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UNIQUE FACTORIZATION MONOIDS AND DOMAINS

R. E. JOHNSON

Abstract. It is the purpose of this paper to construct unique

factorization (uf) monoids and domains. The principal results are:

(1) The free product of a well-ordered set of monoids is a uf-monoid

iff every monoid in the set is a uf-monoid. (2) If M is an ordered

monoid and F is a field, the ring ^[[iW"]] of all formal power series

with well-ordered support is a uf-domain iff M is naturally ordered

(i.e., whenever b <a and aMp\bM¿¿0, then aMQbM).

By a monoid, we shall always mean a cancellative semigroup with

identity element. All rings are assumed to have unities, and integral

domains and fields are not assumed to be commutative. If R is an

integral domain, then the multiplicative monoid of nonzero elements

is denoted by i?x. For any ring or monoid A, U(A) will denote its

group of units.

A monoid M is called a unique factorization monoid (uf-monoid) iff

for every mEM — U(M), any two factorizations of m have a common

refinement. That is, if m=aia2 ■ ■ ■ ar = bib2 ■ ■ ■ bs, then the a's and

6's can be factored, say ai = ci • • • c,, a2 = a+i ■ ■ ■ Cj, ■ ■ ■ , 61

= di ■ ■ ■ dk, b2=dk+i ■ ■ • dp, ■ ■ ■ , in such a way that cn=dn for all

n. An integral domain R is called a unique factorization domain

(uf-domain) iff Rx is a uf-monoid.

A monoid M with relation < is said to be ordered by < iff < is a

transitive linear ordering such that whenever a<b then ac<bc and

ca<cb for all cEM. We call M a positive monoid iff M equals its

positive cone M+= {aEM\a^l}. An ordered monoid M is said to

be naturally ordered (see [4, p. 154]) iff whenever aM(~\bM¿¿0 and

b<a, then aMEbM.

It is the purpose of this paper to show ways of constructing uf-

monoids and uf-domains. The two principal results are as follows.

Theorem 1. The free product of a well-ordered set of monoids is a

uf-monoid iff every monoid in the set is a uf-monoid.

Theorem 2. Let M be an ordered monoid and F be a field. The ring

F[[M]] of all formal power series with well-ordered support is a uf-

domain iff M is naturally ordered.
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1. Unique factorization monoids. Another characterization of a

uf-monoid is given by the following proposition.

Proposition 1. A monoid M is a uf-monoid iff for all a, bEM such

that aMC\bM9¿ 0, either aMEbM or bMEaM.

Proof. If M is a uf-monoid and aMC\bM^0, then aa'=bb' for

some a', b'EM and a=ci ■ ■ ■ d, a'=c<+i • • • cn, b = cx ■ ■ ■ c¡,

b' = Cj+i ■ • ■ Cn for some c¿GM. Hence, aMEbM ii i^j and bMEaM

if * új-
To prove the converse, let m E M have factorizations m =axa2 ■ ■ ■ ar

= &i02 ■ • • o,. Then axMC\bxM9£0 and ax = bxb( (or bi=aia{) for

some oí* E M. Hence, mi = bía2 ■ ■ ■ ar = bi ■ • ■ bs. The desired con-

clusion now follows by induction on r+s.

In view of the result above, every naturally ordered monoid is a

uf-monoid.

If an element m oí a uf-monoid M can be factored into primes, say

m=pip2 ■ • • p„, then the only other possible way to factor m into

primes is

m  =   (plUx)(Ux   p2Ui)   ■   •   ■   (Un-xpn)

where Ux, w2, • • • , un-x are units. This follows readily from Proposi-

tion 1.

P. M. Cohn calls an integral domain R with unity rigid [l] iff

every nonzero, nonunit element of R has unique factorization into

primes. As he shows, a rigid domain R is local (i.e., R— U(R) is an

ideal). In general, we have:

Proposition 2. If Ris a uf-domain, then R is local.

Proof. If a, bERx and a —o is a unit, then aR+bR = R and hence

aRC^bR^O. Therefore, aREbR or bREaR and either a or o is a unit.

Hence, R is a local ring.

There are many examples of uf-monoids. Trivially, a group or a

free monoid is a uf-monoid. A valuation ring is a uf-domain according

to Proposition 1. If F[x, y] is the polynomial ring in noncommuting

indeterminates x and y over a field F, then the set i7 of homogeneous

polynomials in F[x, y] is a uf-monoid.

