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Abstract. The spectral representation for a group of unitary

operators acting on a Hilbert space where the parameter set is a

separable real Hilbert space is obtained. The usual spectral rep-

resentation of such a group of unitary operators is when the

parameter set is a locally compact abelian group (Stone's theorem).

The main result used in the proof is the Bochner theorem on the

representation of positive definite functions on a real Hilbert space.

Introduction. This paper discusses a spectral representation theorem for a

group of unitary operators acting on a Hilbert space H, where the param-

eter set is a real Hilbert space T. The usual spectral representation of such

a group of unitary operators (the well-known Stone theorem) is when

the set F is a locally compact abelian group [3, p. 392]. The main result

used in the course of our work is the Bochner theorem on the representa-

tion of positive definite functions on a real Hilbert space T. This theorem

is included in the interesting work of L. Gross [2] in Harmonic analysis on

Hilbert space.

1. Preliminaries. We begin this section by introducing some notation

which will be used later. F will be a real Hilbert space. We will use s, t,

etc. for points in F. By a Borel set in Fwe shall mean a set in the cr-algebra

determined by the collection of open sets in F. In Fthe inner product and

norm will be denoted by (•, -)T and \-\T. A complex-valued function cp on

F will be called positive definite if for every finite set t1, ■ ■ ■ , tn of points

in Fthe matrix (at]) defined by ai] = cp(ti—tJ) is nonnegative definite. The

following definition is due to L. Gross [2, p. 5].

1.1 Definition (topology t for F). The topology of t is defined as

the weakest topology for which all Hilbert-Schmidt operators on Finto T

are continuous from t to the strong topology of F.
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In these terms we can state Bochner's theorem as proved by L. Gross

[2, p. 20], as follows:

1.2 Theorem. A complex-valued function <p on T is positive definite

and continuous with respect to the r-topology if and only if

(1.3) cp(t) = f eMMds),
Jt

where fi is a positive finite measure on T.

It is known that if T is separable then <p determines fi uniquely (cf.

[2, p. 1 and p. 6]). Since a complex measure ii can be decomposed into

^=^1—^2 + 1(^3—^)^ where px, /i2, ii3, fi^ are nonnegative finite

measures, we can state the following corollary:

1.4 Corollary. // y> is any complex-valued function defined on a

separable real Hilbert space T which has the form

y<0 = f eM^d/u,
Jt

when fj, is a complex-valued measure, then n is uniquely determined by y.

The groups of unitary operators whose spectral representation we shall

establish will be denoted by {Ut, teT}. Precisely speaking we have a com-

plex Hilbert space H {with inner product (•, -)H and norm and for

each teT, we have a unitary operator Ut acting on H such that UtUs= U^,

for all s, teT. Points of //will be denoted by x, y, etc. We shall assume in

proving our spectral theorem that Ut is weakly r-continuous in t, i.e.,

(Utx,y) is continuous with respect to the r-topology for each x,yeH.

We remark that our proof of Theorem 2 uses the representation of

positive definite r-continuous functions cp [1, p. 20], in the same spirit as

the corresponding Bochner theorem concerning positive definite functions

on a locally compact abelian group was used to obtain the Stone's theorem

for a group of unitary operators over a locally compact abelian group.

2. The spectral theorem. By a spectral measure on T for a given Hilbert

space H we shall mean a family of operators {E(B)} on H into H on

S8(T), the Borel sets in T with the following properties:

(a) E{B) is an orthogonal projection operator.

(b) £(0) = O.

(2.1)   (c) E(T) = I.

(d) If B=[Ji Bt, when Bt are disjoint sets in SS(T), then E(B) =

It E{Bt).

We can now state and prove our spectral theorem.
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2.2 Theorem. Let {Ut, teT} be a weakly r-continuous group of unitary

operators on a given Hilbert space H, over a separable Hilbert space T.

Then there exists a unique spectral measure {E(B), Be&(T)} such that

(2.3) Ut = I ei(t-s) dE(s), teT.
jt

A bounded operator commutes with every Ut if and only if it commutes

with each E(B), BeSd'T).

Proof. For each xeH, the function (Utx, x) is a positive definite

function. Since by assumption (Utx, x) is r-continuous, by Theorem 1.2

and (1.3),

(2.4) (Utx, x) = f eM^x(ds).

