PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 31, No. 1, January 1972

GENERALIZED POSITIVE LINEAR FUNCTIONALS ON A
BANACH ALGEBRA WITH AN INVOLUTION!

PARFENY P. SAWOROTNOW

ABSTRACT. Let A be a proper H *-algebra and let B be a Banach
*.algebra with an identity. A linear mapping ¢:B — A4 is called
a positive A-functional if >, ; al gv(xf x;)a; is positive for all x,,
X5, ', X, € B and a,, a,, ** -, a, € A. It is shown that for each
positive A-functional ¢ there exists a *-representation T of B by
A-linear operators on a Hilbert module H such that ¢(x) =
(fo» Txf,) for all x € B and some f, € H. If B is of the form B =
{Ae + x | A complex, e is the (abstract) identity, x € L'(G)} for some
locally compact group G then @ has the form g(de + x) = Ag(e) +
ja x(t)p(t)dt for some generalized (A4-valued) positive definite
function p on G, x € LY(G).

1. The present work is a continuation of the study of Hilbert modules
[6], [7]. In the previous paper [7] we generalized the theorem which states
that each positive definite function on a group G is of the form p(t) =
(U, fo» fo) for some unitary representation U of G, where f, is some member
of the Hilbert space on which U acts. In this paper we will generalize the
concept of a positive linear functional on a *-algebra and will prove that
each generalized positive functional ¢ on a Banach algebra B is of the
form ¢@(x) = (fy, Txf,) for some *-representation x — I'x of B by A-
linear operators on some Hilbert module.

Applying this result to a group algebra we shall derive an integral
representation of the generalized positive linear functional on L(G) in
terms of an H*-algebra valued positive definite function on G. In this way
we will establish generalizations of Theorem 2 in §17 and Theorem 2 in
§30 of [5].

2. Let A be a proper H*-algebra [1] and let 7(4) = {xy | x, y € A} be its
trace-class [8]. It was shown in [8] that 7(A4) is a Banach algebra with
respect to some norm 7( ) which is related to the norm | | of 4 by the
identity “r(a*a) = |a|?, a € A”. There is a partial ordering defined on
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7(A) by the requirement that a = 0 if @ = b*b for some b € 4. Also there
is a trace tr defined on 7(A4) such that tra = 7(a) if @ = 0 and tr (xy*) =
tr (y*x) = (x.y) for all x, y € 4 (here (. ) denotes the scalar product on
A). For further details on 7(4) the reader is referred to [8] and [9].

A right module H over 4 is called a Hilbert A-module if there exists a
7(A)-valued function (,) on H x H having the following properties:

() Iff,g,he HandacAthen(f+ g, h) = (f, ) + (g, h), (f.g)* =
€., (f.g0) = (/. 9)a. (f,./) Z 0 and [tr (£, ) = 7(f, (g, 8)-
(i) (f,f) = 0if and only if f = 0.

(iii) H is complete in the norm | f|| = (v(f, /)%

The function ( , ) is called generalized scalar product. There is a linear
structure on H such that H is an ordinary Hilbert space with respect to
the scalar product [f, g] = tr (g,f). An A-linear operator on H is an
additive mapping T: H — H such that T(fa) = (Tf)aforall fe H,a € A4;
T is bounded in |7Tf|| = M || f] for some M = 0 and all fe H. Each
bounded A-linear operator T is linear and its adjoint T* has the property
that (Tf, g) = (f, T*g) for all f, g € H.

3. Let B be a Banach algebra with the identity e and an involution
x — x* such that |x*| = |x| for all xe B and let 4 be a proper H*-
algebra (| | denotes the norm for each algebra).

DEFINITION. A linear mapping ¢:B — A is called a positive 4-func-
tional if >, ; af p(x¥x;)a; = O for all x;, x,,-*+,x,€Band a;, a5, " *,
a,cA.

LemMmA 1. If @ is a positive A-functional on B then ¢(x*) = @(x)* for all
x € B.

Proor. If ae€ A then the mapping x — tr (a*p(x)a) is a positive
linear functional on B and so tr (@a*(x*)a) = (tr)~ (¢*@(x)a) for all
X € B, as it was shown on p. 96 of [3].2

Now let a, b € A. Then
4(p(x*)a.b) = dtr b*p(x*)a

=tr (a + b)*p(x*)(a + b) — tr (a — b)*p(x*)(a — b)
+ itr (@ + ib)*@(x*)(a + ib)
—itr (@ — ib)*p(x*)(a — ib)
= (tr)” [(a + D)*e(x)(a + b)] — (tr)~ [(a — b)*@(x)(a — b)]
+ i (tr)~ [(@ + ib)*¢(x)(a + ib)
— i (t))” [(@ — ib)*e(x)(a — ib)]
= 4 (tr)~ (@*p(x)b) = 4 tr (p(x)b)*a = 4(a . p(x)b).

