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NORMALITY AND TERMINALITY IN THE ELEMENTARY
SUBGROUPS OF STEINBERG GROUPS OVER RINGS
JAMES F. HURLEY

Abstract.
The elementary subgroups of Steinberg groups over
commutative rings with identity are constructed internally in the
manner used by Chevalley and Steinberg over fields. A uniform
method is given for the construction of normal subgroups of these
elementary groups. Terminality results obtained by Spitznagel over
fields are shown to follow in the same way over rings in which 2 can
be inverted.

1. Introduction.
In [8] we have shown how the fundamental construction given by Chevalley [3] can be carried out equally as well over
commutative rings R with identity as over fields. The resulting groups GR
turn out to be important (see for example [2, pp. 94-127]) elementary subgroups of the classical special linear, symplectic and orthogonal groups
modulo their centers. In the context of the Chevalley-Demazure theory
([4], [5]) these groups are usually referred to as the elementary subgroups
of the Chevalley groups defined over R (see for example [1] and [12]). In
many cases these elementary subgroups coincide with the full Chevalley
groups over R [9, p. 102], the most familiar example being of course when

R is a field.
We have further given a uniform method for the construction of large
classes of normal subgroups of the groups GR, a method which consists
basically of exponentiating ideals of the corresponding Chevalley algebras
[7] over R. Since the ideal structure of these Chevalley algebras has been
completely determined in terms of the ideal structure of the rings and the
root systems of the underlying simple Lie algebras over the complex
numbers, we thus have been able to directly relate the normal structure of
elementary subgroups of Chevalley groups over rings to classical Lie and
commutative algebra.
In the present paper we show that the same uniform procedure can be
applied to the elementary subgroups of the Steinberg groups [13] to again
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construct normal subgroups corresponding to ideals in the Chevalley
algebras over R.
In closing we note that the terminality results obtained by Spitznagel [11]
for Steinberg groups over fields carry over to the elementary subgroups of
Steinberg groups over rings in which the key structure constant 2 is

invertible.
2. Construction of Chevalley algebras and groups, Steinberg groups, and
elementary subgroups. Full details of the construction of Chevalley
algebras and groups and elementary subgroups over rings may be found
in [8] and [14]. One starts with a finite dimensional simple Lie algebra L
over the complex field, a Cartan subalgebra H of dimension n, a set S of
nonzero roots relative to H ordered in a manner consistent with heights,
the set P of positive roots relative to this ordering, and a Chevalley basis
B= {er\reS}v{hx, ••■,*„}.
In [3] and the present paper, we may define Lz to be the free abelian
group on B, and LR=R ®z Lz is called the (adjoint) Chevalley algebra of
L over R. Now xr(/) = exp(ad ter)= 2o° /"(ad er)"/n! acts on LR meaningfully if / e R. The one parameter group Xr={xr(t)\t e R} is well defined,
and the group GR generated by all the one parameter groups Xr is called
the elementary subgroup of the Chevalley group of L over R.
In GR the group UR generated by all xT(t) with r positive is nilpotent.
A central series consists of the groups Umic)generated by those xr(t) such

that r has height at least k [14, p. 26].
Suppose now that the Lie algebra L is such that its Dynkin diagram has
a symmetry r—»-rof order two or three, and suppose the ring R has an
automorphism /-*-/"of the same order. Then o:GR-+GR given by o(xr(t))=
xz(i) is an automorphism. Let VR be the group generated by all xr(t) with
r a negative root. Let UR={u e UR\o(u)=u} and VR= {v e VR\o(v) = v}.

Then GR, the subgroup of GR generated by UR and VR, is called the
elementary subgroup of the Steinberg group ofL over R. We remark that GR
is not in general the subgroup of those elements of GR fixed by cr [13, p.
891]. We also remark that if URm = UrC\URik), then we get a central series

in UXR[11, p. 400].
A basic tool in studying Steinberg groups over fields is the collection P1
of sets of roots of types (I), (2), and (3), and the reader is referred to

[13, p. 876] for definitions and details.
3. Normal subgroups of GR. We now state the main result of [8]. Let
/ be an ideal of LR not wholly contained in HR=R ®z Hz (where Hz is
the additive abelian group generated by hx, h2, ■■■, hn). Let G¡ denote the
subgroup of GR generated by those xr(t) for which ter e I (t e R, r e S)
and all iterated conjugates Ck(Ck_x(' ' "(Ci(*f(0)) '■'))• Here Cx denotes
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conjugation by x_r(uf) for some ux e R, C2 denotes conjugation by xT(u2)
for some w2e R, C3 denotes conjugation by x_r(u3) for some u3 e R, etc.
Then Gj is a normal subgroup of GR.
The proof of this result is based on a careful study of the basic commutator lemma in GR, which in the present context takes the following

form [14, p. 24].
Lemma. If r and s are linearly independent roots, then (xr(t), xs(u))= 1
in case r+s is not a root, and (xr(t), xs(u))=xT+s(±tu)
in case r+s is a root.

