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SOME REMARKS ON THE VOLTERRA OPERATOR

ciprian foias and j. p. williams1

Abstract. By considering various functions of the Volterra

operator V, examples are obtained to show that (i) similar contrac-

tions need not have the same defect numbers, (ii) unicellular opera-

tors may have large spectra, and (iii) the disk |z| 5^ \\T\\ need not

be a minimal spectral set for an operator T of the form 1 + com-

pact. A complete description is also given of those disks that are a

spectral set for some conjugate of V.

1. The purpose of this note is to exploit a few simple computations and

facts concerning the Volterra operator V defined on L2(0, 1) by Vf(x) =

$of(t)dt. These yield a description of those disks that are spectral sets

for some conjugate X~XVX of V. This in turn is used to obtain some

information about the numerical range of X~WX.

By considering various functions of V we also obtain examples of (i)

an operator T of the form 1 + compact for which the disk |z| _ || P|| is

not a minimal spectral set, (ii) two similar contractions that have different

defect (and hence, an affinity intertwining two contractions that cannot be

lifted to an affinity intertwining their unitary dilations), and (iii) a uni-

cellular operator with a large spectrum.

In the statement of some of the results we shall make use of another

realization of V, namely that in which the Cayley transform (1 — V) x

(1 + Vy1 is unitarily equivalent to the compression operator S(m) =

PS\ JG(w), where S denotes the classical unilateral shift: Su(X) = Xu(X)

on H2, and P is the orthogonal projection of H2 onto 3£(m) =

H2 Q mH2, and m(X) = exp (X + l)(X — I)-* (See [3] and [10]; see

also [14, Chapter IX].)

2. We begin with a simple proof of a result of Kalisch [8]:

Proposition 1.   V and XVare similar only ifX— 1.
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Proof. Suppose that X~XVX= XV where X is an affinity. Then

(see [8])

\\x\\)~x = ix-wxmm = w ^ 11*11 wx-i

forn = 1, 2, 3, • • • , so that \X\ = 1. Now (1 - XzV)"1 = X~\\ - zV)~xX

for any complex number z. Also, for/e L2(0, 1):

(1)       (1 - XzVy-fix) = f{x) + Xz   exp (Xz{x - t)) ■ fit) dt.

Hence exp iXzx) = X-X(l - zV^XQ), so that

||exp {-Xnx)\\ = \\X-i\\ \\X\\ ||(1 + nVYH ^ \\X\\

for n _ 0 because Re V = 0. This implies that Re X _ 0. Since XkV =

X~*VXk for k _ 1, the same argument shows that Re Xk _ 0 for k =

1, 2, 3, • • •. This implies X _ 0. Hence X = \X\ = 1.

3. A closed subset a of the plane is called a spectral set of an operator

T on a complex Hilbert space if a contains the spectrum cr(T') of T and

if ||w(T)|| = sup {|w(z)| :z e a} for each rational function u with no poles in

a. J. von Neumann [9] showed that for any complex number X the disk

|z — X\ _ || T — X\\ is a spectral set of T. Also, the closed right half-plane

H+ is a spectral set of T if and only if Re T _ 0.

Proposition 2. TTie cfofc = {z:|z — X\ _ |A|} fa a spectral set of

some conjugate of V if and only if X > 0.

Proof. Equation (1) implies that if en is a complex number then

(1 — dVy1 = 1 + cnM^VM^1 where Ma denotes the operator of multi-

plication by exp (car) on L2(0, 1). Thus V is similar to MXVM~X =

F(l — olV)-1 = Va for any complex a. Let X > 0 and let a = —1/2/1.

Then \\VX - X\\ = X ||(1 - aK)_1(l + *^)ll = * because V has positive

real part and 0 e cr(Ka). The disk Dk is therefore a spectral set of Vtt.

Conversely, suppose that Dx is a spectral set of some conjugate of V.

Then there is a positive constant c such that

for any complex number a satisfying |1 4- a| > 1. The left member of

this inequality is at least ||/|| where f(x) = (1 + (l/aAjT/)-1! =

exp (—xja.X). From this it follows easily that X is real (take oc = it, t real)

and that X > 0 (take a > 0).

Remark. In [15] it was shown that any convex neighborhood of the

spectrum of an operator T is a spectral set for some conjugate of T. This

= c sup {|1 + z/od| ':ze DA} =
|1 +a| -1
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fact and Proposition 2 show that if D is a disk, then D is a spectral set for

some conjugate of V if and only if either D contains 0 as an interior point,

or 0 is a boundary point of D and the center of D lies on the positive real

axis.

If T is a nilpotent operator on a finite-dimensional space then T and

XT are similar for any complex number X ̂  0. In particular, if S is the

n-dimensional shift with matrix

1 0/

then S and T = \S are similar. However, rank (1 — S*S) = 1,

rank (1 — T*T) = n. Thus the defect number of a contraction is not a

similarity invariant. (This remark is due to R. G. Douglas.) The next

result gives an infinite-dimensional example in which the contractions

S, Tare irreducible, unicellular, and of norm 1.

