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ON SEMICONTINUOUS LINEAR LATTICES
HIDEGORO NAKANO

Abstract.
Applying spectral theory, we proved that a linear
lattice is continuous if and only if it is semicontinuous and uniformly
complete. In this paper we give another proof without use of
spectral theory.

Let L be a linear lattice. A sequence of elements xv e L (v= 1, 2, • • •) is
called a uniform Cauchy sequence if there is a e L such that for any e>0
we can find v0 for which |x„—xv|^e|a| for p,, v^v0. L is said to be uniformly complete if every uniform Cauchy sequence is convergent. We can
easily prove that every uniformly complete linear lattice is Archimedean,

as done in [1].
A linear lattice L is said to be semicontinuous if every element x e Lis
normalable, i.e. if {x}1 is a normal manifold for any x eL. In [1] we proved
the
Theorem.

A linear lattice is continuous if and only if it is semicontinuous

and uniformly complete.

We used spectral theory to prove it. In this paper we will give another
proof without use of spectral theory.
Let L be a linear lattice. If L is continuous, then L is semicontinuous by
Theorem 6.15 of [2] and uniformly complete by Theorem 3.3 of [2]. Thus
we will prove the converse.
We suppose that L is semicontinuous and uniformly complete. First we
prove that if a sequence 0_^xvtiLi is bounded, then there is z e L such that
[xv]xîili[z]x for x^O. If xy^k for v=l, 2, ■■■, then setting
n

y, = Iv

.

tt*v] - [xv-x])k for n = 1, 2, • • •,

v=l

where x0=0, we obtain a uniform Cauchy sequence yn («=1,2, • • •)•
Since L is uniformly complete by assumption, there exists z e L such that
yjn=xz.

Then [yn]x^=x[z]x

for x^O

by Theorem

5.26 of [2] because
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{z}L= {yn:n=l,
have

2, • • -}1. On the other hand, by Theorem 6.3 of [2] we

LvJ = 2 (M - [*v-i])[/c]= [xj

for n = 1, 2, ■• ■.

v=l

Now we suppose that 0_xvJ.?Li- For a_0, since (olxx—xv)+'\'ÜLxand
(a.xx—Xv^—aXi for v=l, 2, • • •, there exists za e L such that
[(<xx,- xv)+]x t»! [zjx

for x = 0,

as proved above. It is clear that [z0]=0 and [zj=[x1]
a>l

implies (a—l)x1 = (ax1—xv)+^ax1.

(axj — xv)+ _ (ßxx — xv)+

we have [zJ^Z/,]

for 0_a^/?.

because

for a _• /?,

Since [(aXi—xv)+] =[zj,

(N - W)[(«i

for a>l

Since

we have

- *v)+]= 0 for a = /?.

Thus ([z^]-[zJ)(ax1-xv)=-([z^]-[za])(ax1-xv)-=0,

i.e.

*[(zP] - [zJïXi Ú ([z,] - [zaJ)Xy for a = ß and r = 1, 2, • • •.
We consider

a double

sequence

0=a/It0<<x,J,1<- • •<u.ll,n

(ji=\,

2, • ■•) such that aA-v—a/J-v_1< 1/// for v=\, 2, • • • , «„, a„,n >1, and
a(i,v (^=1, 2, ••-,«„)
is a partial sequence of a^+x.v (v=l,2,
• • • , «^+i).

Setting

*,,

JV = 2 <Vv-i([zvJ - lz*^J)xi

for /* = 1, 2, • • •,

v=l

we obtain a uniform Cauchy sequence^

([¿=\, 2, • • •) because

lA'/x
- Jpl ^ (lA")fc,p,„p]*i
= (l/i«)[JCiK= U//f>*i for p = fi.
Since 7_is uniformly complete by assumption, there exists y e L such that

lim^^ yß=y. Since

Vv-i(fo„,v] - [S,.v-J)*i = ([%,v] - [zVv_J)*P,
we have
nft

v=l

because [xp]_[xj.
We suppose
(axx—xv)+_0,

a[zj*i

Thusy^xp

for p=\,

0_z_xv
for v=l,
we have

2, • • ■.

2, ■• • . Since [(axx—xv)+](a.xx—xv)=

= <*[(**! - *»)+]*i = [(<**!- *v)+K ^ [(a*i - *v)+k
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for v= 1, 2, • • • , and hence a[zjx1=^ [zjz. Thus

«(fcj - M*i = (fej - [z,\)z for a = /?,
because ([zj— [zß])[za]=[za] — [zß] by Theorem 5.24 of [2]. Since <xfl¡v_x
+

I/Z^a^v

("=1,2,

• • • , «„), we have

1
""
JV + -*1 = 2s.v(fS.v]
P

v=l

- [%.v-J)Xl

= 2(ts.J-K.v-J)2

= ^z = z

v=l

for ¿1=1,2, ••• because 0^z^xx
implies [z^fxj.
Since L is Archimedean, lim^œ (l//a)x1=0, and we obtain y^.z. Therefore L is continuous by definition.
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