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INVARIANT MEASURES ON LOCALLY
COMPACT SEMIGROUPS

ROGER RIGELHOF

Abstract. The main result of this paper shows that a locally

compact abelian semigroup is embeddable as an open subsemi-

group of a locally compact abelian group G if and only if the trans-

lations x i—>x+y are open maps and there exists a nonnegative reg-

ular measure n on S such that i¡(U) =i¡(x+ U) >0 for every open set

U and x in 5.

Our main result is a somewhat stronger statement than the above

in that we show that whenever such a measure exists it is the restric-

tion to S of the Haar measure on G. This provides a partial answer

to a question raised by J. H. Williamson in [5, §5]. We follow the

terminology of [5] as regards semigroups and the measure theoretic

terminology of [3]. In particular:

A locally compact abelian semigroup 5 is an abelian semigroup

(not necessarily having a unit) which is a locally compact Hausdorff

space such that for each y in S the map xi—»x+y is continuous. We

say that a locally compact abelian semigroup S is embeddable in a

locally compact group G if there exists a bicontinuous semigroup

monomorphism c/> mapping 5 into G. The following proposition is of

independent interest (see [4, Theorem 2.1 and Lemma 1.3]).

Proposition. Let S be a locally compact abelian semigroup. The

following conditions on S are equivalent.

(1) S is a cancellation semigroup and for each open subset U of S,

x+ (7 is open for each x in S.

(2) S is embeddable as an open subsemigroup of a locally compact

group G.

Proof. It is clear that (2) implies (1). To show that (1) implies (2)

let R be the equivalence relation on 5X5 denned by (x, y)R(x0, yo)

if and only if x+yo = y+Xo. It is well known and easy to show that

G = SXS/R is an abelian group. For x in S letc/>(x) be the equivalence

class {(x+y, y):yES¡. The map </>:xt—>c6(x) is one-one and satisfies

<j>(x-\-y) =<p(x)-\-<p(y). We now define a topology on G. For x in S let

03(x) be the neighbourhood filter of x. Choose some xo in 5 and for
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each x in G let x-03 be the filter on G generated by the filter base

{(p(U)-(j>(xo)+x: L7£(B(xo)}. We first show that if xES, then

<p(x)-(S> is generated by the filter base {(p(U): L7£(B(x)}. Given

Z/£(B(xo), t7+x£(B(x0+x) and the continuity of zi—>z+x0 at x means

there is a F£«(x) with F+x0C U+x and so (p(V)E(f>lU)

—<j>(xo)+<p(x). Conversely given F£(B(x), F+x0£(B(x+x0) and the

continuity of z¡—>z+x at x0 means there is a £/£ö3(x0) such that

U+xCV+Xo and so <p(U)-<p(x0)+<t>(x)<Z4>(V). Therefore <f>(x)-(R

is generated by {(p(U): t/£(B(x)}. We now show that there is a

unique topology on G such that for each x in G, x ■ 03 is the neighbour-

hood filter of x. For this it is sufficient by [l, Chapitre 1, §1, No. l]

to show for each x in G:

(i) if F£x-(B then x£F;

(ii) if F£x-o3 then there is a IF£x-(B such that yEW implies

F£y(B.
Clearly (i) is satisfied, so we show (ii). Let F£x-(B. Then there is

an open neighbourhood U of x0 such that W=(p(U)— 4>(x0)+xE V.

If yEW, there is a uEU with y=(p(u)— </>(x0)+x and there is a

F'£(B(xo) such that F'+reC c7+x„. Thus

<t>(V) - *(*o) + y = <KF') - (pix0) + </>(«) - <p(x0) + x

E 4>(U) - (j>(xo) +x = W

and therefore TF£y-CB so that (ii) is satisfied.

It is clear that G with this topology is a Hausdorff space and that

the maps xt->x+y are continuous. Moreover for each x in S, <j>(x) ■(&

is generated by {(p(U) : f/£cB(x)} so that <p is a topological embedding

and (p(S) is an open subset of G. The continuity and openness of the

map xh-»x+y for each y in G together with the local compactness of

S imply that G is locally compact. Thus G is a locally compact semi-

group which is a group. A theorem of R. Ellis [2, Theorem 2] shows

that G is a locally compact group. This completes the proof.

Theorem. Let S be a locally compact abelian semigroup and p, a

nonnegative regular measure on S. Suppose that S and p satisfy the

following condition.
(*) For each open set U, x+U is open for each x in S and p(x+U)

= p(U)>0.

Then S is embeddable as an open subsemigroup in a locally compact

abelian group G and p is the restriction of the Haar measure of G to S.

Conversely if S is an open subsemigroup of a locally compact abelian

group G, and if p is the restriction to S of the Haar measure of G, then S

is a locally compact abelian semigroup and S and p satisfy condition (*).
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Proof. First suppose 5 and p are given and satisfy (*). We begin

by showing that S is a cancellation semigroup. If not there are x, y z

in 5 such that y+x — y+z and xt^z. There are open relatively com-

pact neighbourhoods U of x and V of z such that U(~\ V is empty.

Now

p((y +U)U(y + V)) = p(y + (U \J V)) = p(U U V)

= p(U) + p(V) = p(y +U)+ p(y + V).

Since regular measures are by definition finite on compacta it follows

that p((y+ U)r\(y+ V)) =0 which is a contradiction because (y-\- U)

P\(y+ V) is a neighbourhood of y+x. Thus 5 satisfies the hypotheses

of the above proposition so 5 is embeddable as an open subsemigroup

of a locally compact abelian group G. In the following we identify S

with its image in G.

Let 3Cs(G) be the continuous complex-valued functions on G which

are zero outside of 5 and have compact support. Observe that the

invariance property of p. means that if/G3Cs(G) then for each y in S,

/f(x - y)dp(x) =  I f dp.
s J s

Choose gE 3Cs(G) with g ^ 0 and fgd\ = l where X is the Haar measure

on G. Then using the Fubini Theorem [3, p. 153] we have

ffdp=  ff(x-y) dß(x) f g(y) d\(y)

nf(x - y)g(y) d\(y) dp(x)
3

•f iff f

fiy)gix - y) dXiy) dp(x)
s-* s

=  f gix-y)dpix) ffiy)d\iy)

= c \ fd\

where c = fsgdp. It follows now that for any Borel subset EES,

p(E)=c\(E) [3, p. 129]. This completes the proof of the first state-

ment.

If 5 is an open subsemigroup of a locally compact abelian group,

then it is clear that 5 is a locally compact abelian semigroup. More-
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over since 5 is open the restriction of the Haar measure on G to 5

yields a nonnegative regular measure p such that condition (*) is

satisfied.
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