4. Normal subgroups of GR. Let / be an ideal of LR not wholly contained in HR. Then we have the following result.
Theorem 1. Let G\ be the subgroup of GR generated by all xr(t) in GR
such that ter e I and by all iterated conjugates defined above. Then G] is
normal in GR.

Proof.
If we knew that G)=GIC\GR, then the result would follow
immediately from the fact that G7 is normal in GR. But since GR is not in
general the subgroup of fixed points under cr in GR, we cannot assert this.
GR is, however, generated by elements xr(t) in UR or VR, so it is sufficient
to check that the conjugates of the generators of G} by generators of GR
fall back in G). Suppose then that xs(u) e G\ and xr(t) e GR with r# ±s.
Then we have xr(t)xs(u)xT(—t)=xr+s(±tu)xs(u)

or xr(t)xs(u)xr(—t)=xs(u)

according as r+s is or is not a root. In the latter case, the conjugate is
still in G}. In the former case, since r and s are invariant under the symmetry
of the root system of L corresponding to cr, so is r+s. Thus the right-hand
side is in 67 in view of the fact that er+s e I whenever es belongs to /. If
r=s, then xr(t)xT(u)xr(—t)=xr(u)
e G\. If r— —s, then xT(t)x_r(u)xT(— t) is
one of the generators of G\. Thus the conjugates of simple root element
generators of 67 by generators of GR are in G\. Finally, in case one of the
iterated conjugate generators of G\ is conjugated by an xs with s¿¿ ±r, the
result falls back in G\ by repeated application of the commutator lemma as

in the proof of the normality of G¡ in GR [8].
A partial converse of Theorem 1 holds in the present setting.
Theorem 2. IfN is a normal subgroup ofG\ and Içz Lz is the ideal generated by D={dTer\r e S}, where dr=g.c.d.{n e Z\xr(n) e GR is a factor of
some element in N}, then NçG}.

Proof.

All xr(dr) e G) since they are among the generators. If y e N,

then j is a product of factors xr(n), where dr divides n. Thus n=drq for
some integer q. So xT(ri)=xr(dr)'J. Thus y e G).

5. Terminality in GR. Evens [6] introduced the notion of a terminal
nilpotent group. If G is nilpotent of class m, then it is terminal if
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N/Ym+1(N)^G for any nilpotent group N implies rm+1(A/)= {0}. Evens
showed that nonabelian /j-Sylow subgroups of the finite classical groups
are terminal provided the underlying field has characteristic other than p.
Spitznagel was able to remove this restriction by showing that the maximal
unipotent subgroups of Chevalley and Steinberg groups are terminal if the
field is not of characteristic 2 and the Lie algebra is of rank at least 4
([10], [11]). We note here that the results of [11] extend to the elementary
subgroups of Steinberg groups over rings in which 2 can be inverted.

Theorem 3. Let UR be as defined in §2, L of type An (n odd), Dn, or F6,
and 2 a unit in R. Then
(1) UR is generated by the groups Uifor {Sf\ a fundamental system of
sets of positive roots of the respective types Ck (k=\(n+l)),
Rn_i, or F4

identified with P1.
(2) The groups UR(k)form the lower central series of UR. Thus the class
of UR is the class of UR, namely the height of the highest root in the root

system of type Ck (k=\(n+l)),

Bn__x,or F4 identified with P1.

Proof.
If R is a field, then this is just Theorem 1 of [11]. An examination of the proof in [11] reveals that only properties of root systems and
the invertibility of 2 were needed. Since we have added the hypothesis that
2 be invertible in R, the result will follow from the argument given in [11].
Theorem 4.

In Theorem 3 suppose that if L is of type An, then n_7 is

odd and if L is of type Dn, then n_5.

Then UR is terminal nilpotent.

Proof.
The proof of this result for R a field [11, Theorem 2] required
only the invertibility of 2, the multiplicative properties of a Chevalley
basis, and the finding of roots with certain technical properties in each of
the types Ck, Â:=£(n-rT), Bn_x, and F4. Thus the result will follow in the
present context from the argument given in [11].
The case of An, n even, is more complicated, as usual in Steinberg
groups. However, Spitznagel is able to establish the results of Theorems 3
and 4 in this case as well without using any field properties beyond the
invertibility of 2. This result as well then carries over to the present setting.
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