From (2.4) it follows that for each x, yeH there exists a complex-valued

measure pxy such that

(2.5) (Utx, y) = f em s)fix,y(ds).
Jt

The uniqueness of this representation (Corollary 1.4) then shows that for

each B&3d{T), fix.v{B) is a bilinear functional and also

(2-6) f*x,y(B) = py,x(B).

We note that \pXmV(B)\2^pXiX(B)/iv_v(B). Putting r=0 in (2.4) we get that

(2.7) px.x(B) ^ \x\2;

then (2.6) and (2.7) imply that ftx,y(B) is a bounded bilinear functional on

H. Hence by [3, p. 202], we conclude that for each Borel set BeSd(T)

there is a bounded operator E(B) on H into H such that (E(B)x,y) =

ftx,y(B), E(B) = E*(B). If Blt B2e@{T) we have

(Ut+Sx, y) = jeiU+^(E(dS)x, y)

«| eiU-s)eM^(E(d^)x, y) = jeM^v(d£),

when v(d£)=eil'-*)(E(d£)x, y). We also have

(Ut+Sx, y)=p(i'^(£(^)t/sx, y).

By the uniqueness result (Corollary 1.4), we have that, for each Bxe3d(T),

(2.8) jei(^\E((di) n BAx, y) =£ei(s'f,(£(Jf)x, y) = (F(B1)Usx, y).
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Also we have

(2.9)     (EiBJUsX, y) = (Usx, EiBAy) =  e«'-*>(£(df)x, EiBJy).

From (2.8) and (2.9) we obtain (£(505,)*, Y) = (E(B)x, £(£,) Y).

Therefore E(BnlB1) = E(B)E(B1). Since

we get that, for all x,yeH, (E(T)x,y) = (x,y); hence £(F)=F Let

5=U Bv B/s disjoint in 3S{T). Then

(£(5)x, y) = = f*x.v(U A) = 2>..vW = 2 Wj).

Hence, E{B) = Zi E(B%).
This implies £(0)=2£(0) and hence £(0)=O. So that £ is a spectral

measure. The existence of the integral JT ei{t,^E(di) which we call Vt is

well known. Then from the usual operational calculus it follows that

(Vtx,y)=$ em^(dE(w)x,y), so that if each teT we have (Vtx,y)=

(Utx,y), and hence Vt=Ut.
In view of Corollary 1.4 the uniqueness of £(•) is clear.

Now let V be any bounded linear operator on H into H. An argument

similar to the one given in [1, p. 593] shows that V commutes with Ut,

teT, if and only if V commutes with £(5), Be&(T).

3. Application to stochastic processes. Let (ft, B, P) be a probability

space and let {Xt} be a 2nd order stochastic process with teT {T is a

separable real Hilbert space}. $ will denote the expectation operator. If

$(XtXs) depends only on the difference of t—s then {Xt} is said to be a

stationary stochastic process. The theory of such processes over any

locally compact abelian group has been studied [4]. The same line of

proof as in [4] can be used to prove:

3.1 Theorem, (i) Let {Xt, teT} be a stationary stochastic process with

values in L2(0., B, P).

(ii) Let H—closed subspace in L2(0., B, P) spanned by {Xt, teT}.

(iii) Let {Xt} be r-continuous, i.e. the correlation function $(XtXJ) is

continuous with respect to the r-topology of T.

(a) There exists a unique spectral measure £ on Sd{T) for the Hilbert

space H such that

(UoX,y) = (x,y) =  fix,v(ds) = fix,v(T)

Then
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The measure dF= (E(d£)X0, X0) is called the spectral distribution of the

process {Xt, reT}.

(b) The mapping e*1*''*—>Xt is an isometry on L2 F onto H.

Proof of (b) depends on the fact that e'"-'* are dense in L2tF(T) because

of Corollary 1.4.

Remark. Theorem 3.1 and representation (3.2) can be used in the

prediction theory of stationary stochastic processes over a separable

Hilbert space to obtain results similar to the usual work in the prediction

of stationary stochastic processes over a locally compact abelian group

[4]. This work is being investigated by the author and the result will

be published elsewhere.
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