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Abstract.   Let  Vk be the class of normalised functions of

bounded boundary rotation. For/6 Vt define

M(r,f) = max |/(z)|,
|s|_r

and let L(r,f) denote the length of/(|z|=r). Then if/(z)=z+

2n=2anz", it is shown that (i) 2M(r,f)<L(r,f)^knM(r,f), and
(ii) n- \at\-^{T¡k\rn-'í)M(r,f'), n^.2. The class At of meromorphic

functions of boundary rotation is also studied and estimates for the

coefficients are given.

1. Introduction. For fixed k^.2, let Vk denote the class of normalised

functions of boundary rotation at most k-n; that is,/e Vk if and only if

fis analytic in the open unit disc y,f'(z)jtQ for z e y, f(0)=0, f (0)=l,

and / maps y onto a domain with boundary rotation at most kn. Since

the boundary rotation is the total variation of the argument of the bound-

ary tangent vector (whenever such a tangent vector exists), we have (see

e.g. [5]), with z=reie,

f2"        (zf'(z))'
(1) ReW dd < ÍC7T.

Jo            f'(z)

V2 is the class of normalised convex functions, and it is well known that

for 2^k^4, Vk contains only univalent functions.

Suppose/e Vk and has Taylor expansion

(2) f(z) = z + 2 «^"-
fl=2

Then the problem An(k)=ma\ \a„\ has been extensively studied, but

remains largely unsolved. It is known that, for k^.2,

(3) A2(k) = kj2,    A3(k) = (k2 + 2)/6,    At(k) = (k* + 8*)/24,

and, for n^.2, that

(4) |c.| ^ c(k)nm~\
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where c(k) is a constant depending only upon k. (4) was given in [4] with

<;(/:)—► oo as Ar-»-oo and in [8] with c(/<)->-0 as ¿-»-co. The function f9 e Vk

defined for z e y by
\¡fc/2

\e\ = 1,*>-»)-'

shows that equality may occur in each of (3), and also that the index of«

in (4) is best possible.

A class of functions closely related to Vk is the class Ak (k^.2) of

meromorphic functions defined as follows. The function g, given by

(5) g(z)
1      v«

belongs to Ak if and only if g is analytic in y' = y\{0}, g'(z)^0 for zey'

and g maps y' onto a domain with boundary rotation at most kit. For

g e Ak, we have [7], with z=re'e,

(6) Re
(zg'(z))'

g'(z)
dd < /C7T.

If ^ e A,, is given by (5), then the problem Bn(k)=max \bn\ was con-

sidered in [6]. It was shown that

Bx(k) = k\2   and   B2(k) = k/6.

It was also shown in [6] that, for n^l, \bn\^C(k)nk/2-3, for k=2 and

k^.4, where C(/c;)—>-oo as k-+co.

Let A/(/-,/) = maX|Z|=r |/(z)| and let 0<r<l. The main purpose of this

paper is to give estimates for the coefficients an and bn in (2) and (5) in

terms of M(r,f) and M(r, g') respectively. We shall also give an extremely

simple proof of (4) with an improved constant c(k). The methods of the

paper show also that, for all k^.2 and n^.2, \bn\^C(k)nk,2~3 where

C(k)—>-0 as k—<-co. This result improves the theorem given in [6], since the

estimate is now valid for all k^.2, and since C(k)—*-0 as k—*co.

2. Statement of results.    For Vk we have:

Theorem 1.    Let fe Vk and be given by (2). Then, for any 0<r< 1,

(i) 2M(r,f)<L(r)^ktrM(r,f) where L(r) is the image ofyr={z:\z\ = r)

under f, and

(ii) «2|an|^(3Ar/r"-1)M(r,/'), «>2.

Remark.   1.   A geometrical proof of (i) was given in [2] with a worse

constant.
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2. An example in [2] shows that the constant k-n in (i) is the best

possible.

With the aid of this theorem we are able to prove the following

corollaries :

Corollary 1.    Let fe Vk and be given by (2). Then, for n^5,

n |cl Ú e*l2[(nl2)k>2 - 1].

