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A NOTE ON SYSTEMS OF LINEAR INTEGRO-
DIFFERENTIAL EQUATIONS

ROBERT  L.   WHEELER1

Abstract. Assume the existence and boundedness of a solu-

tion to a linear system of integrodifferential equations. Conditions

are found which guarantee the solution is asymptotically almost

periodic.

1. Introduction. We consider the asymptotic behavior as r->-oo of the

bounded solutions of linear systems of equations of the form

(1) f " x(t - f) dAfâ = f(t)       (- co < t < oo),
J — 00

v—1   /*00

(2) xM(t) + 2       xw(t - f ) dAk(i) = f{t)       (- co < t < oo).

Here/and x are vectors with N components and Ak (0=k^v—l) are N

by N matrices. It is assumed that ^ e NBV(— oo, oo) for O^k^v—1

(i.e. each component of Ak is of bounded variation, left-continuous and

vanishes at — oo), and that

(1.1) 6L°°(-oo, oo),       lim f(t) =/(oo) exists.
i-»oo

Let Â(X) denote the Fourier-Stieltjes transform

A(X) = |    e~m dA(£)       (- oo < X < co),

and define the spectral sets corresponding to (1) and (2) by

St = {X | Â0(X) = 0, - oo < X < oo},

S2 = {X | P(iX) = 0, -oo < X < oo},
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where PiiX) is the "characteristic function" associated with (2):

v-l

PiiX) = iiXYE + 2 (iXfMV       (- oo < A < co),
*=o

E = [ôfj],   the N by N identity matrix.

When the sets S1 and S2 are finite, Levin and Shea have shown that

bounded solutions of (1) and (2) are almost periodic in a certain weak

sense [2, Theorems 11a, 13]. They also give sufficient conditions which,

for the scalar case (^=1), guarantee that bounded solutions of (1) and,

when v—l, of (2) are asymptotically almost periodic in the sense of

Fréchet [1], [2, Theorems 5c, 5a]. The purpose of this note is to extend

this latter result to systems of equations as well as to systems with higher

order derivatives.

For each positive integer «, consider the growth conditions.

H(f »):/-0i. • • • Jn) satisfies (1.1),

f V1 |/,(i) - /,(co)| dt < co       (1 ̂  j < N),
Jo

HiA, n):A = [Ai¡] eNBV(- co, co),

('°\t\n\dAi¿t)\<a>       (lrgW^AO-
J —00

Theorem   1.    Let   //(/«)   and  HiA0,n)   hold,   and suppose  St=

{h-, ' ' ' > *n}>

(1.2) id/d(iX))[det Â0iX)] *0       iX = Xu ■ ■ ■, Xn).

Let x(t) be a bounded, Bore I measurable function which satisfies (1) on

(-co, co) ai well as the tauberian condition

(T) lim   |x(í + t) - x(r)l = 0.
(-♦oo.i—»0

Then
n

(1.3) xit) = /(corteo)-1 + 2 Ym exp[iAmi] + r¡(t)       (- co < / < co)
m=l

vf/iere ymeCN (1^«2^«) a«J ?7(r)—>-0 ay r-*-co ithe term /(oo)^0(co)_1

í/oeí «oí appear in (1.3) //o«e o/"/«e Am=0).

The analogous theorem for (2) is

Theorem 2.   Let HiJ,n), HiAk,n) iO^k^v—l) hold, and assume

(1.4) (d7dY/Â))[det PiiX)] ̂  0       iX = Xir--, Xn).
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Let x(t)eL™(—*x>, co) with xh~1](t) locally absolutely continuous (LAC)

on (—00, oo) satisfy (2) a.e. on (-co, oo). Suppose, in addition, that

(1.5) x{k)(t) e L°°(- co, co)       (l^k^v- 1).

Then (1.3) holds with r¡ satisfying

(1.6) limt}w(t) = 0   (0 £ k ¡g * - I),       lim [ess sup |i/v,(t)|) = 0.

We remark that the derivatives in (1.2) and (1.4) always exist whenever

H(Ak,n)(0=k<:v-l)hold.

By a simple conversion process [2, Lemma 19.2] we may use Theorems

1 and 2 to obtain analogous results about the corresponding Volterra

equations

(1') Px(t - ¿) dA0(S) = /O)       (0 ̂  í < oo),
Jo

(2')       xM(t) + 2 Í x<k\t - i) dAk(ï) = f(t)       (0^t< oo).
k=oJo

In the case of (2'), we need not assume a priori (the analogue for [0, oo)

of) hypothesis (1.5) since this will follow from the other hypotheses

[2, Lemma 19.1].

Corollary. Let 4í)e¿"(0. °o) (with x(v'u(t)eLAC[0, oo)) satisfy

(2') a.e. on [0, co) with Ak= [Aki¡] e NBV[0, oo), a«i//eL°°(0, oo) such

that limt^00f(t)=f(co) exists. Define S2 and P(iX) as before where the

Ak(t) are understood to be identically zero on (—co,0]. Suppose S2=

{Xu---,Xn}, and (1.4),

(1.7) f"/» \dAkij(t)\ < oo       (0 ̂  k < v - 1, 1 ̂  $,}■$ N),
Jo

(1.8) f V""11/3(0 - //oo)! dt < oo       (IgjgN)
Jo

are satisfied. Then (1.3) holds on [0, oo) with rj satisfying (1.6).

