= cra,T(a),    if a £ A"o-

Clearly ir^ = ir and hence H(X)/N is isomorphic to UP*.

Corollary 1. // (Xa, xa)aeA is a family of connected nonisomorphic

graphs then

h(y, (*., *S) =i n (G(*°)' G(x«; *«))•
\ a£4 / aEA

Proof. Follows since G(X; Xa)=G(X) for each aEA, and hence

HiJ^aeA iXa,xa))=N.

The following lemma is a generalization of [4, (3.1)].:
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Lemma 2. Let (Xa, xf)a£A be a family of connected graphs that are

pairwise relatively prime with respect to weak cartesian multiplication.

Then

h(T, (Xa, Xa))   =   C(   U(Xa, Xf)).
\ aEA / \ a6A /

Proof. Let 5= X^ea (Xa, xf) and P = Haex (Xa, xf). Define a

mapping f:H(S)—>G(P) by

pr^eoC/W* = ^ Pr<> x>       4> E H(S),

where pr„ denotes the ath projection of P onto Xa. Since <//x0=x^fa)

for all but a finite number of aEA we have that/)/': V(P)—>V(P).

The proof of [4, (3.1)] then establishes that f\p is a graph automorph-

ism and that/ is a group monomorphism. We now will show that/ is

onto.

Let cr be that equivalence defined on the edge set E(P) by eae' if

and only if there exists an a such that the ath projections of e and e'

are edges of E(Xf). By [3, Remark 2] cr is contained in the principal

filter of all acyclic equivalence relations containing cAJfi. By [3,

Theorem 2] the least element p in the filter of all acyclic equivalences

containing «Uj3 determines the unique decomposition of P into its

prime factorization say P=W\b<EB (Ya, yf). For convenience we will

identify P with H^e^ (^&> 3^) anc^ hence we may without loss of gen-

erality assume that for each aEA there exists CCP such that

Xa = Yibec (Yh, yf) and pr& xa=yb for all bEC.

Now let <pEG(P). For any z EV(P) and any aEA let tj: Xa-^P de-

note the injection mapping [4, (2.4)] or [3, Definition 6] and let

X'a = i\Xa. Since p is invariant under automorphisms this implies that

d> determines a permutation on B by

(1) 4>Yl = ¥?;,{,,       b E B,

where xE V(P) is defined by prax=xa, aEA. Since the AVs are rela-

tively prime and since pO (1) then implies that p also determines a

permutation on A given by

X 0 (x)

<bXa = Xr^a),        aEA.

Now define x^EH(S) by

IXX" = pr,r+<o><R,        aEA.

Again using the proof of [4, (3.1)] one can show that/^=0. Hence/
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is onto and therefore an isomorphism. This completes the proof of

Lemma 2.

The proof of the theorem now follows from Corollary 1 and Lemma

2.
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1 In [l, Satz 7], Imrich has an elementwise description of G(noe^(Xa, x„)) which

is essentially the same as our Lemma 2 with prime replacing pairwise relatively

prime.