For n=2, 3, 4 the inequalities (3) are better.

Corollary 2.    Let fe Vk and be given by (2). Then, for n^.2,

n\an\^2ke2(A(\-\jn)j^y12,

where A(r) is the area off(yr).

This last result was obtained in [1], with essentially the same constants.

In [2] it was also shown that for a bounded function in Vk, nan=o(\)

as n—>-cc. The following extends this result.

Corollary 3. Letfe Vk and be given by (2). Then if the area off(y)

is finite, nan—o(\) as h—>-co, and the index ofn is best possible.

For Ak we have

Theorem 2. Let geAk and be given by (5). Then, for any 0<r<l

and any n^l,

n2\bn\<:(4klr^)M(r,g').
We also have

Corollary 4.    Let g e Ak and be given by (5). Then, for n^.2,

ICl ^ (12eikl2k/2)nm-3.

The function g0e Ak, defined by

, 1 (1 + z2 - 2z(k - 2)/(fc + 2))(t+2)/4

?0^ z2 (l _ zy*-2)/2

shows that the index ofn is best possible.

3. Proofs of theorems.

Proof of Theorem 1.   (i) Write

J'2rr Civ
\zf'(z)\ dB =      z/'(z)exp[- i arg zf'(z)) dd.

o Jo
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Then integration by parts gives

L(r) = P7(z)exp[-/ arg zf'(z)] Ö^arg zf'(z)) ^ k^M(r,f)
Jo

on using (1). The left hand inequality is trivial.

(ii) We shall use the method of Clunie and Pommerenke [3], and shall

need the following lemma.

Lemma 1.   Letfe Vk and, for w^l, z=re'e,put

K(r) = f f
¿IT Jo

2ir
n+1(zf'(z))'zn+l exp[-2i(0 + arg/'(z))] dd.

Then \Jn(r)\<2krn+lM(r,f).

Proof.   Let F(z)=(zf'(z))'lf'(z). Then (a/a0)(0-r-arg/'(z))=ReF(z).
Integration by parts shows that

(7) Jn(r) = ± f27„0)exp[-2/((, + arg/'(z))] Re F(z) dd
77 JO

where

/„(*) = P W(D)' dl
Jo

Again using integration by parts we have

/B(z) = zn+1f'(z) - n f V/'(0 dl,
Jo

and so

|/„(z)| ^ rn+lM(r,f) + nM(r,f) \  tn dt ^ 2rn+1M(r,f).
Jo

From (7) we now have

J     7Í+1 Ç2*
\Jn(r)\ ^-M(r,f)      | Re F(z)| dB,

TT Jo

and Lemma 1 now follows on using (1).

We now prove (ii). With (zf'(z))'=f'(z)F(z) we write F(z)=2 Re F(z)—

F(z)*, where * denotes complex conjugate. Then with z=rete, we have

1       C2'
n2°n = T-lTi      WW exp[-i(n - 1)0] dd

2-nr      Jo

= —71 f2V'(z)Re F(z)exp[-i(n - 1)0] dd
■nr      Jo

- r-^ \f'(z)F(z)* exp[-/(n - 1)0] dd.
2-nr      Jo
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Hence

n2 |cl ú-^Ti \2"\f'(z)\\ReF(z)\dd
irr      Jo

+ Z~h=i I f"V'W^C^xpt/Cn - 1)6] d6
2-rrr      \ Jo

= PX + P2,   say,

where in P2 we have taken the complex conjugate.

From (1) we obtain at once Px^(klrn~1)M(r,f). Now

f'(z)*F(z) = (zf'(z))'exp[-2i argf'(z)],
and so

1

277r"-1
?\zf'(z))' exp[/(n + l)0]exp[-2/(0 + arg/'(z))] dö

Jo

= (1/r2") |Jn(r)|.

Thus from Lemma 1, P2^(2kjrn-1)M(r,f). Hence

»«laJáWi*-1)*^,/'),
which proves (ii).

