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ON FINITELY GENERATED SUBGROUPS WHICH
ARE  OF FINITE INDEX IN GENERALIZED

FREE PRODUCTS

A.  KARRASS AND  D.  SOLITAR1

Abstract. Let G={A * B; Í/) be the free product of A and B

with the subgroup U amalgamated. Various conditions are given

which imply that every finitely generated subgroup H containing a

(nontrivial) normal subgroup of G has finite index in G (in such a

case we say G has the f.g.c.n. property). In particular, if A is a non-

cyclic free group and U is cyclic, then G has the f.g.c.n. property.

We use this last result to give a combinatorial proof that Fuchsian

groups have the f.g.c.n. property; this was first proved by Greenberg

using non-Euclidean geometry.

1. Introduction. We say that a group G has the finitely generated

normal (f.g.n.) property if every nontrivial f.g. normal subgroup of G is

of finite index (f.i.) in G.

G has the finitely generated containing a normal (f.g.c.n.) property if

every f.g. subgroup which contains a nontrivial normal subgroup of G

is of f.i. in G.
The f.g.n. property does not imply the f.g.c.n. property. For example,

consider the group P of all permutations on the integers. The only normal

subgroups of P besides the identity and P itself are the subgroup con-

sisting of all finite permutations and the subgroup consisting of all finite

even permutations (see [9]); hence the only f.g. normal subgroup of P

is the identity subgroup, and so P has the f.g.n. property. On the other

hand, the subgroup H generated by the transposition (12) and the infinite

cycle (• • • , —2, —1,0, 1, 2, • • •) contains all transpositions and hence

contains the normal subgroup consisting of all finite permutations; since

H is countable but P is not, H is not of f.i. in P; thus P does not have the

f.g.c.n. property.

If G=A * B is a proper free product (i.e., A¿¿1 j^B), then G has the

f.g.c.n. property (see [1]).

Received by the editors August 23, 1971.

AMS 1970 subject classifications. Primary 20E30, 20F05, 20F25.
Key words and phrases. Generalized free products, amalgamated products, small

subgroups.

1 This research was supported by grants from the National Research Council of

Canada, Grant #A5602 and Grant #A5614.
© American Mathematical Society 1973

22



FINITELY GENERATED SUBGROUPS OF FINITE INDEX 23

A generalization of this result, proved in [7], is the following: If

G—(A * B; U) where U is finite and A^U^B, and if H is a f.g. subgroup

containing a normal subgroup of G not contained in U, then H is of f.i.

in G ; in particular, if U contains no subgroup normal in both A and B,

then G has the f.g.c.n. property.

However, as soon as we try to generalize to the case where U is infinite,

even infinite cyclic, we encounter difficulties. For example, if

(1) G = (a, b; a2 = Z»3>,

then the commutator subgroup of G is f.g. but is of infinite index. Note,

however, in (1) the amalgamated subgroup is of finite index in both factors.

Indeed, Theorem 1 shows that ifG=(A * B; U) where U is of infinite index

in A, the subgroups of U are fg., and A has thef.g.n. property, then G has

thefg.n. property.
To establish the more stringent f.g.c.n. property we require an additional

hypothesis, namely, that U be a "small subgroup" of A (a precise defini-

tion of small is given in §3). As a special case, suppose A = (C * D; V)j£

Z2 * Z2 where V is finite, C^ V^D, and V contains no nontrivial subgroup

normal in both C and D; then G=(A * B; U) has the f.g.c.n. property

provided the subgroups of U are all f.g.

We apply this result to prove that (hyperbolic) Fuchsian groups have

the f.g.c.n. property. This was first proved in [3] using geometrical

methods and later proved in [4] using topological techniques. Both of these

papers actually establish the "f.g. containing a subnormal property".

By an observation in [2], the method employed here can be used to

establish this more general property.

Theorem 2 may be of independent interest. It implies a generalization

of the well-known result that a proper free product cannot be a proper

direct product: If G is a proper free product, and G=HK where H, K are

f.g. subgroups of G, then H or K is of f.i. in G.
For other conditions which yield the f.g.c.n. property for amalgamated

products and also yield the f.g. intersection property see [2].

2. The f.g.n. property.

Theorem 1. Let G=(A * B; U) where U is of infinite index in A, A has

the f.g.n. property, and the subgroups of U are f.g. Then G has thef.g.n.

property.

Proof. Let H be a f.g. normal subgroup of G. Since U is of infinite

index in A, H is not contained in U. Therefore by Theorem 10 of [7], HU

is of f.i. in G. Hence (using the notation of [7]) the collection {DXEJ of
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M-double coset representatives for G mod(H, U) is finite. Now for a

fixed Dx, the associated collection {£„} is a double coset representative

system for A mod(AC\Dx1HDx, U); since U is not of finite index in A,

Ar\H=AC\D~xHDXT¿\ and is a normal subgroup of A. Moreover, since

every subgroup of U is f.g., it follows as in the proof of Theorem 8 of [7]

that AC\H is f.g., and so AC\H is of f.i. in A. But HA has f.i. in G; con-

sequently, H is of f.i. in G.    D

To show that the f.g.n. hypothesis on A is necessary (even if Bj¿ U),

let A=(x, y; x2=ys), B={b), U=gp(y2)=gp(bi). Then the commutator

subgroup G' of G=(A * B; U) is f.g. (G'Z has f.i. in G, where Z is the

center of G) but G' is of infinite index in G.

