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TORSION THEORIES  OVER  SEMIPERFECT RINGS

EDGAR  A.  RUTTER,  JR.

Abstract. In this note we characterize those torsion theories

over a semiperfect ring such that the class of torsion free modules is

closed under projective covers and the hereditary torsion theories

for which this is true of the class of torsion modules. These results

are applied to determine all hereditary torsion theories over an

injective cogenerator ring with the property that the torsion sub-

module of every module is a direct summand.

The purpose of this note is to investigate some properties of torsion

theories in the category of modules over a semiperfect ring. We charac-

terize those torsion theories with the property that the class of torsion free

modules is closed under projective covers and the hereditary torsion

theories for which this is true of the class of torsion modules. A torsion

theory is called splitting provided the torsion submodule of every module

is a direct summand. Bernhardt [4] proved that every splitting hereditary

torsion theory for a quasi-Frobenius ring is determined by a central

idempotent of the ring. The results mentioned above permit us to extend

this result to a natural generalization of quasi-Frobenius rings, namely,

the one-sided injective cogenerator rings. Bernhardt's theorem depended

on a result of Alin and Armendariz [1] which states that every hereditary

torsion class over a right perfect ring is closed under direct products and

hence is determined by an idempotent ideal of the ring. While we shall

not require this result our methods yield a new proof of it.

Throughout this paper the term "ring" will mean an associative ring

with identity and all modules will be unital left modules. We denote the

category of all modules over a ring R by R^. Dickson [6] defined a

torsion theory for RJt to be a pair (^", !F) of classes of modules satisfying:

(a) ¿rnJs-={0};

(b) ST is closed under homomorphic images and W is closed under

submodules;

(c) for each module M there exists a unique submodule Mt of M such

that MteST and M\Mt e &'.
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A class of modules SF is a torsion class if there exists a class 3* such

that (S7', SF) is a torsion theory. A torsion class SF is closed under homo-

morphic images, direct sums, and extensions and uniquely determines SF.

Conversely, any class of modules with these three properties is a torsion

class. A torsion free class is defined dually and is characterized by being

closed under submodules, direct products, and extensions. A torsion class

ST and the associated torsion theory (ST, S*) is called hereditary if S7' is

closed under submodules. This is equivalent to SF being closed under

injective envelopes. All of the above information is contained in [6].

A ring R is semiperfect if each cyclic Jv-roodule has a projective cover.

This implies that each finitely generated P^-module has a projective cover.

For the basic properties of semiperfect rings see [3] or [9].

Proposition 1. Let (SF, SF) be a torsion theory in RJt. If SF is closed

under homomorphic images, then SF is closed under minimal epimorphisms.

Conversely, suppose that (SF, S*) is hereditary and R is semiperfect. Then

if SF is closed under projective covers of simple modules, 3* is closed under

homomorphic images.

Proof. Let M' eSF and M—>-A/"—>-0 be a minimal epimorphism with

kernel K. Then

M¡(K + MA s* (M\K)\((K + MA/K) e SF

since M' e ST. However, M\Mt e SF and so

M\(K + MA ai (M¡MAI((K + MA\MA E &

by hypothesis. Since 3FnSF={0), M=K+Mt and so M=Mt e 3".

Suppose SF is closed under projective covers of simple modules. Since

SF is closed under homomorphic images, for any finitely generated module

MeSF, the projective cover of M, P(M)eSr. Let W^W'^0 be an

epimorphism with W e 3*. Since Hom(P(M), W)=0, the exactness of the

sequence

Hom(P(M), W) -* Hom(P(M), W) -+ 0

implies Hom(P(M), JF")=0. Therefore, the exactness of the sequence

0 -> Hom(M, W) -* Hom(P(M), W)

implies Hom(M, W')—0. Since 3~ is closed under submodules and M is

an arbitrary finitely generated module in SF, W't=0 and so W e 3*.

In [8] Jans called a hereditary torsion class SF a torsion-torsion free

(TTF) class provided SF is closed under direct products. By virtue of

results of Dickson [6] cited earlier, SF is a TTF class if and only if there

exist torsion theories (SF, 3*) and (f€, &~) in RJt'. It is shown in [8] that
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there exists a one-to-one correspondence between TTF classes in RJ¿ and

idempotent ideals of R. The correspondence is given as follows: I—Rc,

the ^-torsion submodule of R, while ,FZ = {M in RJt\lM=§).

If P is a projective i\-module, T= 2/ Im(/) where/E Hom(f, R) is an

ideal of R called the trace ideal of P. It is immediate from the "dual basis

lemma" [5, VII, 3.1] that r2=Jand TP=P.