Proof of Corollary 1.   It is well known [5] that forfe Vk,

With n^5, choose r=l— 4/n, then from Theorem 1 (i), with z=re'e,

1     f2* 1  T/1 + rV
» id ^ t4    iz/'(2)i¿e ̂,-*  r^

2-nrn Jo 2rnLM — rl

Proof of Corollary 2.   Note that

rM(r,f) ú2n Kl r"

fc/2

1 < Í[(f-

For n_^2, choose r=(l —l/«)2, and the result follows at once from

Theorem 1 (ii).

Proof of Corollary 3. This follows at once from Theorem 1 (ii) on

noting that if the area of f(y) is finite, then M(r,f')=o(\)j(\ —r) as r-*-\.

The function /a:/a(z)=(l/a)[l—(1—z)"] for 0<a<l is convex and

bounded and shows that the index of n is best possible.

Proof of Theorem 2.   We need a lemma analogous to Lemma 1.
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Lemma 2.    Let g e Ak and, for n^.2, z=reie, put

1    C2"
Kn(r) = ±      (zg'(z))'zn+1 exp[-2.(0 + arg g'(z))] dd.

2n Jo

Then |.Kn(r)|<3/</-K+W(r,g')-

Proof.   Let   G(z)=(zg'(z))'lg'(z).   Then   G  is  analytic  in   y'   and

(d/90)(0+argg'(z))=Re G(z). Integration by parts shows that

Kn(r) = - P*gn(z)exp[-2.(0 + arg g'(z))]Re G(z)
TT Jo

dd

where gn(z) = $1 ln(lg'(0)' dt,   (Note:   «2^2   assures   regularity   of the

integrand at £=0.)

Again using integration by parts,

gn(z) = z"+1g'(z) nj\ng' (Í)dl

and so \gn(z)\-^3rn+1M(r,g'). Exactly as in Lemma 1 we now find that

\Kn(r)\^3krn+1M(r, g'), which proves Lemma 2.

We now prove Theorem 2. For n^2we have

1       f2*
»2b« = T~T1       WW exp[-i(n - 1)0] dB

2-nr      Jo

= —!—- \g'(z)exp[-i(n - l)0]Re G(z) dd
■nr"     Jo

- T^Vl fV(z)G(z)* exp[-i(n - 1)0] dd.
2-nr       Jo

Hence

l     C2"
n2 \bn\ ^ —l—       \g'(z)\ |Re G(z)| dd

■nr      Jo

+ T^    fV(z)* C(z)cxp[i(n - 1)0] dd
2-nr       Jo

= Qi + 0.2,   say.

As before, ß1^()t/r',-1)A/(/-, jj')- Also,

02 = —~ I  r*(zg'(z))' exp[i(n + l)0]exP[-2i(0 + arg g'(z))] dd
2-nr      I Jo

= (1/r2") |JC(r)| ^ (3/c/r"-1)M(r, g')
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by Lemma 2. Thus, for n^.2,

n2\bn\^(4klr"-i)M(r,g').

An elementary estimate using the Cauchy integral formula shows the

above estimate is also true for n=\, and so the proof is complete.

Proof of Corollary 4.   In [6] it is shown that g e Ak if and only if

there exists/e Vk with a2=0 such that

(8) -z2g'(z) = ilf'(z),

and that

(9) M(r, g') < (1 + r)¡fc/2+1

r2(l - r) ,4/2-1 '

We remark that (9) is certainly not sharp, but is sufficient for our purpose.

Let «^5 and choose r=\—4jn. Then from Theorem 2 and (9) we have

(10) |cl ú (32keil2k/2)nk/2-s.

It remains only to show that this estimate is valid for n=2, 3, 4. For n=2,

(10) follows since \b2\^k/6. Using (8) together with the condition a2=0,

it is easily seen on equating coefficients that \b3\ ̂ k2j24+kj\2, which gives

(10) for « = 3. Similarly one can obtain |¿?4|^rc2/24+rc/20, which again

gives (10) for n=4.
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