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A graph-theoretic formulation of McKinney's [l] characterization

of the union of two convex sets leads to an especially concise proof,

and suggests a technique which may prove quite useful in certain

combinatorial-geometric problems. If 5 is a set in a real linear space,

we define the nonvisibility graph GiS) of S as the graph whose vertices

are the points of 5 and whose edges are defined by: if x, yES, then

x and y are joined by an edge in GiS) if and only if xy (£S (i.e., x and

y are not visible in S). McKinney's property P0 translates into the

graph-theoretic condition that GiS) has no circuits of odd length.

It is a standard theorem (see [2]) that a graph has no circuits of odd

length if and only if it is bipartite.

Theorem. In a topological linear space a closed nonconvex set S is

expressible as the union of two convex sets if and only if GiS) contains

no circuits of odd length, i.e., if and only if GiS) is bipartite.

Proof. The necessity of the condition on GiS) is obvious, so only

the proof of sufficiency of this condition is given.

Let the vertex set of GiS) be written as S = A\JB, where AC\B=0,

and where the only edges of GiS) join points of A with points of B.

To prove the assertion, it suffices to prove that conv A\JconvBES.

In turn, by Caratheodory's Theorem, we need prove only the follow-

ing assertion: if {a0, • • • , ak} EA is the vertex set of a ^-simplex T,

then TES. The assertion is obvious if k = 0 or k = l, so we assume

that k ^ 2 and that the statement is true for all subsets of A having

fewer than k elements. In particular, we know that the boundary of

P is a subset of S. If there is a point p which is relatively interior to

P, but is not in S, we may as well assume that there is some open

&-ball [/centered atp such that U is in the relative interior of T, but

is disjoint from S.

By the decomposition of 5 induced from GiS), we have that the

boundary of P is decomposed into disjoint subsets with respect to

A and B. Each point a of bdP which is an A point can be mapped

into a point of bdP by extending the segment ap to meet bdP at the

other point Z(a) distinct from a. This image point is necessarily a

point tia)=bEB; for, since ab(X.S, a and b are joined in GiS). Now
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the cone formed by taking the union of all rays from t(a) through

points of U meets bdT" in a neighborhood A of a and the preceding

argument shows that AC^4^bdP Hence, we have that the set of A

points in bdT is open, and a similar argument gives that the set of B

points in bdT is also open. But these sets are disjoint and nonvoid;

hence, bdT" is not connected, a contradiction. This completes the

proof.

Added in proof. Richard L. McKinney has shown that the corre-

sponding theorem for unions of three convex sets is valid. For unions

of four or more convex sets, however, the analogous statements are

false. (See Notices Amer. Math. Soc. 17 (1970), 245. Abstract

#672-575.)
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