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NONFACTORIZATION in subsets of the

MEASURE ALGEBRA

J.  T.  BURNHAM

Abstract. In this note we unify and simplify some recent results

showing the impossibility of factoring in certain convolution sub-

algebras of the group algebra of a nondiscrete LCAG. A new result

is a direct proof of nonfactorization of the classical Hardy spaces,

regarded as convolution algebras, on the circle. By considering the

ideal of Hilbert-Schmidt operators in the algebra of compact

operators on a Hilbert space we illustrate that nonfactorization is

not peculiar to convolution.

It is known that the group algebra of a LCAG has the factorization

property. The general case is due to Cohen [5], while Rudin [13], [14],    *

solved the problem for locally Euclidean G. In 1939, Salem [15] obtained

the same result for the circle group.

Recently, [10], [18], [17],1 attention has been given to the impossibility

of factoring by convolution in subalgebras of group algebras. Most of

these nonfactorization results are for explicit choices of Reiter's Segal

algebras [12]. For further details on history and related results see [8], [9].

It may be of interest to keep in mind recent generalizations of Segal

algebras due to Burnham [2], [3] and Cigler [4].

Our objective is to present simple proofs of some of the known non-

factorization results by exploiting a single idea (Lemma A). We implicitly

use the fact that if G is a nondiscrete LCAG [fixed for the remainder of

this note], then as a consequence of Theorem 1 in [6], 3/e Ce(G) with

f$ LKÚ).
Several of the known nonfactorization results are a simple consequence

of

Lemma A. Let (X, ^, ¡u) be a positive measure space. Letf be a bounded

complex-valued function on X with fG Lp(p)for some p e (1, oo). If for each
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1 This was brought to our attention after an earlier draft of this paper had been ac-

cepted lor publication. There is some overlap in material and the results in [17] are more

comprehensive but the techniques of the present note are sufficiently different from those

in [17] to warrant this note. In particular our result concerning the Hardy spaces is not

included in [17].
(£, American Mathematical Society 1972

104



NONFACTORIZATION  IN  SUBSETS OF  MEASURE ALGEBRA 105

positive integer n, we can write f=ft • • -f„ (pointwise multiplication) with

f bounded andf e Lv{fi), thenfe L1(/u).

Proof. Since/is bounded,/e Vfort^.p. Choose t=n^pand a¿=\/n.

Since l/l* e L1 we have by the generalized Holder inequality,

jx(\A\T • • • (i/.iT</ju ̂ ii 1/,1'nr • • • ii i/j'iir- < oo.

But the left side of the inequality is precisely |¡/||, so the proof is complete.

Here are our nonfactorization results (we write A2 for A * A).

Theorem B. If Â<^Ll{G) but Â^LV{G) for some pe(l, oo), then
A29^A.

Proof. Suppose A2=A. Then for each g e A and positive integer n we

can write g=gx * • • • * g„- Taking Fourier-Stieltjes transforms and ap-

plying Lemma A we obtain the contradictory fact g e Ll(G).

Corollary C. If p e (1, oo), then Ap(G)={fe Ll(G)|/e f{6)} fails

to factor. More generally, if r¡ is a positive measure on G, then AV(G, r¡)

fails to factor.

Theorem D. Let Â^V{G). If Ac^(G) for some pe(l,2] or if
AcL1(G)(^Lv{G)for somep>\, then A2^A.

This is also proved by applying Lemma A, using the Hausdorff-Young

theorem and Plancherel's theorem.

Corollary E.    U(G)f~\L"(G) fails to factor for all p^\.

Corollary F. Identify G with [0, 2tt). If p e (1, oo), then HP(G) fails
to factor.

Proof. By a result of Boas [1], Lp and Hv are topologically iso-

morphic (Hp is given the inherited Lv norm). Corollary E applied to the

explicit construction in [1] gives the result.

Example. Let C=ideal of compact operators on some Hubert space.

Let B=ideal of Hilbert-Schmidt operators (in C) with the Hilbert-

Schmidt norm. Then [3] B is an /(-Segal algebra in C. Moreover B2 =

trace class Ç5. it would be interesting to know if the (proper) ^-Segal

algebras of [2] fail to factor. An affirmative answer would settle, in par-

ticular, the problem for all (proper) Segal algebras: a plausible conjecture

is that all proper symmetric Segal algebras [11, p. 17] fail to factor.

Remark. In [7], [16], it is shown that A/0(G) fails to factor by delicate

ideal theoretic arguments. It would be of interest to have a direct proof of

this fact within the context of the techniques of this note.
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Finally, I would like to thank the referee for correcting many egregious

errors in the first draft of this paper. His comments have been most helpful,

and I am indeed grateful.
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