AN EXAMPLE ON EMBEDDING UP TO
HOMOTOPY TYPE

ELMER REES!

ABSTRACT. A finite complex K is constructed with the following
property. K\/.S" embeds in R™ up to homotopy type but K does not.

T. Ganea (see [4, p. 156]) has asked the following

QuEesTION. If K is a finite complex dominated by a subset of R",
is there a subcomplex of R of the homotopy type of K?

In this note this is answered negatively. A finite complex K, of
dimension 8z —3 is constructed (for each #=3) which cannot be em-
bedded up to homotopy type in S®; however, there is a subcomplex
of S8 homotopically equivalent to K,\/ .S*".

Consider the complex Stiefel manifold W, 2 of two frames in C?".
Wan,2 has a cell decomposition (S*—3\/S*—1) U, e**~* where a,
=1%4,_3 0 Bn+ [f4n—s, 14n—1] (4 denotes the inclusion of S™). Its suspen-
sion SWa,, is homotopically equivalent to K,\/S* where K, is
S4n=2\Ugg, €¥*3and S?B,= — [u,._l, c4,._1]€7rg,,_354”—1. All this is con-
tained in [3].

ProrosiTION 1. K, does not embed up to homotopy type in S¥" if
nz3.

Proor. If K, does embed in S%", it has complement homotopically
equivalent to S? \U,, e**+! and S*"%y, =528, = — [t4n_1, ten_1] by the
results of [2]. But by Corollary 1.3 of [1], if #=3 then [tan_1, t4n_]
is not a (4n— 3)-fold suspension.

PRrROPOSITION 2. W, 2 embeds in S3"—1,

PROOF. W, 2 is the sphere bundle of an R*~2 bundle £ over S*—!
and £@e? is trivial. So W, 2 is included in the total space of e¢** which
embeds in S81,

COROLLARY. K,\/ S embeds in S%".

PROOF. W, embeds in S%—! and so its suspension (which is
homotopically equivalent to K,\/.S*, by the above) embeds in S%.
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Therefore the complexes K, have the required properties.
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