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Abstract. Necessary and sufficient conditions are given in

terms of E' that a weak topology w(E, E') on an algebra E be bi-

convex. The main condition is that each element g of E' contain a

weakly closed subspace L of finite codimension such that g is

bounded on all multiplicative translates of L. For weak topologies,

A -convexity (which assumes only separate continuity of multipli-

cation) is equivalent to joint continuity of multiplication.

Let E be an algebra, E' a total subspace of the dual of E and

w(E, E') the weak topology of E determined by E'. The purpose of this

paper is to determine necessary and sufficient conditions that

w(E, E') be A -convex. Warner [4] has given a necessary and sufficient

condition that w(E, E') be locally m-convex and also a necessary and

sufficient condition that multiplication be jointly (w(E, E')) contin-

uous. One of the equivalent forms of our condition is that w(E, E') is

A -convex (which requires only the separate continuity of multiplica-

tion) if and only if multiplication is jointly (w(E, E')) continuous.

Thus, all weak topological algebras (joint continuity of multiplica-

tion) are already A -convex. A -convex algebras, which include the

locally m-convex algebras, were introduced in [2]. In §2 the basic

properties are given along with some examples. The main results are

given in §3.

2. ^4-convex algebras. Throughout this note, E will denote an

algebra, E' a total subspace of the dual of E and w(E, E') the weak

topology on E induced by E'. The proofs of the results given here

may be found in [2].

(2.1) Definition. A subset F of £ is called A -convex if V is ab-

solutely convex, absorbing and for each iG£, V absorbs xV and Vx.

The inverse image of an A -convex set under a homomorphism is

^-convex, as is the image of an .4-convex set under a surjective

homomorphism.

(2.2) Definition. An ^4-convex algebra is an algebra E together

with a topology on E whose neighborhood system at zero has a basis

of A -convex sets.
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(2.3) Definition. A seminorm p on E is called m-absorbing if for

all x in E there are constants Mx and Nx with

(i) p(xy) S Mxp(y), for all y in E; and

(ii) p(yx)^Nxp(y), for all y in E.

Thus, an yl-convex algebra is an algebra E with a topology de-

termined by a family of »/-absorbing seminorms. A -convexity is pre-

served with respect to taking subspaces, products and quotients.

Each A -convex algebra can be topologically and algebraically em-

bedded in an A -convex algebra with identity. It is clear from the defi-

nition that multiplication is separately continuous.

(2.4) Example. Any locally ra-convex (hence also Banach) algebra

is A -convex.

(2.5) Example. Let C[0, l] denote the algebra of continuous real-

valued functions on [O, l] (with pointwise operations). A norm on

C[0, l] is given by

p(f) = sup{ | /(*)*(*) | :*€[0,1]},

where <p(x)=x, 0Sx^% and <f>(x) = l—x, %<x^l. (C[0, l], p) is a

normed linear space which is .4-convex (not locally m-convex). An

A -convex algebra which is normable is called an A -normed algebra.

The space (C[0, l], p) is not complete.

(2.6) Example. Let Cb(R) denote the algebra of bounded contin-

uous complex-valued functions on R (pointwise operations). Let

Cq(R) denote the set of strictly positive real-valued continuous

functions on R which vanish at infinity. For each <££C¿"(¿?), let

p*(j) = sup{ | /(*)*(*) | :* G R],        f G Ch(R).

Then p+ is a seminorm and the topology ß determined by

{^^GCW} is an A -convex topology on Cb(R). This so-called

weighted space is a complete A -convex algebra with identity which is

not locally ?K-convex (see [2], [ö]).

(2.7) Theorem. An algebra E with a locally convex linear topology

for which multiplication is separately continuous is A-convex if and only

if it is isomorphic to a subalgebra of a product of A -normed algebras.

The relationship between A -convex and locally m-convex algebras

is given by the fact that a barrelled .4-convex algebra is locally m-con-

vex.

For the remainder of this paper the following notations will be used :

For a linear functional g on E, K(g) will denote the kernel of g. The

polar of a set V in E', taken in E, will be denoted by V*.
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3. Weak 4-convex algebras. In the proof of the main two theorems

the following results will be needed. The proof of Lemma 3.1 may be

found in [4] and the proof of Lemma 3.2 is omitted.

