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THE CONVERGENCE OF RATIONAL FUNCTIONS
OF BEST APPROXIMATION TO THE
EXPONENTIAL FUNCTION. II

E. B. SAFF!

ABSTRACT. Let W, 1(2) be a rational function of type (m, n) of
best uniform approximation to the function e* on the closed unit
disk. In this paper we show that any sequence {W,, »(z)} for which
m+n—o0 must converge to e® for all values of z. This is the first
result which describes completely the regions of convergence of
arbitrary sequences formed from a Walsh array.

1. Introduction. A rational function r,, ,(2) is said to be of type (m, n)
if it is of the form

Tmon(2) = Pu(Dgn(2);  4a(2) # 0,

where p,,(z) is a polynomial of degree at most m and g,(z) is a polynomial
of degree at most n. For each pair (m, n) let W,, ,(z) denote a rational
function of type (m, n) of best uniform approximation to the function
e* on the disk |z|<1. By “best uniform approximation” we mean that
the inequality

max ¢ — W, ,(2)] < max [e* — ,, ()

|z|]=1 |z|=1
holds for every rational function 7, ,(z) of type (m,n). The W,, .(2)
form a doubly-infinite array

Woo(2) Wie(2) Waio(2)
Woa(2) Wii(2) Weq(2)

1
M Wo.a(z) Wi a(2)

known as the L, Walsh array [6] for e on |z|=]1.
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The regions of convergence of the rows and columns of Walsh arrays
for meromorphic functions have been investigated in [3] and [7]. However,
no result is to be found in the literature which concerns the regions of
convergence of other sequences of rational functions which may be
formed from an array, such as the diagonals. The aim of the present
paper is to establish such a convergence theorem for the array (1).

MAIN THEOREM. Let W,, ,(z) be any sequence of rational functions
from the array (1) such that m+n—oco. Then for all values of z we have
2) lim W, .(z) = ¢,

m+n— o

and the limit is uniform on each bounded subset of the plane.

In [4] the author proved (2) for the special cases where m or n is fixed,
i.e., for the columns and rows of (1). The proofs of the special cases and
of the general result depend upon a comparison of (1) with the Padé
table [2] for e*. The Padé approximant of type (m, n) for the function e*
is the unique rational function R,, ,(z) of type (m, n) with the property
that e*—R,, () has a zero of order m+n+1 at z=0. We shall write

Rm ,n(z) = Pm.n(z)/Qm.n(z)’

where P, ,(z) and Q,, ,(z) are polynomials of respective degrees m and n,
and Q,, ,(0)=1. We call P, ,(z) a Padé numerator and Q,, ,(z) a Padé
denominator for the function e*.

2. Lemmata. In this section we mention some results that will be used
to prove (2).

Lemma 1. Let 7>0 and R,, ,(2) a sequence of Padé approximants for
e* such that m+n—co. Then for m+-n sufficiently large we have

3) le* — R, .(2)| = A" I mlnl[(m + n)!'(m + n + 1)),
lz| = .

Furthermore, the Padé denominators Q., .(z) for e* satisfy, for all z,

@) 1Qma(@ — ™™™ < 2P e 2m +n),  m+n>0
Here and below constants 4 with subscripts are independent of m and n.

PrROOF. Inequality (4) is proved in [2, §75] and implies that for m+n
sufficiently large the Q,, ,(z) are in modulus uniformly bounded below
by a positive constant for |z| <7. From the known identity [2, p. 436]

(_ l)nzm+n+1f1

(1 — )™ dt,
mamt oo =D

esz.n(z) - Pm.n(z) =

0
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we obtain

1€°Qn.n(2) = Prmn(2)] S €7 i ml n!(m + n)! (m + n + 1)},
Izl =
and (3) follows.
The next lemma appears in [S].

LEMMA 2. Let C™! denote the set of all ordered (n—1)-tuples Z=
(21, 235 * * * » Zn_y) Of complex numbers and for k=1,2,-- -, n let

n—1

Ly(Z) = by + 2 byz,.
i=1

Let B denote the determinant of the matrix

_bl by by - bl,n—l
by by by - b2.n—1
Q) . )
—bn bnl bn2 T bn.n—l—

and for 1Su=n let B*) be the determinant of the matrix obtained by
deleting the uth row and 1st column from the matrix (5). If B0 for some
U, then

SIL(2)| Z min {|B/|B¥]}, ZeC™
k=1 =

1=usn

LEmMMA 3. Let

(6) _
1/m! 1/(m — 1! <o 1fm—n+ D!
1/(m + 1)! 1/m! coe 1(m = n +2)!
M™" = det . . ,
L1/im+n—1! l/im+n-=2) .- 1/m! .

m=1 n=2.

