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Abstract.
If B is a real Banach space and x, ye B, then x is
said to be orthogonal to y (x ± y) if ||x+Ay||_||x|| for all real
numbers A.A function F: B—*E,where £ is a topological vector space,
is said to be additive if it is continuous and F(x+y) = F(x)+F(y)
whenever x J_ y. The purpose of the present paper is to characterize
additive functions.

If M is a Banach space of real valued measurable functions on a
measure space and if x, y e M, then x is said to be orthogonal to y in the
lattice theoretic sense (x _\_Ly), if the set {t\x(t)y(t)^0} is of measure
zero. A real valued function F on M is said to be F-additive if it is continuous, and F(x+y)=F(x)+F(y)
whenever x_|_L_y. Integral representations of ¿.-additive functionals have been the subject of extensive study in
recent years. For these and related results we refer to Drewnowski and
Orlicz [1] and Sundaresan [2], and the bibliography cited therein. The
concept of orthogonality in the definition of L-additive functionals on M
is very natural in these spaces. However there are several other concepts of
orthogonality which have been studied in detail in arbitrary Banach spaces;
see, for example, James ([3], [4]). These concepts are generalizations of
orthogonality in Euclidean spaces and are of intrinsic geometric interest.
One such concept of orthogonality is as follows. If B is a real Banach space,
and x, y e B, then x is said to be orthogonal to y, in short x _\_y, if
||x+Ay||_||x||
for all real numbers X. The purpose of the present note is
to characterize continuous real valued functions Fon B such that F(x+y)=
F(x)+F(y), whenever x J__y. For a motivation of the study of such
functionals it is enough to note that for x, yeLv(p),
x _[_Ly implies
x _L/, while in general the implication cannot be reversed.
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In the rest of the paper B stands for an arbitrary real Banach space of
dimension at least 2. Before proceeding to the main results of the paper
we summarize useful facts concerning the concept of orthogonality (J_)
described above. (1) Orthogonality is homogeneous, i.e., x J_ y=>Ax _j_py
for all real numbers Xand p. (2) Orthogonality is not symmetric in general,
i.e., x J_y does not necessarily imply j JL *• However it is known, Day
[5], that if the dimension of B^.3, then orthogonality is symmetric if and
only if B is isometric with a Hilbert space. (3) If x e B then there exists a
nonzero vector y e B such that x J_ JIn passing we note that if F is a continuous additive functional on B,
then the symmetric and antisymmetric parts Fx, F2 of Fare also continuous
additive functionals on B. This is verified from the equations Fx(x)=

i[F(x)+F(-x)],

and F2(x)=h[F(x)-F(-x)].

We start noting three useful lemmas.

Lemma 1. If B is two-dimensional, then there are nonzero vectors u and
v such that u \_v and u+v _]_u—v.

Proof.
Choose arbitrary vectors x and y such that x _]_y, and ||x|| =
||_y||= l. Represent B in the plane so that *<->(l, 0), y<->(0, 1), and ax+
¿>y<—>(a,
b). Since x _|_y, there is a vertical line of support to the unit
circle at (1, 0). As this line of support rotates counterclockwise, its point of
support is at (x+ay)j\\x+ay\\,
where a is a continuous function of the
angle of inclination. The ray from 0 to x—ay rotates from horizontal to
the vertical, clockwise, as a varies from 0 to oo. Therefore there is a value
of a and a line of support at the corresponding point (x+ay)j\\x+ay\\ that
is parallel to the ray from 0 to x—ay. That is, x+ay _|_x—ay. Now let
u=x and v=ay.
Lemma 2. Let B be a Banach space. If F is an antisymmetric continuous
additive functional on B, then F is linear.

Proof.
Let x and y be any two members of B. Choose nonzero vectors
mand v in the linear span of x and y such that u _|_ v and u+v _|_ u—v. By
considering F[X(u+v)±X(u—v)], we obtain

F(2Xu) = F[X(u+v)] + F[X(u - v)] = 2F(Xu),

and F(2Xv)=2F(Xv). Then by letting X=\v, we obtain that F(\vu)=
\F(vu). By induction, it follows that F(2plqu)=2plqF(u) for all positive
integers p and q. It now follows from the continuity and antisymmetry of
F that F(au)=aF(u) for all real numbers a. Similarly F(bv)=bF(v). Thus
F(au+bv) = F(au)+F(bv)=aF(u)+bF(v)
so that F is linear on the span
of u and v. Thus F(ax+by)=aF(x)+bF(y),
for all real numbers a and b.
Hence F is a linear functional on B.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

1972]

ORTHOGONALITY AND NONLINEAR FUNCTIONALS

189

Lemma 3. Let B be a Banach space and let F bé a symmetric additive
functional on B. If B is not isometric to a Hilbert space, then F=0. If B is
isometric to a Hilbert space, then there is a real number c such that, for all
x e B, F(x) = c||x||2.

