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CONVOLUTION MEASURE ALGEBRAS WITH INVOLUTION

J. W. BAKER

Abstract. Let S be a commutative, locally compact semigroup

and A an ¿-subalgebra of M(S). We obtain conditions on A to en-

sure that S is an inverse semigroup, a group, or an idempotent semi-

group. We assume an involution on A, or equivalently on S. The

proofs come readily from known facts.

Let 5 be a locally compact, jointly continuous, commutative,

topological semigroup, and let M(S) denote the algebra of bounded,

regular Borel measures on 5. Suppose that A is a complex, P-sub-

algebra of M(S) (see [l]). We wish to investigate the problem of

finding conditions on A to ensure that 5 belongs to certain classes of

topological semigroups. We shall consider three classes of topological

semigroups: (a) the inverse semigroups; (b) groups; and (c) idem-

potent semigroups. We shall regard (b) and (c) as being two sub-

classes of (a). One particular situation in which the problem has been

studied is that in which 5 is taken to be the 'structure semigroup' of A

(see [l]). In that case, quite a lot is already known; (a) is studied in

[l], (b) in [2] and [3], and (c) in [4]. We hope that what follows will

serve to unify the results obtained in the above-mentioned papers,

and at the same time provide an extension to other important cases—

for example, when A is ll(S). We also feel that our solution to (b) has

certain advantages over those in [2] and [3] in its simplicity.

It is clearly necessary to make some additional assumptions about

the relationship between A and 5 in order to be able to deduce in-

formation about 5 from knowledge of A. Let A " denote the space of

nonzero, complex homomorphisms of A, and 5 the set of semi-

characters of 5 (nonzero, continuous homomorphisms of 5 into the

unit disc). We must first assume that

(A) the carrier space of A is the whole of 5.

This assumption is equivalent to assuming that A is

<r(M(S), C0(5))-dense in M(S). If (A) is satisfied then there is a

natural mapping r¡ of 5   into A   defined by the equation
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CD (v(x)) iß) = j xix)duix)    <peA,xes\

We shall also assume that

(B) 77 defines a (set-theoretical) one-one correspondence between

S"and;4~.
Finally, we shall assume that

(C) A is semisimple, and £   separates the points of 5.

The two assumptions contained in (C) are closely related, but we

have been unable to show that they are always equivalent. Our

assumptions (A), (B), and (C) are certainly true if 5 is discrete and A

is /'(S)—provided that A is semisimple (see [5])—or if 5 is the struc-

ture semigroup of the semisimple algebra A.

For the rest of this paper we shall assume that A is an 7,-subalgebra

of MiS) for which (A), (B), and (C) are true. Problem (a) is that of

finding out when it is true that 5 is an inverse semigroup. To be more

precise, we shall try to find out when 5 is a continuous-inverse semi-

group, that is, a toplogical semigroup and inverse semigroup in which

the operation of inversion is continuous. Every compact or discrete

inverse semigroup is a continuous-inverse semigroup (see [ö]), but

this is not true for locally compact inverse semigroups. A continuous-

inverse semigroup becomes a topological semigroup with continuous

involution (in the sense of [7]) if one takes the involution to be the

operation of inversion. Suppose that 5 is a locally compact, topo-

logical semigroup with a continuous involution *. Then Co(5) and

MiS) will each in turn inherit mappings * defined by the equations

(2)   /*<*) = (/(**))-, ß*if) = iy.if*))-      ixESJE Co(5),m E MiS)).

Clearly * is a positive (m*^0 if ;u = 0), isometric, o-(M(.S), Co(.S))-

continuous, algebra involution on MiS). As in [l] (Theorem 3.4), we

shall investigate conditions on a *-subalgebra of MiS), where 5 is a

semigroup with continuous involution, which ensure that 5 is of type

(a), (b), or (c) with the involution as the inverse semigroup inversion.

Observe that if A is given a positive, isometric, aiMiS), CoiS))-

continuous, algebra involution * then 5 will inherit an involution * for

which equations (2) are valid. Further, if 5 is compact then the

o"(Jl7(5), Co(5))-continuity of * is a consequence of its isometry. (In

particular, this means that if A is an abstract convolution measure

algebra, and S is the structure semigroup of A, then S becomes a

semigroup with involution * for which equations (2) are valid.) Thus

our assumption that 5 has a continuous involution and A is a «-sub-

algebra of MiS) is equivalent to the assumption that A has a positive,

isometric, ít(AÍ(5), C0(5))-continuous involution. Finally, it is clear
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from Theorem 3.4 of [l] that if A is a symmetric algebra then the

involution on A is automatically both positive and isometric. It

would seem reasonable to expect to be able to prove this directly, but

we have been unable to do so.

Proposition 1. (Cf [l, Theorem 3.4].) Let S be a locally compact,

commutative, topological semigroup, with continuous involution *.

Suppose that A is an L-subalgebra of MiS), closed under *, with prop-

erties (A), (B), and (C). Then S is an inverse semigroup, with * as

inversion, if and only if A is symmetric.

Proof. Theorem 3.4 of [7] tells us that S is an inverse semigroup,

with involution as its inversion, if and only if xix*) = ixix))~ for every

X in S and every x in 5. This is so if and only if J%ix*)dpix)

= Jixix))~dpix) for every x in S and every p in MiS). Since A is

dense in MiS), the latter is true if and only if

¡Xix*)dpix) =fixix))-dpix)

for every xin S   and every p in A. So 5 is an inverse semigroup if and

only if

I  xix)du*ix) =[\  xix)dpix)

for every x in 5 and every pin A, that is if hiß*) = ihip))~ for every h

in A   and every p in A.