If M} denotes the determinant of the matrix obtained by deleting the
uth row and vth column from the matrix in (6), then

M OKMIV =My, 1=p=n 1=v=n

For m—k<0, we put 1/(m—k)!=0in (6).
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Proor. The following identities are derived in [4] for m=n, but
remain valid without this restriction:
roo(n—=0)!
mt(m =140
m,n 1 - n —i! m,n m+1.n
u,i = ( ) . 3 Ml.;' = Mnj:-;-l,l‘
(w — DVizisizn (m — 2 + 0)!
The equations (8) imply

) MY = ML,

Mm,n —
®

and so (7) holds for u=1. For u>1 we prove (7) by induction on .
By a well-known result of the theory of determinants [1, p. 33,
Corollary 3]

(10 My = MUy

'S

m,n m,np g m,n—1
l:MLv M™"M

m,n m,n m,n
M1,1 M1.1 nl

], p>1 v> 1.

Thus for »=2 we obtain, from (10) and the identities (8),
o mal =DM+ p—2)+u—1
Mﬂ.’2 = Mn.i |: “ £ ]
m+n—1m+u—-2)

Now assume that (7) holds for v=k(>1) so that M- <M ~77". Since
(9) implies that M7}, S M7'5", we deduce, from (10),

=M, > 1

m,n m,n m,n
M = My = MY,

i.e., (7) holds for v=k+1. This proves Lemma 3.
We shall use Lemmas 2 and 3 to establish

LEMMA 4. Let p>0, m=1, n22, 0=i,=n—1, and z; =1. Then for
any n—1 complex numbers z,, 0Si<n—1, i#i,, we have
n n—1
S| Szlm+k—1—it|p
(11) k=11:=0
> 5,7 (m—D!'(n—-1)! ,
- m+n—-2)(m+n-—1)!
where A=inf,_; _{j!/p’}>0.

ProoF. Lemma 2 implies that the left-hand member of (11) is bounded

m

from below by min,,,{p"M™"/M}",;}, and hence, from (7), by
min, ., . {p"M™"| M7} Since

PMT _ (n— ) (p — 1)!(m+n—2)!>(n—/t)!>/1
MY M= Dimtu—2! S
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we have
(m—1D!'(n-1)!
m+n="(m+n—1"

PM™ M 2 A" MM = A"

1

and (11) follows.
The final lemma is due to J. L. Walsh [8, p. 231].

Lemma 5. If r(z) is a rational function of type (m, m) whose poles lie

exterior to the circle |z|=R (>1), and if |r(2)|SL, for |z|<1, then
()| < L(BT;I) . forlzl S 1<r<R
R—1~

3. Proof of Main Theorem. We first show that as m+-n— oo the poles
of the W, ,(z) approach infinity. Suppose to the contrary that there
exists a number p>1 and a subsequence of the W, ,(z), which we con-
tinue to denote by W,, ,(z), with the property that each W,, .(z) has a
pole 1/a,, , (|, ./ <1) that lies in the disk |z|=p/2. We assume, as we
may, that m=1. Now write

Wm,n(z) = pm,n(z)/(l - o(m.nz)qm,n(z)a

where p,, .(z) is a polynomial of degree at most m, and ¢, ,(2) is a
polynomial of the form

n—1 .
Am.n(2) = 2 "2,
i=0

which is normalized so that |¢;""|=<1, 0=i=n—1, and ¢;}'"=1 for some
ioy=iy(m, n). By the extremal property of the W, ,(z) we have, from
Lemma 1,

(12) |ez - Wm,n(z)l é Alem,na |Z| § 19
where ¢,, ,=m!n!/(m+n)!(m+n+1)!. Thus by the triangle inequality
(13) IR n(2) = Wi n(2)| = 24,80, 12IZ=1

Since (4) implies that the Padé denominators Q,, ,(z) are uniformly
bounded for |z| =1, we have

lQm,n(z)(l - o‘m,nz)qm,n(z)l é A2n’ |Z' é 1,
and so from (13) there follows

l(l - o(m,nz)qm,n(z)Pm.n(z) - Qm,n(z)pm,n(z)l é Asnsm.m |Z| é L.