Proof.
Let u and v be any two members of B such that u^O, «In,
and u + v J_ u—v. Then we obtain from F[X(u + v)±X(u—v)] the two
equations:

F(2Xu)= 2F(Xu)+ 2F(Xv),

F(2Xv)= 2F(Xu)+ 2F(Xv).

These equations imply that F(2Xu)=F(2Xv) for all real numbers X. This and
the first equation imply that F(2Xu)=4F(Xu). Then also F(\vu)=\F(vu)
for all v, and induction as in Lemma 2 gives

F(au) = a2F(u),

for all a.

Similarly, F(bv)=b2F(v), for all b. Thus since u _[_v, F(au+bv) = a2F(u) +
b2F(v). Since X=\ gives F(u) = F(v), it is verified that
(1)

F(au + bv) = a2F(u) + b2F(v).

Suppose first that B is isometric to a Hilbert space. Let {ej be an orthonormal basis of B. Since ex+eß _|_ ex—eß for all a and ß, it follows from
(1) that if e = F(ex) for some specific a and if x= 2 u¿£/¡(¿>>
tnen

F(x)= F(2 a^m) = J («W

= IWI2*-

Next suppose that B is not isometric with a Hilbert space. Then there is a
two-dimensional subspace E that is not isometric to Hilbert space. Now
Lemma 1 assures the existence of two vectors u, v such that u J_ v, u+
v _|_ u—v, and the linear span of u, v is F. Let now F be represented in the
plane by w<—>(l,0) and v<->(0, 1). Then there is a line of support L to the
unit circle at a point (aw+/Ji;)/||ai/-|-/it;||, for which L is not perpendicular
to the ray from the origin to au+ßv. Thus au+ßv _|_ ßu —cv where c#a,
and the rays from the origin to (a, ß) and (ß, —c) are not perpendicular.

Then
F[(ca + ß2)u] = F[c(<xu + ßv) + ß(ßu - cv)]
= F(cau + cßv) + F(ßtu - ßcv).

It then follows from (1) that (ca+/52)2=c2a2+c2ß2+ßi+ß2c2
and
ca.ß2=c2ß2. Similarly, ca/?2= a2/?2. Since c^a, it follows that ß=0. This is
impossible, since (a, 0) is not orthogonal to (0, —c) unless c=0. This
completes the proof of the lemma.
We now proceed to the main result of the paper characterizing continuous additive functionals on a Banach space. We state the result in the more
general setting, allowing the additive function to take values in a locally
convex space.
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Theorem 1. Let F be a continuous function on a Banach space B into a
locally convex space E.IfB is a Hilbert space, then Fis additive if and only
if there exist a vector Ç e E and a continuous linear operator T: B->E such
that F(x)=\\x\\2lj +T(x) for all x e E. Further if B is not isometric with a
Hilbert space, then F is a continuous linear operator on B to E.

Proof.

Let B be a Hilbert space. Let E* be the topological dual of E.

Let F be an additive function on B-+E. Let Fx, F2 be the symmetric and
antisymmetric parts of F. Now iffe E*, thenfoFx and/°F2 are symmetric
and antisymmetric additive functionals on B. Thus from Lemmas 2 and
3, it is inferred that there are a constant cf and a continuous linear functional lf on B such that/oF1(x)=c/||x||2
and f°F2(x)=If(x). It is verified
that the mapping f—>-cfis an co*-continuous linear functional on E*. Hence
there exists a fixed vector | g E such that f(Ç)=cf for allfe E*. Since E*
separates points in E, it follows that Fx(x)=\\x\\2Ç. Again, since for each
fe F*,/oF2 is a linear functional on B, it follows that F2 is a linear operator
on B~+E. Further, since Fis continuous, F2 is a continuous linear operator
on B-"E. Considering symmetric and antisymmetric parts of Fit is verified
that £ and Fare uniquely determined by F. Thus F(x)=\\x\\2Ç+T(x)
as
stated in the theorem. Since any function F with the above representation
is an additive function, the proof of the part of the theorem dealing with
the case when B is a Hilbert space is complete. The case when B is not a
Hilbert space is similarly dealt with, and the proof is omitted.
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