3. Small subgroups. Let U be a subgroup of a group A. We say that

U is a small subgroup of A if whenever (H, U) has finite double coset index

in A for a f.g. subgroup H, then H itself has f.i. in A.

If A is infinite and U is a small subgroup of A, then U must be of infinite

index in A. For otherwise, (1, U) has f.i. in A although 1 has infinite index

in A.

Any finite subgroup is small. If U is small in A, then U is small in any

finite extension of A.

It is also clear that any subgroup of a small subgroup of A is small in A.

Let A = C * D, Cj£\^D, be fg.; then any nontrivial normal subgroup

is large (i.e., not small) in A. For, suppose C^Z2, it is easy to show that

TV contains an element n whose reduced form begins in a /»-syllable and

ends in a C-syllable. Let H=gp(n~xCn, D). Clearly [G:(H,N)]=

[G:HN]=l. On the other hand, if we choose \^de D and 1 j^ceC so

that c is different from the last syllable of n, then no positive power of

dc is in H; hence [G : H] is infinite and N is large. If C=D=Z2, then TV has

finite index in A and N is therefore large.

Theorem 2. Let A = (C * D; V) where V is finite and C# VjtD. Then

any f.g. subgroup of infinite index in A is small.

Proof.   Let

(2) «I'"'«,

be a reduced form of an element of a, i.e., a¿ is in one of the factors C, D

but a„ ai+x are not both in the same factor. A segment of (2) is a reduced

form a¡aj+1 ■ • • ak, l^y, k^r. If gy • • • gT is another reduced form of the

element defined by (2) in A, then g,,• ■ ■ gk e Va,, • - ■ akV. For,

gt • • ■ gra-x ■ ■ • aT1 e V since gy--- g^Ç1 • • • aT/1 = 1 ; hence

g,r ' • gk = (gj ' ' ' ¿vr1 • ' ' df)a, ■ • ■ ak(ak+l ■ ■ ■ aTg~l ■ ■ ■ g~lx),

which is in Va, ■ • • akV.
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We call two elements a, a' of A equivalent (denoted a~a') if a' e VaV.

By the preceding remark, if an element is equivalent to a segment of one

reduced form of a, then it is equivalent to the corresponding segment of

any other reduced form of a (and in fact to the corresponding segment of

an element equivalent to a).

Suppose w is equivalent to a segment of the product xyz but w is not

equivalent to a segment of x, y, z, xy or yz. Then w~xxyzx where

xx is a terminal segment of a given reduced form of x and zx is an

initial segment of a given reduced form of z. We prove this by induction

on the sum |x| + |z| of the syllable lengths of the given reduced forms of x

and z. Clearly, neither x nor z is in V. Suppose first that |x| = |z| = l; then

it is easy to show by examining reduced forms of y and xyz that wr^xyz.

Suppose then |jc| + |z|>2, and let x=ax', z—z'b where a and b are the

first and last syllables respectively of the given reduced forms of x and z.

Then w is equivalent to a segment of a(x'yz')b. If w is not equivalent to a

segment of x'yz', (ax')yz', or x'y(z'b), then by the preceding case, w~xyz;

on the other hand, if w is equivalent to a segment of x'yz', (ax')yz', or

x'y(z'b), then by inductive hypotheses, w~xxyzx, where xx and zx are as

asserted.

Let H be any f.g. subgroup of infinite index in A. We show that there

exists an element w of A such that w is not equivalent to any segment

of any element of H. Our proof is based on the proof for the corresponding

result in free groups given by G. Higman in [5]. Suppose every element

vf of A is equivalent to some segment of some element of H. Let hx, • • ■ , hs

be given reduced forms for a finite set of generators of H. Since Fis finite,

there are only finitely many elements equivalent to a segment of hp,

e,=± 1. Suppose now w is equivalent to a segment of h¡¿ • ■ ■ h?*, v{= ± 1,

where n is minimal. If «> 1, then w is equivalent to a segment of xyz where

x=h¡1, y=h¡% ■ ■ ■ hi*-1, z=K¡"; hence by the above, w is equivalent to

xxyzx where xx and zx are segments of h¡<. Since y e //, it follows that A

is the union of finitely many sets of the form aiHbi=(aiHa~1)aibi, i.e., A

is the union of finitely many cosets of finitely many conjugates of H. But

Lemma 4.1 in [8] then implies that H must be of f.i. in A, contrary to

hypothesis.

To prove Theorem 2, let U be a f.g. subgroup of infinite index in A.

