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SHORTER NOTES

The purpose of this department is to publish very short papers of an unusually

elegant and polished character, for which there is no other outlet.

LOCAL UNITS IN L\G)

g. f. bachelis, w. a. parker and k. a. ross

Abstract. A simple proof is given of the existence of local

units in L1(G), when G is a locally compact abelian or compact

group. The proof avoids structure theory.

In this note we give a new proof of a theorem of Walter Rudin on the

existence of local units for locally compact abelian groups (Theorem 1).

In contrast with Rudin's proof [2, 2.6.8] and that of [1, 31.37], our proof

avoids the use of structure theorems. This allows for the presentation of

much of basic harmonic analysis without any structure theorems.

The same proof gives the existence of local units for arbitrary compact

groups (Theorem 2).

Theorem 1. Let G be a locally compact abelian group with character

group r, let F be a compact subset of Y, and let e > 0. Then there exists

f e L^G) such that f has compact support, f= 1 on Fand        < 1 + e.

Proof. By [2, 2.6.1] there exists h e L1(G) such that h has compact

support and h — 1 on F. By [2, 1.1.8] and the proof of [2, 2.6.6] there

exists g £ L1(G) such that g has compact support, \\gWy < 1 + e/2, and

\\h * g — h\\x < e/2. Let f=h+g — h*g. Then /has compact support,

ll/lli ̂  llslli + II* - Will < 1 + «, and for y £ Y we have f(y) =
%) + i(y) - Hy)g(y) = l + i(y) - i(r) = i- Q.e.d.

Note. As in Rudin's proof, the function/in Theorem 1 can be selected

so that 0 ^/(y) ^ 1 for all y e Y. This is because the functions h and g

in the proof can be chosen so that 0 ^ h(y) ^ 1 and 0 ^ g(y) ^ 1

for all yeT and ||g||i = 1. To obtain such a function g from

[2, 1.1.8] and [2, 2.6.6] requires a routine argument, which we omit.

With the notation of [1, §27 and §28], we also have:

Theorem 2. Let G be a compact group with dual object S, let F be a

finite subset o/S, and let e > 0. Then there exists a central trigonometric

polynomialf on G such that f{a) = Idafor a e F, and ||/||, < 1 + e.
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Proof. The proof is the same as in Theorem 1. Here h can be given

explicitly as JaeF d^x.-
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