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Abstract. We prove that a limitarperiodisch T-fraction, which

corresponds to a rational function, has the property that <J„—> — 1.

1. Introduction. We are going to prove that a "limitarperiodisch"

Infraction [l ] has the property <i„—>— 1 ii it corresponds to a rational

function.

This is a small contribution towards a solution of the problem

raised by Perron [2]: "Notwendige und hinreichende Bedingungen

dafiir, dass der Thronsche Kettenbruch einer rationalen Funktion

zugeordnet ist, sind nicht bekannt."

The interest in this question goes back to the classical theory: "A

regular continued fraction represents a rational number if and only if

it is terminating." For some types of continued fractions correspond-

ing formally to power series, the C- and P-fractions [3], [4], an

analogue result is known: They are both terminating if and only if

the power series expansion is the expansion of a rational function.

But contrary to these fractions, the P-fractions are nonterminating

by definition, which seems to make the question of rationality rather

complicated.

2. P-fraction expansion in the holomorphic case. Let us first de-

scribe how to expand a function into a P-fraction (such a description

is given in [l ], and the present one differs from that one in notations

only).

Let/o be a complex-valued function of a complex variable, holo-

morphic in some region D0, containing the origin, and normalized by

/o(0) = 1, and let {/„} be the sequence of functions defined by

/.(*)   =   1 +  (fn (0)  -  1)2 + z/fn+x(z), Z *0,

fn+l(0)  =  1.

Then every /„ will be holomorphic in some region Dn, containing

the origin. With

(2) dn=ff(0)- 1,        „ = 0, 1,2, •••,
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the continued fraction

(3) 1 + doz +--
l+dlZ   +   ■   ■   ■  +   1+dnZ   +   ■   ■   ■

is the P-fraction expansion of/o.

The P-fraction expansion is defined to be "limitarperiodisch" if

{dn} converges.

3. The main result. The function/0 has a purely periodic P-fraction

expansion with period of length 1, if and only if

(4) foiz) = 1 + d0z + z/Mz).

Here/o is rational if and only if d0 = — 1. (The only normalized ra-

tional function satisfying (4) is the constant function 1.)

This triviality can be extended in a nontrivial way:

Theorem 1. The T-fraction iexpansion) of a normalized rational

function is "limitarperiodisch" if and only if the sequence {dn} con-

verges to   —1.

Remark. The existence of nontrivial "limitarperiodisch"  P-frac-

tions of rational functions is proved in the Appendix.

To prove the theorem let us have a look at the

4. P-fraction expansion in the rational case.

Proposition. Letf0 in §2 be given by the formula

,   i   v^m     a (0> *

(5) /0(2) = 1 + Z?=i Bf>*

where Af, Bf are arbitrary icomplex) constants, and let {/„} and {d„}

be the sequences defined in (1) and (2) respectively.

Then, for n=l, 2, 3, • • •   we have

, „       1 + &x A?m"

MZ) ~ 1 + E2Li BfV '

where the constants A™ and Btn) are given by the following recursion

formulas:

(»)   _       (n-l)

Ak       —  Dk ,

it') Bh    = 4*+i    - Bk+i    - dn-iBk      ,       1 ^ k < m,

u(n) J       nn_1       A A  (n_1)       V (B-1)       1
Dm      =   —  Cln-lDm    ,      "n-l  ~  A\ — H\ — 1.
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Proof. Directly from (1) and (2) by induction.

Remark. In particular we have Aki>=Bitn~1\ n=l, 2, 3, • • • , and

from now on we thus consider "^''-sequences only, denoting At0) by
Bi~l\

In addition, we shall find it convenient to interpret the last formula

in (6') as the second formula extended to k = 0.

According to this we restate (6') as

(n) T,(n-2) (n-l) (n-l)

Bk    = Bk+i    — Bk+X    — dn-XBk      ,        0 g k < m,

where Ba    =1 (definition),

(6) R(n) -    _ ^     R(n_1)

dn-x = Bx       — Bi       — 1.