Given a well-ordered set {Mi\iET} of monoids, we can form their

direct product JJr Mi, their restricted direct product [Jr M

= {a€ïITr Mi\ card {iET\a(i)9^1} < =° }, and their free product

IE Mi.
Each aE Ilr Afi, a9e 1, has a unique normal form
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a = a.-jd,-, • ■ • a,n,        ak E Mk,

where all a^^l and ij&ij+i for each/. Evidently a is a unit iff each

at) is a unit in M%. If a is a nonunit, then a can be expressed uniquely

in the form a=a'u where a'=atl • ■ • a,r, u=air+l ■ • • a,n, a,-r is not

a unit in Mir, and m is a unit. We call a' right unit-free. If r =«, then

a'=a and m = 1. Similarly, a=va" for some unit z; and some left

unit-free a" E Ilr Mi. We are now ready to prove Theorem 1.

Proof of Theorem 1. If some M¿ in {M¿|i£r} is not a uf-

monoid, then it is clear by Proposition 1 that M= JT* Mt is not a

uf-monoid. Next, assume that all Mi are uf-monoids and that a,

bEM with aMC\bM^0. Clearly aMEbM or bMEaM if either a
or o is a unit, so let us assume a and 6 are nonunits. Then a =a'u and

b = b'v for some units u, v and some right unit-free elements a', V.

Let a' and V have normal forms a' =a^ • ■ • ain and &' = &,•, • • • bim,

and assume mtkn. Since a' and o' are right unit-free and a'MC\b'M

r¿0, necessarily ik=jk for k^m and atk = bik for k<m. If m<n,

ai„EbimMjm and hence a'MEb'M. Um=n, then ainMin(~\bjmMim?¿0

and either ainMinEbjmMjm or bJmMimEainMin. Therefore, always

a'MEb'M or o'iWCa'Af. Since aM = o'Af and bM = b'M, we have

proved that M is a uf-monoid.

Proposition 3. Le/ M oe aw ordered uf-monoid. Then M is naturally

ordered iff M-M+EU(M).

Proof. If M is naturally ordered and a<l, then IMEaM and a is

a unit. If M-M+Cl7(M) and a, bEM with a¥D6¥^0 and
b<a, then either oAfCaM or aMEbM. If bMEaM, then ô=ac for

some c<l and bM = aM since c is a unit. In either case, aMEbM.

Hence, M is naturally ordered.

A consequence of this proposition is that a positive uf-monoid is

naturally ordered.

If {Mj|îGr} is a well-ordered set of ordered monoids, then their

orders can be extended to M' = JJr- Mi, possibly in many different

ways. One way is called the Y-ordering: a<b iff there exists kEY

such that a(i) =b(i) for all i<k and a(k) <b(k).

If (M, <i) and (N, <2) are ordered monoids and M-^N is a

homomorphism, then an ordering <3 can be defined in M by:

a<36 iff either 6(a) <2d(b) or 6(a) =0(0) and a<ib. Clearly (M, <3)

is an ordered monoid. For example, let M' = XIr Mi where each

Mi= {x™\mEl} and I is Z or Z+. ThenM'^Zis a homomorphism

(deg = degree) and M' has the (r, deg)-ordering defined by: a<b iff

deg a <deg o or deg a =deg b and a <& in the T-ordering.
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If {Afj|i£r} is a well-ordered set of ordered monoids, then the

orderings in the A7< can also be extended to an ordering in YL* Mi

[5]. In fact, the ordering in Yl* M, can be chosen as an extension of

any ordering in JJr Af, in the sense that the natural epimorphism

IJ* Mi—>Hr Mi will be order-preserving. We shall assume, hence-

forth, that whatever ordering we choose in JJ* Mi, it preserves the

ordering in every Mi. Hence, if all the Mi are positive monoids, then

[J* Mi is also positive. It follows from Theorem 1 and Proposition 3

that a free product of positive uf-monoids is naturally ordered, no

matter which order we choose in JJr Mi.

An example to show that the free product might be naturally

ordered even if some of the monoids are not positive is as follows:

Let Mi= {xn\nEZ+}, Mt be an ordered group, and A7=Afi * M2.

If M is ordered by an extension of this (1, 2)-ordering in MiXM2,

then each aEM, a<i, is in Af2 and hence is a unit. Thus, M is

naturally ordered by Theorem 1 and Proposition 3. If the (2, 1)-

ordering is used in MxXMi and aEM2, a<\, then ax<\. Since ax

is not a unit, M is not naturally ordered according to Proposition 3,

although both Mx and M2 are naturally ordered.

For each monoid M, let W0(M) denote the set of all finite subsets of

M ; and if M is ordered, let W(M) denote the set of all well-ordered

subsets of M. If M is ordered and AEM, let inf A denote the least

element of A, if it exists. As usual, for any A EM and BEM, we let

AB= {ab\aEA, bEB}. The following result is proved in [3, Lemma

1].