Proposition 2. Let R be a semiperfect ring and LF, ¡F) be a hereditary

torsion theory in RJi. If F is closed under homomorphic images, there

exists an idempotent ideal T of R such that 3~=3~T, In particular F~ is a

TTF class.

Proof. Let Slt • • • , Sk be a complete set of representatives for the

isomorphism classes of simple 7\-modules in F, P and Q denote, respec-

tively, the projective cover and injective hull of Sx®- • -®Sk, and T be

the trace ideal of P. We show first that F consists precisely of those

modules which can be embedded in a direct product of copies of Q. We

denote the class of such modules by F. Since LF, F) is hereditary and

Sx®---@SkeF, QeF and so F^.F. If XeF, then for any

0#x e X, Rx has a simple epimorphic image which is contained in Q.

Since Q is injective, there exists fe Uom(X, Q) such that/(x)?^0. Thus

XeSf and hence F=F.

The unique torsion free class determined hySTT is

FT = {Min R.Jl | {m e M\ Tm - 0}= 0}.

Hence QeFT since Sx®-■-®Sk does and (2TT,FT) is hereditary.

Thus J^cJ^y and so FT^F. Suppose MeF, then Hom(P, M)=0.

For if 0t¿/e Hom(P, M),f(P), being a homomorphic image of F which

is finitely generated, has a simple homomorphic image which is also a

homomorphic image of P and so isomorphic to a submodule of Q. This

implies Hom(/7F), 0#O and hence Hom(M, 0)^0 since Q is injective.

This contradiction shows Hom(F, M) = 0 and so M eF'T. Thus F=F'T.

Theorem 3. If R is a right perfect ring and (F', ¡F) is a hereditary

torsion theory in RJt', there exists an idempotent ideal T of R such that

(F, F) = iFT, &T). In particular, F is a TTF class.

The only modification needed in proof of Proposition 2 to establish

this result is to observe that since R is right perfect each X e ¡F has an

essential socle which belongs to IF and so X e £f. The proof of this

proposition exhibits a one-to-one correspondence between hereditary

torsion classes in RJ( and sets of isomorphism classes of simple left

/?-modules. Thus if R has n nonisomorphic simple left modules, there

are 2" hereditary torsion classes in RJl and each is a TTF class. Similar
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classifications of the hereditary torsion theories in RJl were obtained

earlier by Alin and Armendariz [1] by extending a method of Jans [8] and

by Dlab [7]. In each instance the approach differs from that above.

Finally we note that the above results show that every idempotent ideal

in a left or right perfect ring is the trace ideal of a finitely generated

projective module.

Theorem 4. Let R be a semiperfect ring and (SF, SF) be a torsion

theory in RJtt. Then the following conditions are equivalent:

(a) Pt is a direct summand of P for every projective module P in Rdi;

(b) SF is closed under projective covers;

(c) SF is closed under projective covers of cyclic modules;

(d) Rt is a direct summand of RR.

Proof. (a)=>(b). Let XeS? and P-+X be a projective cover with

kernel K. Since Pt^K and Pt is a summand of P, we have Pt=0. Thus

PeSF.

(b)=>(c). This implication is trivial.

(c)=>(d). Let Tr:P^>-R¡Rt be a projective cover. There exists an epi-

morphism a.:R—>-P such that tt•«.=■», the natural projection of R on

R/Rt. Since P is projective R—Ker a©P' with P' isomorphic to P. Thus

Rt = (Ker a)t ® P¡ = (Ker a)t   as   P' e 3*.

However, Tr-v. = r¡ implies Ker aSÄ,. Thus ivÉ = Ker a and so is a direct

summand of RR.

(d)=>(a). If P is a projective .R-module there exists an .R-module Q such

that F=P@Q is a free module. It is immediate from (d) that Ft is a direct

summand of F. Since Ft=Pt®Qt, it follows thatP( is a direct summand of

F and hence also of P.

Theorem 5. Let R be a semiperfect ring and (SF, SF) be a hereditary

torsion theory in RJi. Then the following conditions are equivalent:

(a) SF is closed under homomorphic images ;

(b) SF is closed under projective covers;

(c) SF is closed under projective covers of simple modules;

(d) (SF, 3F) = (3FT, S^T) where T=Re is an ideal of R and e an idem-

potent element of R.

Proof. The equivalence of conditions (a)-(c) is immediate from

Proposition 1. Assume (a)-(c) hold. Then it follows from Proposition 2

that (SF, S*)=(SFT, SFT) where T is an idempotent ideal of R. Further-

more, (^t, SF j) is a torsion theory in RJ¿ where (&T = { Ye R.J(\TY= Y).

It follows from Theorem 4 applied to this torsion theory that RC=T is a

direct summand of RR and so T=Re with e an idempotent element of R.
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The implication (d)=>(c) also follows from Theorem 4 applied to the

torsion theory (/ëT, FT).

