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ONE DIMENSIONAL PERTURBATIONS
OF COMPACT OPERATORS

HARRY  HOCHSTADT1

Abstract. Let K denote a compact selfadjoint operator acting

on a Hubert space H. L denotes a one dimensional selfadjoint op-

erator also acting on H. It is shown that the eigenvalues of K and

K+L interlace on the real axis.

The purpose of this article is to prove the following theorem.

Theorem. Let K denote a compact, selfadjoint operator acting on a

Hilbert space H. We assume that the nullspace of K is empty. Let L denote

a one dimensional, selfadjoint operator, also acting on 77. Between every

pair of distinct, successive eigenvalues (X(, Xi+1) of K there is precisely one

eigenvalue of K+L in one of the intervals [X(, Xi+1) or (X{, Xi+1] or

(Xt, Xi+x). Every eigenvalue of multiplicity n>\ of K is also an eigenvalue

of K+L, of multiplicity n or n—\.

The above theorem may be viewed as a generalization of certain

theorems regarding second order differential equations. Consider, for

example,

(1) / + (X - q(x))y = 0

where q(x) is real and continuous on [0, 1], subject to the boundary

conditions

(a)7(0)=0,y(l)=0,

(b)j(0)=0,/(l)=0.
The eigenvalues of (l)(a) and (l)(b) are real and alternate on the real

axis. This fact is known. It is however an immediate consequence of the

above theorem. Both problems (l)(a) and (l)(b) can be investigated by

converting the differential operators into compact integral operators.

The latter differ by a one dimensional operator so that the above theorem

can be invoked.
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Proof of Theorem. We can associate with K[l] a complete ortho-

normal set {çAJ such that each ci, is an eigenfunction of K so that

(2) K<pt = Xi<Pi

and X^O for all i, by hypothesis.

Since L is one dimensional we can select an arbitrary element Y in

the range of L, as the basis for that subspace. In fact L can now be

represented in the form

(3) L¿ = aY(c¿,Y)

where a is real. If*F is so chosen that ||T|| = 1, a will be the only nonzero

eigenvalue of L.

The eigenvalues and eigenfunctions of K+L will have to satisfy the

equation

(4) K<j> + L<¡> = X<p.

To investigate the above equation we shall expand both <f> and Y in terms

of the complete orthonormal set {<f>A,

(5) 4> = tfi4>t,     Y = |g^.

Next we insert (5) in (4) and obtain

(6) %fMi + « î iitiiïfii) = A 2fi4>i
1=1 i=l \=1 I ¿=1

or equivalently

(7) kfi + ag¿ 5 fdi = Wo       í = 1, 2, • • • .
¿=i

We shall assume, for the moment, that all eigenvalues of K are simple

and that #,5^0 for all i. (7) can now be rewritten in the form

(8) /t-otT-^rS/A-

2¿=i/£¿ cannot vanish. Otherwise some eigenfunction <f> of K+L would

be orthogonal to Y. In that case L<j>=0 and (4) would show that <f> is an

eigenfunction of K and therefore one of the ci,. Then the corresponding

coefficient g( in (5) would vanish. But we assume that no g, vanishes. We

now multiply (8) by g¿, sum over all i and thus obtain

(9, SJ*L-i.
,tí A - X¡      a
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Every eigenvalue X of K+L must satisfy (9). Viewing the left side as a

function of X we see that it has poles at all X( and is of negative slope for

all other real X. It follows that between two successive X( (9) has precisely

one solution. In turn if A satisfies (9) we can solve (7) for f and thus

obtain an eigenfunction of K+L corresponding to X. Thus the theorem is

proved under the restrictions stated earlier.

We can now consider the case where one of the g¿ vanishes. In that case

(7) shows that X=X( is an eigenvalue of K+L. The other eigenvalues must

still satisfy (9), but only the nonvanishing terms in the sum in (9) play a

role. Again we see that the theorem is true.

Finally we consider the possibility that some eigenvalues of K have

multiplicity «> 1. If all eigenfunctions <£, corresponding to such an eigen-

value are orthogonal to Y, the corresponding g¿ in (7) vanish and X=X{

will be an eigenvalue of K+L of multiplicity n. Suppose 1 is an eigenvalue

of K of multiplicity n and w.l.o.g. fa, fa, ■ ■ ■ , <f>n the corresponding

eigenfunctions. Again w.l.o.g. suppose that (fa,Y)j¿0. Each of these

<pi can be represented in the form

(10) ¿ = PlY + r¡i

such that Ply¿0 and (T, %)=0, ;'= 1, 2, • • ■ , n.

We now let

(U) <P = tßi*<

and insert this <f> in (4) with X—X. Since K<f>=X<f> the latter reduces to

(12) L<f> = a>YZßiPi\\Yf = 0

and the above equation has at least «—1 linearly independent solutions,

which when inserted in (11) yield n—\ linearly independent eigenfunctions

of K+L corresponding to the eigenvalue X. This completes the proof of

the theorem.
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