Thus ¢(x*) = @(x)* since a, b were arbitrary.

2 Here and below (tr)~ (- - *) denotes the complex-conjugate of tr (- - ).
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Let H be a Hilbert A4-module, let x — Tx be a representation of B by
bounded A-linear operators on H (T is a homomorphism such that
Te =1 and Tx* = T*x for all xe B) and let f, € H. Then ¢(x) =
(fo» Txfy) is a positive A-functional on B:

Z are(xx)a; = > af(fo, Tx}Tx;fo)a; = (Z Tx;foa: 2> Txifoai) = 0.
i i i i

The converse is also true as it is stated in Theorem 1. A *-representation
T of Bis said to be regular if Tx(f) = 0 for all x € B implies f = 0 (in the
terminology of Naimark [5, §29]: T has no degenerate subrepresentations).

THEOREM 1. For each positive A-functional ¢ on a Banach algebra B
with an isometric involution (and an identity) there exists a Hilbert A-module
H, a regular *-representation x — Tx by bounded A-linear operators on H
and fy € H such that ¢(x) =(fy, Txfy) for all x € B.

ProoF. Let K be the set of all formal expressions = >, x,a; with
x,€B, a,ed; if g=>yb, with y,eB, b,eA define (f,g =
>, aro(xFy)b,. Then it is easy to see that ( , ) has all the properties of a
generalized scalar product, except that (f, f) may be zero without f'being
a zero expression. We define | || = (r(f, )"/* = (tr (f, £))"/> Then | | is
a seminorm on K and one can show as in Theorem 2 of [6] that
(£, ) < If1 - gl for all £, g € K.

Let = {feK|(f,f) =0}; then the last inequality implies that
(f,g) =0 for all fe M|, ge K. Also N is an A-submodule of K (since
7(fa, fa) = 7((f, faa*) < v(f,f) - 7(aa*)if a € A). Let H' = K/ and let
H be the completion of H’ with respect to the norm of H’ which is
induced by | || (we will denote this norm also by | |). Then H is a Hilbert
module.

For each x € B we define an operator T'x on K by setting T'x(f) =
T'x(3,;xa;) = >,;xx,a;; then T'x is A-linear and we shall show that
IT'x(H)Il = Ix|-If]l for all fe K. This inequality will imply both that
T’x induces some operator Tx on H' and that this operator T is bounded.

So let f= > x,a, in K be fixed. The linear functional

p(y) =tr Zj af p(xfyx;)a;

on B is positive and so it follows from the Section 4 in §10 of [5] that
lp(WI = |yl w(e) for all y € B. Taking y = x*x we have:
IT'x(NHI? = tr (T'xf, T'xf) = tr > afe(x¥x*xx,)a; = p(x*x)
i

S Ix*x] - p(e) S Ix*] - x| - tr 3 afe(xfx)a; = Ix|* - | fI°.
i,9

Thus |[T'xf|| = |x| - |f]| for all fe K and so T'x induces a bounded
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A-linear operator Tx on H. We define f, = lim,, ee”, where e is the identity
of B and e is as in the proof of Theorem 1 of [7] (p(1) should be replaced
by @(e) in the condition “p(l)e = ep(1) =0+ 7).

4. If the algebra B has no identity then we can adjoin it to B and con-
sider the algebra B, = {Ae + x| x € B, A complex} as it was done, for
example, on p. 25 of [4] (or on p. 59 of [3]). We extend the involution to
B, by setting (le + x)* = le + x* and consider the norm |le + x| =
141 + lIx].

DEFINITION. A positive A-functional on B is a mapping ¢:B— 4
such that there exists a positive A-functional ¢’ on B, whose restriction
to B coincides with ¢.

This definition enables us to apply Theorem 1 to a group algebra in
order to obtain a generalization of Theorem 2 in §30 of [5], which
establishes the correspondence between positive definite functions defined
on a topological group and (extendable) positive linear functionals defined
on the group algebra.

We will need a few lemmas.

LemMMA 2. Let H be a Hilbert module over a proper H*-algebra A and
let T be a right centralizer [8]) on A. Then there exists a bounded linear
operator T' on H such that T(f, g) = (T'f, g) for allf,ge H.

Proor. For a fixed f€ H the mapping b:g — T(f, g) is a bounded
A-linear functional on H (v(T(f,g)) = ITIl-=(f,2) = ITI-If1l- lgl
[9]). Thus [6, Theorem 3] there exists z, € H such that T(f, g) = (z,, g) for
allge Hand ||b] = |zl = [Tl - |fIl. We define T'f =z, - - -.