Proposition 3. There exists a contraction T similar to S{m) (see §1)

and such that 1 — T*T and 1 — TT* are not of finite rank.2

Proof. Put W = V(\ + 2V)-1 and T = (1 - W)(\ + WJ~\ Then
since Wand Kare similar, so are S(m) and T. Moreover, Tis a contraction

and

rank C1 _ T*T}
K ' = rank Re W = rank (V + V* + AW*) = oo.

rank (1 - TT*)

Corollary I. There exist two similar contractions of class C0 (see

[14, Chapter III]) that are not unitarily equivalent.

Indeed, the operators T and S(m) above verify these conditions (since

rank (1 - S(m)*S(m)) = rank (1 - S(m)S(m)*) = 1).

Corollary 2. There exist two similar completely nonunitary contrac-

tions with nonsimilar (minimal, strong) unitary dilations (see [14, Chapter I]).

Proof. The minimal strong unitary dilations of the operators T and

S(m) above are the bilateral shifts of multiplicity K0, resp. one which

are obviously not similar.

Remark. Recall that if 7\ and T2 are contractions on JC, resp. J£2,

and if X is an intertwining operator (i.e., TXX = XT2), and if U1 and U2

are the minimal strong unitary dilations of T1 and T2, then there exists an

2 Proposition 3 answers a question raised by Henry Helson in a conversation with

the second author.
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operator Y such that Y = YU2 and X = Px Y | 3C2 where P, denotes

the orthogonal projection of the space where U1 operates onto J6X. More-

over, Y can even be chosen such that || Y\\ = ||X\\. (See [14, Chapter II].)

A natural question that arises in this context is whether the dilation Y can

be chosen to be invertible (i.e., with an everywhere defined bounded

inverse) when X is invertible. The negative answer to this question is

given by Corollary 2. In fact, if Tx and P2 are chosen as in Corollary 2,

then P, = XT2X~r with an invertible X. However X does not have an

invertible "dilation" Y since U1 and U2 are not similar.

4. It is easy to see that a convex spectral set of an operator T must

contain the numerical range W(T) of T. Therefore Proposition 2 implies

that for any positive number X there is an invertible operator X such that

W(X~WX) <=■ Dk. On the other hand, if S,, denotes the sector |argz| ^

7r/2a, then there does not exist an invertible operator X such that

WiX-^VX) c S„ for any a > 1. (See [12, Theorem 7].) The next result

gives some additional negative information about numerical ranges that

is useful in the study of problems related to V. (In particular, it gives some

restrictions on the numerical range of a conjugate of V.)

Proposition 4. Let T be a bounded linear operator on a Hilbert space,

and suppose that W(T) <= H+. There exists an invertible operator X such

that WiX^TX) <= H~ = {z: —z e 77+} if and only if iT is similar to a

selfadjoint operator.

Proof. Let y>(z) = (1 — z)(l 4- z)_1. Then since 77+ is a spectral set

for T, the unit disk D = y(77+) is a spectral set for rp(T). If 77_ is a

spectral set for X XTX, then the exterior of D (= xp{H~)) is a spectral set

for fiX^TX) = X-hp(T)X. These facts imply that {\\y(T)±n\\: n = 1, 2,

3, • • •} is bounded. Hence, by a well-known theorem of B. Sz.-Nagy [13],

rp(T) is similar to a unitary operator. Hence iT = /^_1(v;(P)) is similar to

a selfadjoint operator.

Corollary 1. 77_ cannot contain the numerical range of any conjugate

ofV.

Proposition 4 permits us to show that the similarity of olV and

olV{\ — olV)-1 (see §3) is not a property of quasi-nilpotent operators as the

finite-dimensional case suggests. (It is easy to see that any nilpotent Q is

similar to Q(l — ß)_1.) Indeed, we have the following:

Corollary 2. There exists a quasi-nilpotent operator Q in the corn-

mutant of V such that Q and Q(\ — Q)1 are not similar.

To prove this we use the following lemma (pointed out to us by J. G.

Stampfli):
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Lemma. If Q is a nonzero quasi-nilpotent operator such that

||(1 + ß)"1!! ^ 1, ||(1 - ß)-1!! ^ 1, then Q is not similar to both

ß(l - QY1 and ß(l + Q) \

Proof. The condition ||(1 + ß)_1|| ^ 1 implies that the numerical

range of ß(l + QY1 = 1 - (1 + QY1 lies in H+. Similarly, ||(1 - ß)"1!!
<; 1 implies that W(Q(\ - QY1) c H~. Thus by Proposition 4, if ß is

similar to both ß(l + QY1 and ß(l — QY1, then iQ is similar to a

selfadjoint operator. Thus iQ = 0, ß = 0.3

To complete the proof of Corollary 2 it suffices to exhibit an operator

ß satisfying the hypothesis of the Lemma. For this purpose let a be a

conformal map of the open unit disk onto the region £1 c H+ bounded

by the positive imaginary axis and the circles \z\ = 1 and \z — \\ = f.

