
GRAPHS ASSOCIATED WITH A GROUP1
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Abstract. It is shown that every group is isomorphic to a maxi-

mal group of graphs under the operation of graph product. In addi-

tion, maximal groups associated with an order graph are investi-

gated.

By a directed graph X is meant a nonempty set V= V(X) called the

vertices of X, together with a set E = E(X) called the edges of X

consisting of ordered pairs of distinct elements from V. In general the

notation follows [6].

For X a graph, aE V(X) and A C P"(X) let

aX={bEViX)\ ia,b)EEiX)},   4X=U{aX| aEA}, and XA = AX*,

where X* denotes the converse of the graph X.

The product XY ol two graphs X and Y with common vertex set V

is defined to be the graph Z where aZ = iaX)Y for all aE V. Geometri-

cally this means that the row of Z for the vertex a consists of all

vertices which can be reached from a by an edge sequence of length

two in which the first edge belongs to X and the second to Y. Clearly

the graph product operation is associative. Of particular interest will

be the case where a collection Q of graphs with vertex set V forms a

group. By a maximal group of graphs on V is meant one that is not

properly contained in any group of graphs with vertex set V.

The main result follows.

Theorem 1. Let G be any group. Then there exists a maximal group

9 of graphs with common vertex set, isomorphic to G.

In order to prove the theorem, a special class of graphs will be in-

troduced. A graph X is said to be simple provided that whenever

a, bEViX) and A, BEViX), aX nonempty and aX = AX implies

aEA and Xb nonempty and Xb=XB implies bEB. The group 9 in
the theorem will be a collection of simple graphs.

Now a graph 0 is a [partial] order graph on a subset V of V if

£(0)C V'X V and the relation ^ defined on V by a^b if and only
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if (a, b) EE(0) constitutes a partial order relation on V. The follow-

ing lemma identifies this class of graphs.

Lemma. The class of simple idempotent graphs with vertex set V is

the class of partial order graphs on subsets of V.

Proof. Let A be a simple idempotent. Then for aEXV, aX

= (aX)X implies aEaX and for bE VX, Xb=X(Xb) implies bEXb,
since X is simple. Thus XV = VX and, letting VX=V, (a, a)EE(X)

for all aE V. Now if (a, b)EE(X) where a^b, then aX^bX implies

(b, a)<£E(X). Clearly since X2 = X, (a, b), (b, c)EE(X) imply

(a, c)EE(X) so X induces a reflexive, antisymmetric, transitive

relation on V and is thus a partial order graph.

If 0 constitutes a partial order graph then certainly 02 = 0 and if

a0 = rY0 for some aEOV then aEhO for some hEH so (h, a), (a, h)

EE(0) imply a = hEH. Similarly bEVO and Vb = 0H imply bEH.
Thus 0 is simple.

Proof of Theorem 1. Let G be a group. R. Frucht [3] has

shown that there exists a partial order graph 0 such that G is iso-

morphic to ^4(0), the automorphism group of 0. Let V=0V= V0 be

the vertex set for 0. By the lemma, 0 is a simple idempotent.

With each pG^4(0) we associate a graph X with vertex set V, de-

fined by aXp = (ap)0 for each aEV. Notice that (ab)0=(a0)h when-

ever 5EA(Q). Let 9 denote the collection of all such graphs. Then

each member of 9 is simple since 0 is simple; and, since if Xp, A„G9

aXpXc = (ap)0X„ = [(aP)0]a = [a(po-)]0 = aXp„

the map p—>AP is an isomorphism of A(0) onto 9- Thus G is iso-

morphic to the group 9 of simple graphs on V.

Moreover, suppose QQSC where 3C is a group of graphs with vertex

set V. Then 0 is the identity of 3C so if XE3C, A0 = 0A=A and for
some YEX.,XY=YX = 0. From FX = 0 and X0 = X it follows that
each set aO is a union of sets bX and vice-versa. Similarly since 17 = 0

and OX =X, each set 0a is a union of sets Xb and vice-versa. Thus X

is simple and A=p0 = 0cr for some permutations p, cr of V, since 0 is

simple and FO = 0 V = V. But p = cr since 0 is a partial order graph and

so AG9- Thus 3C = 9 and 9 is a maximal group of graphs isomorphic

to G.
Finally, we consider the special case where the graph 0 constitutes

a total order on its vertex set V. In [l], [2] it was shown that the

automorphism group A (0) of an order graph 0 is abelian iff it is iso-

morphic to a direct product of subgroups of the reals under addition.
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Moreover if 0 constitutes a well ordering of V, then ^4(0) is trivial,

that is, it consists of the identity permutation of V [4].

Now by the proof of Theorem 1, the maximal group of graphs whose

identity 0 is a partial order on its vertex set V = VO, is isomorphic to

the automorphism group ^4(0). Thus we have the following combined

result.

Theorem 2. Let 0 be an order graph on V = VO and let g0 be the asso-

ciated maximal group of graphs. Then 9o is abelian iff it is isomorphic

to a direct product of subgroups of the reals under addition. Moreover,

if 0 constitutes a well ordering then 9o is trivial. In particular 9o is

trivial whenever V is finite.
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