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ON THE EXPONENT OF THE IDEAL CLASS GROUPS

OF COMPLEX QUADRATIC FIELDS

david w. boyd1 and h. kisilevsky

Abstract. Let mid) denote the exponent of the ideal class group

of the complex quadratic field QWd), where d<0 is a fundamental

discriminant. It is shown that there are only finitely many d for

which m(rf)=3. Assuming the extended Riemann Hypothesis, it is

shown that m(d)-+co as \d\->-oo.

If F is the complex quadratic number field Qi^Jd), where d<0 is a

fundamental discriminant, denote by C(d) the ideal class group of F.

Let m(d) be the exponent of the abelian group C(d), i.e. m(d) is the least

positive integer m, such that xm=l for every xeC(d). Iwasawa has posed

the problem of determining A/=lim inf^^^ m(d) so that M is a positive

integer or M= + 00. Chowla [3] has shown that there are only finitely many

complex quadratic fields with ideal class groups having exactly one class

per genus, i.e. there are finitely many complex quadratic fields Q{*Jd),

for which m(d)^2. In [6], Shanks conjectures that there are finitely many

complex quadratic fields QQd), for which m(d) = 3. In this paper we point

out the connection between this problem and that of estimating the least

prime quadratic residue modulo d. This enables us to establish Shanks'

conjecture, and to show under the extended Riemann Hypothesis, that

lim Mw^x m(d)= + co.

Let F= Q(-Jd), where d<0, and either d=—dx with dx squarefree

and = — 1 (mod 4), or else d= —4dx with dx squarefree and si, 2 (mod 4).

Then, if O is the ring of algebraic integers of F, we have 0=Z+Z<m,

where co = {—d1)112 or cw = |(l+(—J,)1/2) according as d=0 (mod 4)

or d=l (mod 4).

Lemma 1.  If ae£), a^Z, then aä=Ar(a)^|</|/4.

Proof. If d=0 (mod 4), then d= —4dx and we must have oc=

a+bi-dj1'2, where a, beZ, b^O. Hence

A(«) = a2 + b2dx j£ dx = \d\\A.

Received by the editors April 6, 1971.

AMS 1969 subject classifications. Primary 1250; Secondary 1041.

Key words and phrases. Complex quadratic field, ideal class group, least prime

quadratic residue, extended Riemann Hypothesis.

1 Supported in part by NSF grant GP 14133.
© American Mathematical 3ociety 1972

433



434 D. W. BOYD AND H. KISILEVSKY [February

If d=\ (mod 4), then d=—du and in this case a=a+ba>, where a,

beZ, b^O. Thus

N(x) = HO + b)2 + M/J ^ |</|/4.

Lemma 2. Let p be a positive rational prime. If {djp)=\, then,

p^(\d\l4y

Proof. Letp be a rational prime such that {djp) = \. Then the primep

splits in F, i.e. the principal ideal/>0 = p1p2, where p,, p2 are distinct non-

zero prime ideals of £>. Since m(d) is the exponent of the ideal class group

of F, it follows that pi"(d) = aO, for some aeO, a£Z. Therefore pmW =

A(a)^|</|/4, so that/>£(|</|/4)^«>.

Theorem 1. If d is a prime, then the least prime quadratic residue

modulo d is 0{d1/i+c).

Proof.  This result is due to A. I. Vinogradov and Ju. V. Linnik [7].

Theorem 2. There are only finitely many complex quadratic fields for

which m(d) = 3.

Proof. If F=Q{sJd) is a field for which m{d)=3, it follows that C(d)
is an elementary abelian 3-group. Therefore, the class number of F must

be odd and hence — d must be a prime. By Lemma 2, if %(p)=\, then

p^(\d|/4)1/3. Applying Theorem f, we see that this cannot occur for

arbitrarily large \d\.

Let %{n) = (djri), so that y is a real, nonprincipal character modulo \d\

(see [2, p. 347]).

In the following we use the extended Riemann Hypothesis in the follow-

ing form: If % is a real character, then for Re(.s)>0, L(s, #)=0 only when

Re(äW.

Theorem 3. Let ?7>0. Assume the extended Riemann Hypothesis. If %

is a real nonprincipal character modulo \d\, then for sufficiently large \d\,

there is a prime p such that x(p)= 1 a"dp<(\og\d\)2+ri.

Proof. We use a number of results from the paper of Littlewood [4].

Let f5, e>0, and suppose %{p)^\ for p<v1+ad, where as in [4] v=

(log|J|)2<1+4£). Let 7=v"1-M, and A1(/j)=A(n)/log n. Equation (7.3) of [4],

states that

log L(l, X) = l^fite       + 0(A(e)y^-* log \d\) + 0(//8).
n=l n

We can estimate the first term as follows, as \d\ ->co,

2 -e    ^2- o(l)
n;>vi+3*     n „j(i+»i n
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and

-e

j,ra<vl+ä pm vl+ägp<vl + 8iS P

^   2-(1 + 0(v )) +
J)r»<vl+ä P

=   2   (-ir^ + o(D
j,m<vl+ä;IH-(j P

=   2  (-DmMP-   2   A+    2 Uod)
pm<v;pfi P vSu<vl+* P     vSj)<v1+<';u|(i P

= - 2 (-Dm_1      - iog(i + <5) + o(i).
jm<v;sM p

Therefore

log L(i, x) ̂  -   2 £MF - 'o^1 + a) + 0«-
»™<v;j>-''<i j?

However, this contradicts the inequality

iogL(i,Z)>- 2 (-ir^^P + od)
jim<v;p{d p

obtained from (9.5) of [4] by noticing that Sp=0 for p\d.

Theorem 4.   Under the extended Riemann Hypothesis, for any »?>0,

m(d)> {log|rf|}/{(2 + »?)loglog|rf|},

for sufficiently large \d\.

Proof. Let r\' = r\\2. By Theorem 3, we see that there is a prime p, such

that %{p)= \ and/><(log |j|)2+'1', for sufficiently large \d\. Applying Lemma

2,wefindthat/)^(|^|/4)1/m<<J».Hence(2 + »?')loglog |j|>(l/w(j))log(|</|/4)

and so m(</)>{log[</|}/{(2-|-?i)log log \d\} for sufficiently large \d\.

Remark. It follows from the work of Ankeny [1] and Montgomery

[5], that the least prime quadratic residue modulo d is 0{\og2\d\), under

the extended Riemann Hypothesis.

We are grateful to Professor P. T. Bateman for his proof of Theorem 3,

and for helpful suggestions concerning the proof of Theorem 4, which is an

improvement of the estimate w(t/)>(log log \d\)1/3, which we had originally

obtained by a somewhat different argument.
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Added in proof. The authors have recently learned that P. Wein-

berger has independently obtained some similar results.
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