When «=1, it is easy to see that (1.8) cannot be omitted from the

hypotheses of this Corollary by observing that

*W = rJ_^7 f <l - O^M dr + x(0)       (0=t<ao)
(v — 1)! Jo

is a solution of the differential equation

v-l

(1.9) xM(t) + 2 oikx(k)(t) = f{t)       (0 ^ t < oo),
*=o
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where the constants a.k are chosen so that the characteristic polynomial of

(1.9) is Piz)=YllZliz+k). This is a special case of (2') with N=l,

At(0)=0, Akit)=*k it>0, 0i%k^v-l).

2. Proof of Theorem 1.    We may assume N^.2 since the case N=l is

[2, Theorem 5c]. Let x • A denote the convolution

x • A(t) =      x(t - £) dAH)       (- co < / < co),
J — oo

that is x * A=(zu ■ ■ ■, zN) where z,{t)= iti J-«, *<('-£) dAi}(i). By (1),

x * A0 * adj A0it) = / * adj A0it)       (— co < t < oo),

where adj /10 denotes the N by N matrix obtained by taking the formal

adjoint of A0, but with convolution replacing pointwise multiplication.

This equation may be rewritten as N scalar equations

(2.1) Xj • Bit) = h¡(t)       (1 ^j ^ N, -co < t < co),

where 5eNBV(—oo, co) is the scalar function defined by taking the

formal determinant of /40 in which pointwise multiplication is replaced by

convolution, and h=(hl9 • • • , hN)=sf*adiA0. Using HiA0,n) and

HiJ, n), one easily verifies that HiB, n) and //(«,«) hold with limt^œ «(í)=

/(co)(adj ^o)(°°)- Since ÊiX)=det[Â0iX)] (—co<A<co), the scalar case

of Theorem 1 may be applied to each equation in (2.1) to yield

n

x/0 = «/co)B(co)-1 + 2 Ymi expt¿Aní] + i?X0
m=l

(1 <£/ <; N, -co < í < co)

with ymj e C and r)¡(ty-+0 as r—»co (the terms «i(co)7i(oo)-1 do not occur

if one of the Xm=0). Theorem 1 follows by setting ym=iyml, ■■ , ymN)

for l^m-%n and r¡ = (r¡l, • • • , r¡N).

3. Proof of Theorem 2.    We deduce Theorem 2 from Theorem I. Let

Git) = i   exp[-£2] di       (-co < t < co),
J — OO

so that //(C7, «), HiG', n) hold for any positive integer «, and

(3.1)        GiX)^0,    iG')* iX) = iiX)GiX)       (-co<a<co).

Using x * a to denote .x * a(0= /-«, x(f—fMf) </£, (2) gives

x<" * G'(0 + 2 I xT * 4w * G'(0 = /i * G'(0

(1 ^j ^ TV, -co < t < oo)
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where Ak= [Akij\. Integrating by parts yields

v-l  ¿V -V

*</-" • G'(t) + 22 xtV * 4W, * G'(t) + 2 x,. * ¿0IJ • G(i)

= /, * G'(<)      (1 = j = N, - a < / < oo).

Repeating this convolution and integration process v times, we obtain

(3.2) x • B(t) = g(t)       (- oo < t < oo)

where 5= [£„] with

B„ = <5i3(G')v* + 2 ¿*« * (G'f* • G^* + A«, * G**,

àu denoting the Kronecker delta, and g=f * C where C=[C¿Í] with

CJ3=<5i3(G')v*. Here we have used Ak* and a4* to denote the k-fo\d

convolutions A-k A-k ■ • ■ -k A, a * a * ■ ■ ■ * a. Using H(G, n), H(G', n),

H(Ak, n) (O—k—^v— 1) and H(f, n), one easily checks that H(B, ri) and

H(g, ri) are satisfied with linv^ g(t)=f(co)[(G(co))vE]. The definition of

B and (3.1) imply

det Ê(X) = [G(X) (-Vv) det[P(/A)]       (- oo < X < oo);

hence (2) and (3.2) have the same spectral sets. Also, x satisfies (T)

since x e LAC(— oo, oo) and ||x-'||00<oo. Thus, applying Theorem 1

to (3.2) and using the values of g(oo) and B(ao), we find (1.3) holds with

ym e CN (l<m^n) and ??(r)->-0 as .-»oo. To show r¡ satisfies (1.6), note

that (the analogue for (-co, oo) of) [2, Theorem 13a] implies

n

x(t) = /(coKioor1 + 2 cm(t)cxp[iXmt] + J?1(i)       (- co < t < co)
m=l

where ^ satisfies (1.6), and the cm satisfy

cOTeC°°(-oo, oo) nL°°(-oo, oo),   Um c\i\t) = 0

(3.3) »-■
ij= 1,2, •■■).

Since 2m=i (cm(0 —ym)exp[/Ami]->0 as /-»-oo, it follows from (3.3) that

cm(t)—>-ym as f—>-oo (l^m — n). Thus r¡ satisfies (1.6).

We remark that the technique used to prove Theorem 2 may also be

employed to give a different proof of Theorem 13a in [2].
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