(3.1) Lemma. Let V be a w(E, E')-neighborhood of zero. Then

L = 0{K(v):v(E.V0} is a w(E, E')-closed subspace of finite codimension.

(3.2) Lemma. Let g be a linear functional on E and L a subspace of

K(g). Then ELQK(g) is equivalent to the property

(*) for all x in E there is a constant Mx such that \g(xL)\ ^Mx.

Also, LEÇZK(g) is equivalent to

(**) for all x in E there is a constant Nx such that | g(Lx) | g Nx.

If g is a linear functional on E and L is a subspace such that (*) and

(**) hold, then we say that g is bounded on the (multiplicative) trans-

lates of L.

(3.3) Theorem. Let E be an algebra and E' a total subspace of the

dual of E. Then w(E, E') is A-convex if and only if for all g in E', K(g)

contains a weakly closed subspace L of finite codimension such that g is

bounded on all translates of L.

Proof. Let w(E, E') be .4-convex and g be in £'. Then {g}° con-

tains an 4-convex weakly closed neighborhood V of zero. Let

L — V\{K(v):vE: Vo}. By Lemma 3.1, L is a weakly closed subspace

of finite codimension. Clearly g is in Vo, LQV00 and V— V00 so

LQK(g).
For x in E, the A -convexity of V insures the existence of constants

Mx and Nx such that |g(x¿)| ^Mx and |g(Lx)| ^Nx. Hence g is

bounded on all translates of L and the condition is necessary.

Let g (^0) be in E' and L a weakly closed subspace of finite codi-

mension with LÇX(g) and g bounded on all translates of L. It suf-

fices to show that {g} ° contains an A -convex weak neighborhood of

zero. By the induced map theorem there exists a unique continuous

linear functional g on F=E/L such that g = g o<f>i, where <p\ denotes

the quotient map from E to F. Since F is a finite dimensional Haus-

dorff space, it is normable. We may assume that the norm on F is

chosen so that g(V) = {2: | z\ ^ 1} where V is the unit ball in F. The

map (pi is a continuous linear functional so V = <f>ï1(V) is an absolutely

convex absorbing neighborhood of zero. Then

1*001   =  |i(*i00)|   =  \g(V)\   SI,    soFCjjj».

We now show that V is 4-convex: For x in E, xLQK(g) by Lemma
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3.2 and [#Z,]_ is a closed subspace contained in K(g). By the induced

map theorem there is a unique continuous linear functional g* on

H = E/ [xL]~ with g = g* o 4>2 where cj>2 is the quotient map of E to H.

The map tx oí F to H defined by tx($) = [xy]~ is a well-defined linear

map from the finite dimensional space F to H. Thus, tx is continuous

and the image of F is a finite dimensional Hausdorff space. The image

of F under tx is normable and the norm may be chosen so that

|g*(T/*)| ^j( where V* denotes the unit ball in H. It follows from a

standard theorem that there exists a constant Mx such that

\\tx(S)h = M*IM!>    for all y in F,

where || ||2 denotes the norm on tx(F) and || || denotes the norm on

F. If y is in V, y is in V and || [¡ry^l^^-M*. Thus,

| £{Mïx[xyY) |ál    so | g{Mxlxy) |   Ú 1.

This shows that xV^MxV. Similarly, there is a constant Nx with

Vx^NxV. Hence V is A -convex and the condition is sufficient.

The result of Theorem 3.3 gives another interesting consequence:

A -convexity is equivalent to joint (w(E, E'))-continuity of multipli-

cation. Hence any weak topological algebra (joint continuity) is an

A -convex algebra.

(3.4) Theorem. Let E be an algebra. Then w(E, E') is A-convex if

and only if the multiplication of E is jointly (w(E, E')) continuous.

Proof. Theorem 3.3 combined with Lemma 3.2 give the result that

w(E, E') is A -convex if and only if for all g in E', K(g) contains a

weakly closed subspace L of finite codimension with ELQK(g) and

LEÇK(g). From a theorem of Warner [4, Theorem 2] this is equiva-

lent to the joint continuity of multiplication.

(3.5) Corollary. Let Ebea topological algebra with respect to a weak

topology. Then E is A-convex.

The following problem remains unsolved :

(3.6) Problem. Is there an example of an algebra E and a sub-

space E' of its dual such that w(E, E') is A -convex but not locally

m-convex?
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