Proposition 2. Let A and S be as in Proposition 1. Then S is a

group, with * as its inversion, if and only if (i) A is symmetric, and (ii)

there is only one positive linear functional hin A  .

Note. The unique positive linear functional h in A will be the

functional which satisfies the equation hip) =\\p\\ for ju2:0.

Proof. Condition (i) is precisely what is required to make 5 into an

inverse semigroup. Given that 5 is an inverse semigroup, S will be a

group if and only if 5' is a group, that is if and only if 5" has exactly

one idempotent. The idempotent semicharacters of an inverse semi-

group are precisely those that are real and positive. So, under condi-

tion (i), it is clear that 5 is a group if and only if 5 has only one real

and positive semicharacter, which is precisely what is ensured by

condition (ii).

Corollary. A semisimple convolution measure algebra A with in-

volution is isometrically *-isomorphic to LliG) for some locally compact

group G if and only if it satisfies conditions (i) and (ii) and is Tauberian

ithat is, satisfies some form of Wiener's Tauberian Theorem; for ex-

ample, every closed ideal is contained in a maximal regular ideal).

)



94 J. W. BAKER [January

Proof. It is shown in [2] that if A is a semisimple convolution

measure algebra, and is Tauberian, then A is isomorphic to L1(G) if

and only if its structure semigroup is a compact group, which turns

out to be the Bohr Compactification ß(G) of G (see [2, Theorem 2]).

Now L1(G) is a semisimple, commutative measure algebra with in-

volution, and the involutions on L1(G), G, and /3(G) are clearly com-

patible in the sense of equations (2). If we apply Proposition 2 to A,

taking 5 to be the structure semigroup of A, we see that 5 is a group if

and only if A has properties (i) and (ii) and is Tauberian. Observe

that, as remarked in the paragraph immediately preceding Proposi-

tion 1, it is not necessary to assume that the involution on A is posi-

tive or isometric, in view of Theorem 3.4 of [l ].

Proposition 3. (Cf. [4, Theorem l].) Let S be a locally compact,

commutative, topological semigroup, and A an L-subalgebra of M(S),

with properties (A), (B), and (C). Then S is an idempotent semigroup if

and only if every h in A   is a positive linear functional.

Proof. This proposition is proved in [4], but we offer a proof here

based on the ideas of our earlier proofs. The idea of an involution on 5

and on A is still implicit in the above theorem; the natural involution

on an idempotent semigroup is the identity map, which will induce

the involution of complex conjugation onto its measure algebra, so

that these involutions do not have to be explicitly assumed. In view

of Corollary 3.8 of [7], 5 is idempotent if and only if every element of

5 is real and positive. The proof is now clear if one argues as in the

proof of Proposition 1.

The following proposition follows by a similar application of

Corollary 3.7 of [7].

Proposition 4. Let A and S be as in Proposition 3. In order that

every h in A be real, it is necessary and sufficient that x2 be idempotent

for each x in S.

Proposition 2 tells us that if we wish the structure semigroup of a

semisimple, convolution measure algebra A to be a group G, with A

embedded as a *-subalgebra of M(G), it is necessary and sufficient

that (i) and (ii) should be satisfied. In general, it is possible to have

semisimple, convolution measure algebras whose structure semigroup

is a group G but which are naturally embedded in M(G) in such a way

that they do not form *-subalgebras of M(G) (see [2]). However,

Taylor [2, Theorem 2 ], has shown that if the structure semigroup of A

is a group then there exists a locally compact group G for which A is

embeddable in M(G) so that (a) L1(G)QA, and (b) the Jacobson
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Radical of L^G) in A is the whole of A (otherwise AQL1<2iG)).

Thus, if we think of (b) as saying that LliG) is a 'large' subset of A,

then (a) and (b) together say that A contains a large subalgebra

which satisfies (i) and (ii).

In the following theorem we use the convention that if F is a sub-

space of the normed vector space X, and/ is in X', then ||/|[y denotes

the norm of/as a bounded linear functional on Y.

Theorem 5. Let A be a semisimple, convolution measure algebra. A

necessary and sufficient condition for the structure semigroup of A tobe a

group is that,

(a) A contains an L-subalgebra B which is symmetric,

iß) for each finite linear combination ¿2 ^>^>" °f elements of A  ,

IE ̂ 'MU HE ̂ <Ä''IU> and
(7) there is exactly one positive linear functional in B  .

Proof. The necessity of the conditions is simple to establish. If

we think of A as being embedded in M iß), with L1iG)QACL1'2iG),
then we take B to be L1iG). Now B will certainly be symmetric, and

will have property (7) (for example, this follows from Proposition 2).

A finite linear combination / .X.-A,- of elements of A can be identified

with a function/in CiG). Then

U/H ¿i = sup |/(x) I   = \\f\\M(G),       so that U/H* = ll/IU;
»ee

this establishes iß).

Suppose that the conditions are satisfied. Let 5 be the structure

semigroup of A, so that CiS) can be identified with the closed linear

span of A" in A' (see [l]). In view of condition iß), it is clear that the

closure can be taken in the norm ||-||b. It follows that B is

<r(M(S), C(5))-dense in A—and so in M(S). Applying Proposition 2,

bearing in mind our remarks immediately preceding Proposition 1,

we are able to conclude that 5 is a group.

Note. It is easy to determine which subset of A is to play the role

of B in the above theorem, so that one just has to check that this set

has properties (a), iß), and (7). On one hand B will be the smallest

ideal of A which satisfies Wiener's Tauberian Theorem, and has the

same maximal ideal space as A ; alternatively, B is the largest sym-

metric, L-subalgebra of A.
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