A torsion theory lF, F) in ßJi is centrally splitting iî F is a TTF class

and the associated idempotent ideal is a ring direct summand of R, that

is, it is principal generated by a central idempotent of R. Bernhardt [4]

called a torsion theory for a semiperfect ring principal provided, for every

simple module S in RJl',

(i) S is in F if and only if the projective cover of S is in F, and

(ii) S is in ÍF if and only if the projective cover of S is in F'.

Theorem 6. Let R be a semiperfect ring and (F, F) be a hereditary

torsion theory in ^Ji'. Then the following conditions are equivalent:

(a) F is closed under injective hulls and projective covers of simple

modules;

(b) (F, F^ is principal;

(c) (F, F) is centrally splitting.

Proof. (a)=>(c). It follows from Theorem 5 that there exists an ideal

T=Re with e2=e e R such that <F~, F)=i.FT, F~T). Thus F is a TTF

class. Let Sx, • ■ • , Sk be distinct representatives for the isomorphism

classes of simple modules in F~. Then if Q is the injective hull of

Si ® ■ ■ ■ ® Sk

it follows exactly as in the proof of Proposition 2 that F is the class of

modules in RJl cogenerated by Q and so is closed under injective

envelopes. Hence the torsion class %'T is hereditary. Thus for each x e T,

Rx=TRx=Tx, that is, x e Tx. We complete the proof of this implication

by showing that T=fR with f2=f For this it suffices to show that if/¿ is a

primitive idempotent of R^/T^O implies fiT=fiR. If not, then since fiJ

is the unique maximal submodule offiR where J is the Jacobson radical

of R, fiTçfiJ. Then for each x efiT there is a / e T such that tx=x.

Thus fitx=fx=x and so (\—ft)x=0. Since ft efJç.J, x=0. This
contradiction completes the proof of the implication.

(c)=>(a). This implication is clear.

(b)<=>(c). This equivalence was proved by Bernhardt [4] under the added

hypothesis that F is a TTF class. However, if (F, Fr) is principal it

follows from Theorem 5 that F is a TTF class. The rest of the proof

follows exactly as in [4].

If LT, F) is a torsion theory for RJt and M e RJl', then M is said to

split provided M=Mt®M' and <F~, F) is called a splitting torsion theory

if every module in RJi splits. A centrally splitting torsion theory is always

a splitting torsion theory. In fact a TTF class F with associated torsion
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theories Ç&, S7") and (SF, S77) is centrally splitting if and only if

M = Mt® Mc

for every M in RJl (see [8]).

A ring R is a (left) injective cogenerator ring if RR is an injective co-

generator in RJ¿. These rings were first studied by Osofsky [10]. This

class of rings has also arisen in a somewhat different fashion in the work

of Azumaya [2] and Utumi [11].

Theorem 7. Let R be a left or right injective cogenerator ring and

(SF, SF) be a hereditary torsion theory in R^. Then the following conditions

are equivalent:

(a) $~ is closed under injective hulls of simple modules;

(b) SF is closed under projective covers of simple modules;

(c) (SF, 3*) is principal;

(d) (SF, SF) is splitting;

(e) (3r, 3F) is centrally splitting.

Proof. Osofsky [10] showed R is semiperfect. If e,, • • • , en is a com-

plete set of primitive orthogonal idempotents for R it follows from [11]

that each Rei contains a unique simple submodule S¿ and a unique simple

factor module S¡ for which it is an essential extension and a projective

cover, respectively. Moreover, as ; ranges from 1 to n the Si and S¡

provide distinct representatives for the isomorphism classes of simple

7\-modules. We may assume they are indexed so that Sx, ■ ■ ■ , Ske3r and

■Sfc+i, • • ■ , Sn e SF and since (3r, SF) is hereditary, Rek+1, • • • ,Rene377.

If (a) holds, Rex, • • • , Rek e SF. Since no module in SF has a projective

cover in SF as Hom(M, X)=0 for all MeSF and XeS^, a simple

counting argument shows that (SF, .W) is principal. Thus, (a) implies (c).

If (b) holds, the number of Ret in 3~ must equal at least k and since

Rek+1, • ■ ■ , Ren e SF, it equals exactly k. Thus (SF, SF) is principal as

above and so (b) imples (c).

That (c) implies (e) follows from the preceding theorem. The implica-

tions (e)=>(b), (e)=>(d) and (d)=>(a) are always valid.

We note finally that there exist splitting hereditary torsion theories over

Artinian rings which are not centrally splitting. Such a torsion theory may

be found for instance in the category of left modules over the ring of two

by two lower triangular matrices over a field.
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