Now let (S, u) be a measurable space and let i(s) be a mapping of S
into a Hilbert module H such that the 7(A)-valued function ?(s) =
(g, h(s)) is Pettis integrable for each g € H. This in turn means that the
scalar valued function ¢,,(s) = m(g, h(s)) is Lebesgue integrable for each
m € 7(A)* and there exists a member (P) [ (g, h(s)) ds of 7(A4) such that
m((P) { (g, h(s)) ds) = [ m(g, h(s)) du(s) for all m € 7(A4)*. This condition
could be restated as follows [9]: for each right centralizer T on A the
mapping s — tr T(g, h(s)) is Lebesgue integrable and there exists
(P) [ (g, h(s)) ds € 7(A4) such that

tr T((P)f(g, h(s)) ds) =ftr T(g, h(s)) du(s) forall T € R(A).

DerFINITION.  We shall say that an H-valued function A(s) is P-integ-
rable if (g, h(s)) is Pettis integrable for all g € H and there exists P(h) € H
such that (g, P(h)) = (P) f (g, h(s)) ds for all g € H.
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It was shown in [6] that H has also a structure of a Hilbert space with
respect to the (ordinary) scalar product [f, g] = tr (g, f). Therefore one
may speak about the Pettis integral of an H-valued function. It turns out
that both integrals coincide:

LEMMA 3. A Hilbert module valued function h(s) is P-integrable if and
only if it is Pettis integrable; also P(h) = (P) | h(s) ds.

Proor. Taking T to be the identity operator we see at once that each
P-integrable function is Pettis integrable.

Conversely let h(s) be Pettis integrable. Then for each ge H and
T € R(A) = 7(A)* [9] the function &(s) = tr T(g, h(s)) = tr (T, h(s)) is
Lebesgue integrable and

f tr T(g, h(s)) du(s) =ftr (T,, h(s)) du(s) = tr (T;, (P) f h(s) ds)
=tr T(g, (P)fh(s) ds),

which means that (g, (P) | h(s) ds) is the Pettis integral of (g, h(s)) (T"is as
in Lemma 2). But this simply means that 4(s) is P-integrable and P(h) =
(P) [ h(s) ds.

5. We are now in a position to generalize Theorem 2 of §30 in [5].
Let G be a locally compact group; consider its group algebra L(G).
As it was defined above, a positive A-functional on L'(G) is a linear
mapping ¢:L'(G) — A which has an extension ¢’ to

LYG)e = {Ae + a|a € L*(G), A complex}

and the extension ¢’ is a positive A-functional on L!*(G)e. Positive definite
A-function was defined in [7] as a mapping p:G — 7(4) such that
Si;afp(tt)a; = 0fort,€G,a, € A.

THEOREM 2. If p:G — 7(A) is a continuous (with respect to the norm
() positive definite A-function then the mapping t — x(t)p(t) is both Pettis
and P-integrable for each x € LN(G) and the function ¢(x) = [ x(t)p(¢) dt
is a positive A-functional on L'(G). Conversely each positive A-functional
on LY(G) is of this form.

ProoF. Let p be a continuous positive definite A-function on G.
According to Theorem 1 of [7] there exists a continuous representation
t — U, of G by A-unitary operators on a Hilbert module H and a member
Jfo of H such that p(t) = (U, fy, f) for all £ € G. But then the mapping
t— V,= Uf is also a continuous representation of G by A-unitary
operators and so it follows from Theorem 2 of [7] that the mapping
x — Tx = [qx(t)V,dt is a regular *-representation of L1(G).
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Now note that the mapping ¢t — x(t)V,f is Pettis integrable for each

f€ Hand (P) fg x(t)V,fdt = (§ x(t)V,dt)f for all f€ H (the last integral

here has the same meaning as the corresponding integral in Theorem 2 of
[7D). It follows then from Lemma 3 above that

o Tfy) = (fo, ( Lx(t)n dt) fo) = o PGOViy)
— (P) LX(t)(fo, Vo dt = (P) L *(O(U o fo) dt

= (P) Lx(t)p(t) dt = o(x)

for all x € LY(G). If we extend T to L'(G)e by setting T(le + x) =
Al + Tx we see immediately that ¢ has an extension ¢’ defined by

¢ (e + x) = (fo, T(e + 2)f) = Aforf) + (for TXD) = Afor fo) + 9()
and that ¢’ is a positive A-functional on L(G)e.

The converse is also established in a similar manner. If ¢ is a positive
A-functional on L1(G) then ¢ is of the form ¢(x) = (f;, Txf;) for some
*.representation T of L'(G) by A-linear operators. It follows from
Theorem 2 of [7] that there exists a continuous representation ¢ — U, of
G (by A-unitary operators) such that Tx = {4 x(¢)U, dt for all x € L}(G).
Then p(t) = (U, fy, fo) is a positive A-function and ¢(t) = (fo, Txfy) =
Ja x(®)(fo, U fo) dt = [ x(t)p(2) for all x € L(G).
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