We show (H, U) has infinite double coset index in A. For, suppose A is the

union HgiU, i=\, • • • ,n. Let wx, wt be reduced forms not equivalent to

any segments of any elements of//, {/respectively. Let/» be a reduced form

such that wxpw2 is reduced and |/»|>max \gt\. For somey, gj=h~1wxpw2u~1,

with he H, ue U. Since wx is not equivalent to an initial segment

of h, the last syllable of h~*wx comes from the same factor as the last

syllable of wx; similarly, the first syllable of w2m_1 comes from the same
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factor as the first syllable of w2. Hence |g,-|^[p|, contrary to the choice

of p.
Thus U is a small subgroup of A if U is f.g. and of infinite index in A.

D

Corollary. Let A=C * D, Cj±\^D. If H is a f.g. subgroup of A
and contains a nontrivial normal subgroup N of A then H is of f.i. in A.

Proof. We first show that C and D ave f.g. For suppose say C is

infinitely generated. Since H is f.g., there exist f.g. subgroups C, />' of

C, D respectively, such that H<C * D'. Hence, N<C * D'. If c £ C-C,

then cnc'1 £ C * />' if «# 1. Thus C, D are f.g.

But if H has infinite index in A, H is small and therefore N is small; but

N is large by the remark immediately preceding Theorem 2.    □

This corollary was proved in [1] by a different method.

Corollary. Suppose A = (C * D;V), V finite, C?¿V?éD. If A=HK
where H, Kare f.g. subgroups of A, then H or K is of f.i. in A. In particular,

if A is the direct product HxK, then C, D, V can be written in the form

C=C X Y, D=D' xY,V=V'xY where Y is either H or K.

Proof. Since the double coset index of (H, K)is 1, the first assertion

holds. If A=HxK, then/Tor^ must be finite, say K. Since K is finite and

normal, K must be in C or D, and hence within V. Take C'=C(~\H,

D'=DC\H, V'=Vr\H, Y=K.    D

4. The f.g.c.n. property.

Theorem 3. Let G=(A* B; U) where U is a small subgroup of A,

Ay^U^B and the subgroups of U are all f.g. If H is a f.g. subgroup of G
and contains a normal subgroup N, A^< U, then His of f.i. in G. In particular,

if U contains no nontrivial subgroup normal in both A and B, then G has the

f.g.c.n. property.

Proof. By Theorem 10 of [7], (H, U) has finite double coset index in

G. Hence as in the proof of Theorem 1, for a fixed a-double coset repre-

sentative Dx, the double coset index of (Ar\D~xHDx, U) is finite in A

and A(~\DZXHDX is f.g. Since ¿/is small in A, Ar\D~lHDx is of f.i. in A.

Moreover, since (H, A) is of f.i. in G, it follows that H is of f.i. in G.    U

As R. Burns [2] has observed, Theorem 10 of [7] holds if TV is assumed

merely to be subnormal in G; consequently, Theorem 3 holds with

"normal" replaced by "subnormal".

Corollary. Suppose A=(C* D;V)jiZ2*Z2, V finite, CjíVjíD,

and V contains no nontrivial subgroup normal in both C and D. Then
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G=(A * B; U) has the f.g.c.n. property provided the subgroups of U are

f-g-
Proof. Clearly V is not of index two in C and D. Hence A contains a

free subgroup of rank two. Since the subgroups of U are all f.g., U cannot

be of finite index in A. Therefore U is small in A and cannot contain a

nontrivial normal subgroup of A.    G

5. The f.g.c.n. property for Fuchsian groups. A (hyperbolic) Fuchsian

group (or equivalently, a discrete group of orientation-preserving motions

of the hyperbolic plane) G is either a free product of cyclic groups or has

a presentation

G = (ax, bx, ■ ■ ■, an, bn, cx, ■ • ■ , ct;

cl\---,cj\c1-1---c71[ax,bx]---[an,bn])

with /i, rSïO, Yi>\, and p(G)>0 where

p(G) - In - 2 + (1 - yT1) + (1 - y?) + ■ ■ ■ + (1 - yf).

Greenberg [3] has shown geometrically that these discrete hyperbolic

groups have the f.g.c.n. property. We sketch here a combinatorial proof

of this result.

If G is a free product of cyclic groups, then G has the f.g.c.n. property.

Suppose G is as in (3). Then G is known to be a finite extension of a group

of the form (3) with t=0 and n\%2; also G cannot contain a finite nontrivial

normal subgroup (for combinatorial arguments see the last part of [6]).

Now such a subgroup has the f.g.c.n. property, since it can be written in

the form (A * B; U) with A = (ax, bx), B=(a2, b2, • ■ • , an, b„), U=

gp([bx, ax])=gp([a2, b2] ■ ■ ■ [an, bn]), which satisfies the conditions of

the corollary to Theorem 3. Consequently G itself has the f.g.c.n. property.

Similarly, one can show that G has the "f.g. containing a subnormal"

property.
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