5. Proof of the theorem. "Step of induction" given by

Lemma 1 (Lemma 1'). Let fo have a representing formula (5) and a

"limitarperiodisch"   T-fraction   (expansion).

If there is a kE {1, 2, • • • , m} for which there exists an infinite sub-

set of natural numbers, say 9l*_i, such that

(n+l)

(7) lim       -=-^~ = 1
n-cjneai^-M    Bj£i

for any nonnegative integer h (Lemma 1': for any nonpositive integer h),

then there exists an infinite subset of the natural numbers, say 9U, such

that

g(n+l)

(8) lim        —-= 1.
n-»»;ne3lt-ft     Bkn)

Remark. In expressions like (7) it is of course harmless that ele-

ments of the subsequence are undefined for a finite set of indices.

Proof of Lemma 1. From (6): Btnff)+dnBtnlx=Bin-v-Bkn\ Using

the assumptions lim„^.00 dn=d and (7), we obtain

(n-l) OO
"k ~ Bk

(9) hm -—- = l+d.

Two complementary situations have to be considered:

(A) Bk  /Bk_x —> oo        as n (G%-i + h) -> ».
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(B) There exists an infinite subset 37_i of 3l*_i such that

B(n)

(10°) lim -L--,        (EC).
»—;»e9i»_i -Di-i

The situation (B) turns out to be the most cumbersome, and we

treat this case first. A slight simplification of the method in the B-case

works in the A-case.

Proof of Lemma 1 in the B-case. By limit considerations and in-

duction we obtain a more general version of (10°):

BM
(10) lim ^ = g-a+d)h.

re->» ;nG3lt_j + A Dk—x

The next step is to construct a sequence {N,} of natural numbers,

possessing the following properties:

(1) NiE^lt-i+i, A7+i>A7
(2) nE^l't-i+i and n^N, implies

BT' - Bt' 1
—-—-=--il+d)   <—,

Bk% 2''

(3) nE^l't-i+i and n^Ni implies

BW

dsr - fr - «d + 0) <1.
nk-i

Such a sequence will be called a (1) (2) (3)-sequence.

The existence of (1) (2) (3)-sequence is obvious from (9) and (10)

by the principle of recursive definition.

By simple verification we further have:

Let {N?} be a (1) (2) (3)-sequence, then the sequence {N?}idefined

by Nht=N?+h-h is also a (1) (2) (3)-sequence.

We are now in a position to prove (8). We denote the set of ele-

ments in the (1) (2) (3)-sequence {N/} by 3l£, i.e.

91* = {n\, ■ ■ ■ ,nI+i, • • • , A7°+,-, • ■ • }•

The analogue set corresponding to {N?} is {N°+l — h, • • • ,

N%+i — h, • ■ ■ }. But this is just the set 3l£ — h except possibly for a

finite number of elements.

Then, because of the properties (2) and (3) we have
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(n-l) (n) (n)

Bk      — Bk ak
lim - = 1 + d,        —— —> <»,

»-.»jne3li-A -BJ^, BjPj »->«;»eMi-»

which implies

(»)      (n-D («)
■D/t-1    JDk —   Dk

lim ,      —Tr-n-  = °

and

fi(n-l)

(11) lim -^— = 1.
n-x» ;n e 31* - ft     P*

Putting 91* = 91* — 1, we are through in the B-case.    9

Proof of Lemma 1 in the A-case. The analogue of (10) is

(12) —J—^°o asw    (G9l*-i + ^)-^ °°.
-8*-!

We proceed quite as in (B). The properties (1) and (2) for the

sequence can be stated as in (B) omitting the primes, but (3) is

modified to

(3) n E 9l*-i + i,        n ^ A;    implies | Bk  /P*_i |   > i.

The existence of a (1) (2) (3)-sequence is obvious from (9) and (12),

the heredity of the properties (1), (2) and (3) follows as before, and

we can draw our conclusions just as in (B).

Proof of Lemma 1' is of course analogous. Every formula is "re-

flected"   (h~*-h).

After this investigation our theorem is easily proved:

Of course the normalized rational function can be represented by

(5) for some nonnegative integer m.