The map u extends to a homeomorphism (still denoted by u) from the

closed unit disk D onto the closure Q- of £2. Obviously we can suppose

that «(1) = 1. From the spectral mapping theorem [2, Chapter I] for

von Neumann's functional calculus [9], we deduce o(u(S(m))) =

u(a(S{m))) = «({1}) = {1} so that

Q = 2(1 - u(S(m)))(l + u(S(m)j)-i

is quasi-nilpotent. Moreover, the functions

r1±2i_^r
1 + u(X)_

are in modulus ^ 1 on D which by von Neumann's theorem is a spectral

set for S(m). Hence the operators (1 ± QY1 are contractions. Finally,

ß 5^ 0. Indeed, if ß = 0, then u(S(m)) = 1 and this gives (by the com-

position rule u(v(T)) = (u° v)(T) for von Neumann's functional calculus

[9]) S(m) = u"1 o u(S(m)) = ir*(l) = 1 which is absurd.

5. In [16] is was shown that if T is a completely nonnormal operator

(i.e., without any nontrivial reducing subspace C such that T | C is normal),

and if there is a number |a| < ||F|| such that T — v. is compact, then the

disk \z\ ^ || I'll is a minimal spectral set of T. We now show that this

condition on a is best possible:

Proposition 5. There exists a completely nonnormal operator A of

norm 1 such that A — 1 is compact and such that the unit disk is not a

minimal spectral set of A.

3 Stampfli's proof of the lemma actually shows that Q is not similar to either of the

operators ß(l ± Q)1.
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Proof. The operator A = (1 + 2Vyx is clearly completely non-

normal and A — 1 is compact. Hence ||.4|| ^ 1. Since the right half-plane

H+ is a spectral set of V it follows that {(1 + 2X)~1:X e H+} = D1/2 is a

spectral set of A.

6. Another question that can be answered by studying the commutant

of V is that of the existence of unicellular operators whose spectra

contain more than one point. Indeed, we have the following theorem

(whose origin lies in [4, Proposition 2] and in a subsequent suggestion of

R. G. Douglas):

Proposition 6. There exists a unicellular operator W whose spectrum

contains more than one point.

Proof. Let G be a bounded, simply-connected planar region that is

its own Caratheodory hull (see [11]) such that some prime end E of G

does not contain an accessible boundary point (see [5, p. 40]). For ex-

ample,4 one can choose for G the region obtained from the unit square

O^jc^ l,0£=v'5: 1 by deleting the rectangles

1/(4« + 1) ̂  x ^ 1/4«, 1/«<j^1 (n = 2, 3,4, • • •)

1/(4« + 3) ^ x ^ 1/(4« -f- 2),   0^7^1-1/«      (« = 2, 3, 4, • • •)■

Let w be a conformal map of the open unit disk onto G, and let W =

w(S(m)y

Now w fails to have a radial limit at the point X0 of the unit circle

corresponding to E, and replacing w by the function w(X0X) if necessary,

we may suppose that X0 = 1. In this case the spectrum of the operator W

contains more than one point [4].

On the other hand, a theorem of Farrell [l] implies that the identity

function is a weak-star limit of a sequence of polynomials in w, i.e., (see

[11, Lemma 1]) there exists a sequence {pn} of polynomials such that for

\X\ < 1 the sequence pn(w{X)) is uniformly bounded and converges to X.

But then, by the functional calculus for contractions (see [14, Chapter

III]), the sequence pn(W) converges in the weak operator topology to

S(m). Therefore any invariant subspace for W is also invariant for S(m).

Since S(m) is unicellular, so is W.

Remarks. (1) The argument shows that W and S(m) have the same

(closed) invariant subspaces. Note also that W is unitarily equivalent to

an operator in the commutant {V}' of V.

4 This example was shown to us by G. Schober.

5 For the functional calculus with Hx functions see [14, Chapter III].
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(2) Proposition 6 yields a negative answer to a conjecture of P.

Rosenthal (see [6]).

7. We conclude by mentioning two open problems:

(i) It can be shown that either each closed linear invariant subspace

of V is hyperinvariant for any Te{V}' without eigenvalues, or there

exists an operator T0 e {V}' without nontrivial hyperinvariant subspaces.

Which of these possibilities actually holds?

(ii) Must the closure of the numerical range W(T)~ of a bounded

operator T be a spectral set of some conjugate of T1 The answer is

affirmative if W(T)~ is a disk (see [14, Chapter II]) or if T is the Volterra

operator (Proposition 2). The answer is also affirmative if the spectrum

of T is contained in the interior of the numerical range of T [15], or if

the underlying Hilbert space is finite-dimensional (because the eigenvalues

in the boundary of W(T) correspond to reducing eigenspaces of T [7] so

that the result in [15] applies).

Acknowledgements. The authors thank R. G. Douglas, G. Schober,
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