Proposition 4. Let M be an ordered monoid. For all B, CEW(M)

and dEM, B\JC and BC are in W(M) and {bEB\d = bc for some

cEC} is in Wo(M).

The following result is proved for ordered groups in [4, p. 135].

Since the proof does not seem to carry over readily to monoids, we

have supplied a new proof.

Proposition 5. Let M be an ordered monoid, BEW(M),

B = \J^xB", and Za= {kEZ+\aEBk} for each aEM. If inf B>1,
then BEW(M) and card Za<<x> for every aEB.

Proof. Assume that B(£W(M), so that B contains infinite de-

scending chains, and let 5 be the set of all such chains in B. Also, let

A = {aEB\an>C for some CG S and some integer m>0|, where

an>C means an>c for every cEC. Finally, let b be the least element

of A and r be the least positive integer such that bT> C for some CES.
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If br>C, where C={ck} and ci>c2> • • • , then each Ck

= bkibk2 • ■ ■ bknkior some bkiEB. Let bk = max{bki\i = l, • ■ • , w*}.

Since btk^Ck>Ck+i> ■ ■ , evidently each bkEA. Thus, bk^b for

every k. We note that r > 1 ; for if b > Ck for each k, then b > c* 2ï 6* since

inf 2J>1. Now each Ck has the form Ck—pkbkqk for some £4, qkEB

\j{\}. Since {^i} {ó*} {qk} is not well-ordered, either {pk} or {g*}

is not well-ordered. Assume that {pk} is not well-ordered. Then

DE{pk} for some DES. Since br>ck=pkbkqk^pkbk^pkb, bT~l>pk

for every &. Thus, br~1>D contrary to the minimality of r. Hence,

BEW(M).
Assume that card Za= °° for some aEB, and let a be the least

such element of B. By assumption, a=bkibk2 ■ ■ ■ bknk for some inte-

gers 2gwi<«2< • • -and some bkiEB. We can assume, without

loss of generality, that euá&tiáPiíá • • ■ • If we let ai = o¡t2 • ■ ■ bknk,

then a>ai^a2^a3^ • • • . Hence, there exists an integer m such that

am = am+i=am+2= • • • . Then card Zam= 00 contrary to the choice of

a. Therefore card Za< <x> for every aEB.

2. Ordered-monoid rings. In this section, F is taken to be a ring

with unity. Given a monoid M, an expression of the form

/ = S a°a>        a<¡ G F,
a€M

is called a formal power series in M over F. As usual, the support of/

is defined by supp/= {aEM\aa9iQ}. The set

F[M] =  |/= X>aa| suppfEW0(M)\

becomes a ring if we define: for f=¿2ctaa, g—^ßaa, f+g =

¿2 iaa+ßa)a, fg='52yaa, where ya= J^b,c;bc-aabßc. Then F[M] is

the usual monoid ring.

When we further assume M is ordered, then we can also form the

power series ring

F[[M]] = {/= E«-«l supp/e IF(M)|

with operations as defined above. That p[[lf]] is a ring follows from

Proposition 4 and the fact that supp (/+g) Csupp /Wsupp g and

supp /gC(supp /)(supp g). Clearly we can consider FEF[M]

EF[ [M] ]. If F is an integral domain, then so are P[M] and F[ [M] ].

For if we define inf / to be inf supp / whenever it exists, then it is
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clear that for all nonzero/, gGF[[Af]], inf/g = (inf /)(inf g) and hence

/f*0.
If/GF[[Af]] and inf/>1, then we see as in [4, p. 135] that

g=yxf+yiP+ • ■ • is a well-defined element of F[[M]] for any

7>G F. Thus, if/" = J2 cwi,wetakeg= X) ß*a where ßa= £?-i y «.etna-

Since supp gCUsupp/"CU(supp/)n, gGF[[Af]] by Proposition 5.

Proposition 6. Let M an ordered monoid, f— s. aaa be a nonzero

element of F [ [ M ] ], and d = inf/. Thenf is a unit iff d is a unit of M and

ad is a unit of F.

Proof. If / has an inverse /_1= £ ßa.a and c = inf /-1, then dc

= cd = \ and adßc=ßc<Xd = i. Hence, dEU(M) and adEU(F). Con-

versely, if dE U(M) and adE U(F) then we can express/ in the form

f = add(\-h) for some hEF[[M}} with inf h>\. Then k=h+h2
+hz+ ■ ■ ■ EF[[M]} and we verify that (1 -h)(\+k) = 1 in the

usual way. Therefore, / has (1 +k)ad~1d~l as a right inverse. A similar

argument shows/ also has a left inverse.