Note that the function whose absolute value appears in the last inequality
is a polynomial of degree at most m+n and hence from a lemma of
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Bernstein [8, p. 77] we deduce that

I(l - am.nz)qm,n(z)Pm,n(z) - Qm,n(z)pm,n(z)l é A3pm+"n8m,m IZ‘ é P-
But for m+n sufficiently large |Q,, .(z)|Z0>0 for |z|<p, and so

(14) |(1 - “m,nz)qm,n(z)Rm.n(z) - pm.n(z)l é A4pm+"n£m.m |Z| é P
Since (14) holds for z=1/«,, ,, it follows that

I(l - ‘xm,nz)qm.n(z)Rm,n(z) - Pm,n(z) + pm,n(llam,n)l é 2A4pm+"n8m,m

lz| = ps
and consequently
(15) max |qm,n(z)Rm.n(z) - ﬂm,n(z)l é A5Pm+nn8m,m
lzl=p

where 7, ,(2)=(Ppm.n(2)—Pm. (1[0 )/ (1 —a,, ,2) is a polynomial of
degree at most m—1.
We now obtain a lower bound for the left-hand member of (15). Let

R, (2) = >dpr7.
=0

Since the (m—1)th section of the Taylor development

(DR n(2) = Z(Zc"‘ ”d:"_:')z", 47t =0 for j—i<0,

=0 \i=0
is the polynomial of degree at most m—1 of least squares approximation
to the function g, ,(2)R,, .(2z) on |z|=p, we have the inequalities

[max (DR n(2) — wm.,,(zn]

lz|<o

> Qmpy f DR n(2) — oI 1]

lzl=p
o [n—1 12
(16) g(pr)“‘f > (Zc”’ a7y ") 1 |dz|
lzl=p | i=m
m+n—1 | n—1 2
oz 2 ZC"’"di"-Z‘ P
j=m
m+n—1 | n—1 ; 2
; n—l[ z Zcmndmn :‘ ;
j=m

the last inequality follows from the Cauchy-Schwarz inequality. By the
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definition of the R,, ,(z),
dr"=1[j!, for 0Zj=<m+ n.
Hence (16) implies that

max |qm.n(z)Rm.n(z) - ﬂm,n(z)l
lz]=p

ZC”'"/(m+k—1—t)'

\/n k-—l i=

and so from Lemma 4 we obtain

() Ml o (DR n(2) = ) ;Jip

But then by (15) and (17),

m+n—1
Em—1,n—-1-

A
m+n A m+n —1
A 5P nép n .>.. \/ Em—1,n—15

which contradicts the fact that n®2, /e, _; ,_1—>0 as m+n—co. Thus
the W, ,(z) have no finite limit point of poles.

We can now prove (2). Let 1<7<R and choose m+n so large that
the poles of W,, ,.(z) and of R,, ,.(z) lie exterior to the circle |z|=R. Since
R, .(2)—W,, ,(2) is a rational function of type (2(m+n), 2(m+n)) it
follows from (13) and Lemma 5 that

Rr—1 2(m+n)
IRy n(2) — Wy o(2)] < 2Als,,.,n( - ) . =

- T

Thus from (3) and the triangle inequality we obtain

— 1\2(m+n)
(18) max |e* — Wm'n(z)| = Ar1m+n+lgm,,, + 2A18m,n(1:- l) .

|z|=7 -_T

As m+n— oo the right-hand member of (18) approaches zero and so (2)
holds for |z| <. Since 7 (>1) is arbitrary, the proof of the Main Theorem
is complete.

We conclude with two remarks. Firstly, by applying the method used
to obtain (17) it can be shown that

max Iez - Wm,n(z)l ; sm,n/(n + 1)3/2'

1z|=1
Secondly, the convergence in (2) holds not only for the extremal rational
functions W, ,(2), but for any sequence of rational functions W,, ,(z) of
respective types (m, n) which satisfy (12).
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