We assume m>0 (m = 0 trivial). By definition lim,^ Bf^/Bf

= 1. By use of Lemma 1,1' and finite induction the existence of a sub-

sequence of {B%+1)/Bm }n converging to 1 is obvious. But from (6) a

limit point of {B£+1)/B%> }„ has to be equal to —lim dn.    Q

6. Final remark. An investigation of the convergence of the P-frac-

tions in question is outside the purpose of the present paper. It may,

however, be worth mentioning, that if a rational function (5) has a

"limitarperiodisch" P-fraction, the P-fraction converges to the

"right" function in a certain domain. In fact the following theorem

holds:



252 KARI HAG [June

Let /o be a rational function normalized by /o(0) = 1 and with a

"limitarperiodisch"  P-fraction.

Take an arbitrary 8E(0, 1), and let De denote the disk {2; \z\ ^8}.

Remove from De arbitrary neighborhoods of the poles of/o in De.

Then the P-fraction of/o converges to/o uniformly on the remain-

ing set.

The proof of this theorem will be published later.

Appendix. Let f0 he given by the formula

(13) foiz) = (1 + 6_iz)/(l + b0z),       b-i,    b0 E C.

In this case the formulas (6) reduce to the following iB[n) is replaced

by bn):

(14) bn+i = 7(1 +bn- bn-i),        n 5; 0,

(15) dn = 7-i — bn — 1, n S; 0.

Observation 1. From (15) and Theorem 1 it follows:

The P-fraction (expansion) of (13) is "limitarperiodisch" if and

only if b„—bn-i—>0.

Observation 2. Let/0^1 have a representation formula (13). If

there exists a nonnegative integer i such that 7+i = b,, then bn = 0,

n^i.

Proof. Directly from (14) by the well-ordering principle.

Lemma 2. Let b0, 0< | b0\ <1 be given. Then b0 has a neighbourhood

Otibo) such that b-iEOeibo) implies the convergence of the sequence {bn}.

Proof. Choose K such that | bo\ <K<1 holds and let

e = (1 - K) \niK/\ b0\).

We shall first prove (by induction) that the sequence {\bn\ } is

bounded by K: Pin) («^0):L1GOi(J0) implies that \b{\ <K lor
O^i^n.PiO) is trivial.

Proof that P(«) implies P(rc + 1) for all «^0: By (14)

\bi+i\   g  \bi\ (1+ |7--7-i[),       i^ 0,

and hence

(16) \bn+i\   ^ \b0\ I[(l+ I bt -7-i |).
t=0

Furthermore, by (14)

I bi — 6,-_i I   =  I bi-i I I 6i_i — 6i_21 ,       i ^ 1,
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and repeating this, we have

(17) | h - bi-x\   =  | io - *-i|  & | *y| ,        i = 0.
3-0

Combining (16) and (17), we obtain

| bn+i |   g  | b01 (1 +  I 6o - 4-i I )(1 +  | fti |  | b0 - ii | )

•   •   ■   (1   +    |  &„_! I     •   •   •    I  fti I    |ft0-ft_l|).

The induction hypothesis yields

n—1 / n—1 \

I ftn+i |   < | fto |   II (1 + Kh) < | ft01   exp ( 22 K'e)

< I fto I   exp (e 22 K'j = I bo |   exp (~—J = K.

Now the convergence of {bn} follows easily. (According to Obser-

vation 2 it is sufficient to consider the case bn-^bn-i for all n):

bn = bi+(b2-bi)+ ■ ■ ■ + (b„ - ftn_l).

Since | (ft„+i — bf)/(bn — ft„_i) | =   | ft„ |   < K < 1, the proof of lemma

is established.

Theorem 2. There exists an uncountable set of functions (13) with

nontrivial "limitarperiodisch"  T-fraction (expansion).

Proof. Choose in (13)

ft_i,fto G R,       0 < fto < 1,       ft_i < fto,       ft-i G Oc(b0)

From Lemma 2 and Observation 1 it follows that this/o is "limitar-

periodisch."

Since the sequence {bn} is strictly increasing the expansion is non-

trivial.    H
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