If F is a field and M is an ordered group, then this proposition is

the well-known result [4, p. 137] that F[[Af]] is a field.

We are now in a position to prove Theorem 2.

Proof of Theorem 2. Assume that R = F[[M] ] is a uf-domain and

a, bEM with a<b and aMC\bM^0. Then aRHbR^O and hence

a = bc or b=ac for some cEM. \ia = bc, then c<l. Since R is local by

Proposition 2 and (— c + l) +cE U(R), either c or — c + l is a unit.

In either case, c is a unit of M by Proposition 6. Therefore b=ac~l

and always bMEaM. Hence, Af is naturally ordered.

Now assume M is naturally ordered and/, gER with fRi^gR^O

and inf/ = cgd = inf g. Then /g'=g/'?£0 for some/', g'ER, and

inf /'=e'^¿'=inf g'. If c'is a unit, then/'is a unit by Proposition 6

and gi? C/i?. If c' is not a unit, then let A = {a Gsupp /' | MaC\Mc'^0}

and 3={aGsupp g'\ MaC\Mc'^0}. We can express /'=// +f{

and g'=gi +g{, where supp/i =^, supp/2' = (supp/')-;!, supp g{

= B, and supp gl =(supp g')—B. Since c'^a for all aG^WiJ and

M is naturally ordered, we must have RaERc' for all aEA^JB. Thus,

fl =hc' and g{ =kc' for some hEU(R), kER. Now fkc'+fg{
= ghc'+gfi, with i?cV\Ro; = 0 for all a G (supp /g2')W (supp g/2').

Therefore, fkc' =ghc',fkh~1 =g, and gREfR- This proves the theorem.

If Mi={xnnEZ+} and Af= ür A7,-, the free monoid with

generators {xi iET}, then M is naturally ordered for any ordering

in M. Hence, by Theorem 2, the ring i? = F[[Af]] is a uf-domain for

any field F. Clearly every nonzero nonunit fER can be factored into
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primes, since inf/ has only a finite number of factors in M.

If we take the (r, deg)-ordering in M'= YLr Mi and extend it to

M, then R consists of all formal power series in the x¡ over F having

only a finite number of terms of each degree. If the T-ordering is used

in M' and extended to M, then we get a different ring R of formal

power series. While every fER has only a finite number of terms of

each degree, not all power series of this form are in R. For example,

if r=Z+ and / = xi+X2+X3 + • • • , g=xi+xl+x3i + • • • , then

gER but MR.
Another possible ordering in M' is the (dual T, deg)-ordering

<d'-a<db iff deg a < deg 6 or deg a = deg ô and b<a in the T-ordering.

Clearly <<¡ is an extension of the ordering in each Mi, and hence

<d can be extended to an ordering in M.

The monoid iM', <d) is well-ordered. For if SEM',

m = minaEs (deg a), and T= {aES\deg a=m}, then the least

element of T, if it exists, is the least element of 5. Thus, we need only

show that if deg S = m (i.e., deg a=m for all aES) then 5 has a least

element. If m = 0 then S = {1} and 5 has a least element. Assume that

every set T of degree m has a least element, and let S be any set of

degree m-\-\. If i is the least element of V such that a(i) p* 1 for some

a= IXra(i)G5and T= {aES\a(i)^i }, then the least element of T,

if it exists, is the least element of S. Let U = {x^la\aET}, so that

UEM' and deg U = m. Now U has a least element 6 by the induction

assumption. Clearly xj) is the least element of S. We conclude that

iM', <d) is well-ordered. Then M, with any ordering which is an

extension of <<*, is also well-ordered. If R = F[ [M] ], then R is the set

of all power series ¿2 a"a- Thus, R is the power series domain con-

sidered by Cohn in [l].

The three different orderings in M = U* M{ considered above lead

to three different power series rings i? = P[[M]]. Each of these rings

is a uf-domain for any field F by Theorem 2. In particular, if the

ordering <<¡ is used we have another proof of Cohn's result in [l]

that R is rigid.

The example given above, M=Mi * M2, where Mi= {x"| nEZ+},

M2 is any ordered group, and the (1, 2)-ordering is taken in M

= MiXM2, is naturally ordered. Hence, i( = F[[JIi]] is a uf-domain.

Evidently R is also rigid. If the (2, 1)-ordering is taken in M, the

resulting ring P = F[ [M] ] is not a uf-domain since M is not naturally

ordered. Actually, P is not even local. For if aEM2, a<l, and

b = —ax +1, c=ax, then b-\-c is a unit in P although neither o nor c

is a unit since inf o = inf c = ax is not a unit.
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